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MATRIX VALUED WAVELETS AND MULTIRESOLUTION 

ANALYSIS 

A. SAN ANTOLIN AND R. A. ZALIK 



Abstract. We introduce the notions of matrix-valued wavelet set and matrix- 
valued multircsolution analysis (A-MMRA) associated with a fixed dilation 
given by an expansive linear map A : R d — y R d , d > 1 such that A(Z d ) C 7L d , 
in a matrix— valued function space L 2 (R , C nxn ), n > 1. These are general- 
izations of the corresponding notions defined by Xia and Sutcr in 1996 for the 
case where d = 1 and A is the dyadic dilation. We show several properties 
of orthonormal sequences of translates by integers of matrix-valued functions, 
focusing on those related to the structure of A-MMRA's and their connection 
with matrix-valued wavelet sets. Further, we present a strategy for construct- 
ing matrix-valued wavelet sets from a given A-MMRA and, in addition, we 
characterize those matrix— valued wavelet sets which may be built from an 
A-MMRA. 



1. Introduction 

Given a fixed expansive linear map A : M. d ->■ R d , d > 1, such that A(Z d ) C Z d , 
we introduce the notion of matrix-valued wavelet and matrix-valued multircsol- 
tuion analysis associated to A in a matrix-valued function space L 2 (K , C™ x "), 
n > 1. A linear map A is said to be expansive if all (complex) eigenvalues of A 
have modulus greater than 1. The subject of this paper is the study of such wavelets 
and multiresolution analyses. Our starting point is the paper by Xia and Suter [22] 
where the notion of matrix-valued wavelet and matrix-valued multiresolution anal- 
ysis have been introduced and studied for the case of d = 1 and dyadic dilations. 
Subsequently, and in this particular context, there appeared several papers related 
to matrix-valued multircsolution analyses and matrix-valued wavelets and their 
construction, e.g. [25], [1], [23], [28]. The notion of matrix-valued multiresolution 
analysis and matrix-valued wavelets when d = 1 and A may be any arbitrary inte- 
ger dilation were introduced in [6] , where a necessary and sufficient condition for the 
existence of matrix-valued wavelets and an algorithm for constructing compactly 
supported matrix-valued wavelets associated with an integer dilation factor m are 
presented. For the case m — 4 see [4]. 

Relaxing requirements, the articles [21], [5], [11], [8] study biorthogonal matrix- 
valued wavelets where d = 1 and A is the dyadic dilation. 

Since matrix-valued function spaces L 2 (R , C" x ™) are related to video imaging, 
we generalize results in [27] to these spaces with the purpose of showing that the 
ideas developed there for scalar-valued wavelets and multiresolution analysis fit 
perfectly in this context. That is our motivation for writing this article. 
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This work is organized as follows. In Section 2 we present the definitions and 
notation that will be used. Section 3 contains several properties of orthonormal 
sequences of integer translates of a function in a matrix-valued space L 2 (K , C" x "), 
focusing on those related to multircsolution analyses and their connection with 
wavelet sets. Section 4 is devoted to the study of matrix-valued wavelet sets in a 
signal space L 2 (R , C™ x "), associated with a dilation given by an expansive linear 
map A. In addition, as a method for constructing these matrix-valued wavelet 
sets we introduce the notion of vector-valued multircsolution analysis associated 
with an expansive linear map A (A-MMRA). Futher, we study the structure of 
A-MMRA's, present a strategy for constructing matrix-valued wavelet sets and 
characterize those sets constructed from a given A-MMRA. Our results are given 
in the context of Fourier space. 



2. Notation and basic definitions 

The sets of integers, real and complex numbers will be denoted by Z, M. and C 
respectively. The <i-fold product of the interval [0, 1) with itself will be denoted T . 
Thus T d := R d /Z d , d>l. 

Unless otherwise indicated, /„, n > 1, will denote the n x n identity matrix and 
0„ will denote the n x n null matrix. 

Given an n x n, n > 1, complex matrix M, a m i € C will denote the element on 
the m-th row and the l-th column of M. The complex vector space of all n x n 
complex matrices M will be denoted by Ai n (C). Recall that a matrix M G A / 1„(C) 
is said to be unitary if MM* = I n where M* is the transpose of the complex 
conjugate of M. 

Let 

n 

Z 2 (N, C" x ") := {M = {M k } keN C M n (C) : ||M|| = ( £ £ |a m ,(fc)| 2 ) 1/2 < oo}. 

m,l=l fcGN 

The space l 2 (Z d ,C nxn ) is similarly defined. 

All functions considered in this paper will be assumed to be measurable. 
Given d,n > 1, by L 2 (R d , C nxn ) wc will denote the space 



{f (x) = 



/ / n (x) / 12 (x) ••• / ln (x) \ 

/2l(x) J22(x) ••• / 2 «(x) 
\ /nl(x) /n2(x) ••■ /„„(x) / 



f m i€L 2 (R d ),m,l = l,...,n}. 



We will also write f(x) = (f m i(x))m,i=i,...,n- The spaces LP(E,C nxn ), l<p<oo, 
where E is a measurable set in R d are defined similarly by replacing M. d and 2 by 
the E and p respectively. If we write f g L 2 (T , C nxn ) we will also mean that f is 
defined on the whole space M. d as a Z d -periodic matrix-valued function. 

Given f e L 2 (M. d ,C nxn ), ||f||, will denote the Frobcnius norm defined by (see 
[22]) 

n „ 

(i) l|f|h=(£ / |/ m *(x)| 2 dx) 1/2 - 
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The integral of a matrix-valued function f , J Rd f (x)dx, is defined by 
/ f (x)cfac := ( / ,/w(x)dx) m .; = i j ... j „. 

JR d JM d 

The Fourier transform of a matrix-valued function / will be denoted by /. For 

f e L 1 (R d ,C nxn )nL 2 (R d ,C nxn ) 

f(t) := f f(x)e- 27rtxt dx. 

JR d 

For two matrix-valued functions f,ge L 2 {R d ,C nxn ), 
(2) (f,g):= f f(x)g*(x)dx 



and 



[f,g](t):= £f(t + k)g*(t + k). 

kez" 



Note that (•, •} is matrix-valued and therefore it is not an inner product. It has the 
following properties: 

(a) For every f,g e L 2 (R d , C nx "), 

(f,g) = (g,f)*; 

(b) For every f,g,h G L 2 (R d ,C nxn ) and every M 1 ,M 2 G M n (C), 

(Mif + M 2 h, g) = M 1 <f , g) + M 2 (h, g) . 
Moreover, the scalar Planchcrel formula implies that also in the matrix-valued case 

(f,g) = (f,g) 

It is also readily seen that 

||f|| = (trace (f.f)) 1 /*. 

Given an invertible map M : 1" -> 1", for every j G Z and k e Z d the dilation 
operator D^ and the translation operator T k are defined on L 2 (R d , C" x ") by 

Df f(t) := 4f f(M J 't) and T k f (t) := f (t + k), 

where d M = |detM|. A set S C L 2 (R d , C nxn ) is called shift-invariant if f E S 
implies that T k f G S for every k G Z". Let F C i 2 (IR d , C" x "), then 

T(F) := {T k f : f G F,kGZ"} and 5(F) := spanT(F), 

where the closure is in L 2 (R d ,C nxn ). IfF = {fi, ...,f m } then S'(F) is called a finitely 
generated shift-invariant space or FSI and the functions fj, I = l,...,m are called 
the generators of S(F). In this case we will also use the symbols T(fi, ..., f m ) and 
S'(fi, ..., f m ) to denote T(F) and S(F) respectively. If F contains a single clement, 
then 5(F) is called a principal shift-invariant space or PSI. 

Two functions f , g G L 2 (R d , C nxn ) are said to be orthogonal if (f,g) = 0„. 
Further, let V, W be two closed subspaces in L 2 (R d , C nxn ) such that W G V, then 
the orthogonal complement of W in V is the closed subspace defined by 

W ± = { s eV-.{g,{) = o n VfeW}. 
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A sequence {h)tLi C L 2 (R d ,C nxn ) is called an orthonormal set in L 2 (R d ,C nxn ) 
if 

/„ if k = I 



[?>) {{k ' il) - 1 n ilk? I. 

Given a closed subspace S in L 2 (R d , C" x "), a sequence {f fc }£° =1 C L 2 (R d , C nxn ) 
is called an orthonormal basis for 5 if it satisfies (3), and moreover, for any ggS 
there exists an unique sequence of constant matrices {Hk} ( ^L 1 G l 2 (N, C nxn ) such 
that 

oo 

g(x) = ^# fe f fe (x), forxGR d 

fe=i 
where, for each x, _fffcffc(x) is the product of the n x n matrices Hk and ffe(x), and 
the convergence for the infinite sum is in the sense of the norm ||-|| defined by (1). 
It readily follows that for every k = 1,2,..., 

(4) H k = (g,f k ), and ||{ff fc }g°=il| = ||g|| . 

Given a set of matrix-valued functions F = {fi,...,f m } in L 2 (R ,C" X "), its 
Gramian matrix will be denoted by G[fi, ..., f m ](t) or Gp(t) and defined as follows: 

G P (t) := ($,fj\(t))?j=v 

3. Orthonormal bases of translates 

In this section we show several properties on orthonormal sequences of integral 
translates of functions in a matrix-valued function space L 2 (R , C™ x ™ ) . We focus 
on those properties closely related to matrix-valued wavelets and matrix-valued 
multircsoltion analyses, concepts that will be discussed in the next section. Most 
of the properties presented here are well known in the scalar-valued function space 
context (cf. e.g. [27]). 

The following lemma generalizes a result in [22] . 

Lemma 1. Let F = {fi,...,f m } C L 2 {R d ,C nxn ). Then T(F) is an orthonormal 
sequence in L 2 (R ,C nx ") if and only i/Gp(t) = I nm a.e. 

Proof. Let us prove the necessity. By the orthonormality of T(F), given j,p G 
{1, ..., m} and k G Z d we have 

(5) / f J (x)f;(x-k)rfx = (5(j,p) ( 5(k,0)/„, 

where d(a, j3) — 1 if a — j3 and d(a, j3) — 1 if a ^ f3. By Plancherel's formula, 
S(j,p)S(k,0)I n = f f5(t)f7(t)e 2 ™ k dt 

JR d 

= E / fj(t)f7(t) e 2 - k rft 



(6) = / > [f,,f p ](t)e 2 " k dt, VkGZ d . 

J [-l/2,l/2]«« kez< , 

This implies that [fj,f p ](t) = S(j,p)I n a.e. on R d , whence the assertion follows. 

Conversely, note that the orthonormality of T(F) follows immediately from 
G F (t) = I nm a.e., (5) and (6). □ 
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Lemma 2. Let F = {fi,...,f m } C L 2 (R d ,C nxn ) and assume that T(F) is an 
orthonormal basis of a closed subspace S C L 2 (M. ,C nxn ). Then, a matrix-valued 
function g e I 2 (l , C nxn ) belongs to S if and only if there are Z d -periodic functions 
Hj <= L 2 (T d ,C nxn ), j = l,...,m, such that 

m 

(7) g(t) = ^H,,(t)f-(t) a.e. onR d , 

3=1 



(8) ||g|| 2 =]T||H 

3=1 



.II 2 



Proof Suppose that g G S, then we may represent it in terms of the orthonormal 
basis T(F) as 

m, 

(9) g(x) = ^^ J ff J , k f J (x-k), 

3 =1 keZ d 

where {Hj } ^} keZ d G l 2 (7L d , C" x "), j € {l,...,m}, and the convergence of the sum 
is in the sense of the norm ||-|| defined by (1). Thus, taking the Fourier transform 
in (9) we obtain (7) with Hj-(t) = Ekez d H jM e~ 2mkt . 

From (9) and (4) we deduce that || g \\ — \\ {-Hj,k} J=1 m keZ d ||- Since || Hj || = 
II {^j.k}kez d II' equation (8) follows. 

Conversely, assume that (7) holds. Since Hj(t) = X)kez d -^i,ke _27r4kt with 
Hj t u G l 2 (7L d , C nx "), we deduce that (9) is satisfied in the sense of convergence in 
norm, and therefore g G S. □ 

Lemma 3. Let F = {fi, ...,f m } and G = {gi, ...,g p } be in L 2 {M d ,C nxn ). Assume 
that T(G) and T(F) are orthonormal sequences in L 2 (M ,C nxn ), and that there 
are l^-periodic functions Hjj G L 2 (T , C" x "), j = 1, ..., m, I = 1, ...,p, such that 

m 

(10) g,(t) = 5^H,, i (t)^(t) a.e. on R d 1 = 1,..., p. 

3=1 

Then 

m 

(11) ^H iJ (t)H; j .(t) = /„^,r) a.e. onR d l,r G {1, ...,p}. 
Proof. Since both sequences are orthonormal, given l,r <E {I, ...,p}, (3) yields 

m m 

I n S(l,r) = [g ; ,g7](t) = [^H^,^H r ,^](t) 

3=1 3=1 

mm m 

= ^^H /j (t)[f;,f 9 ](t)H^(t) = ^H /j (t)H; j (t) a.e. ont d . 

3=1 9=1 3=1 

n 

We are now ready to prove 
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Proposition 1. Let p < m and let S be a closed subspace of L 2 (R ,C" X "). 
F = {fi, ...,f m } and G = {gi, ...,g p } be such that T(F) and T(G) belong to S. If 
T(F) is an orthonormal basis for S, then T(G) is an orthonormal sequence in S 
if and only if there exists a matrix Q(t) := (/ig ir (t)J ' =1 where h q . r G L 2 (T ), 
which satisfies Q(t)Q*(t) = I np a.e. t on K d and also, 

(12) (g 1 (t),...,g p (t)) T = Q(t)(f 1 (t),...,f m (t)) T a.e. onR d . 
The Z d -periodic matrix 

Q(t) = (V(*)),,r=l 

will be called a transition matrix from the sequence T(F) to the sequence T(G). 

Proof. To prove the necessity we proceed as follows: Since T(F) is an orthonormal 
basis for S and T(G) C S, Lemma 2 tells us that there are U L] G L 2 (T d ,C nxn ), 
j = 1 , . . . , m and I — 1 , . . . , p, such that 

m 

(13) g(t) = 5^Hi i; ,-(t)§(t) a.e. on K d 1 = 1,..., p. 

Let Q(t) be the np x nm block matrix Q(t) := (H; i j(t)),'._ 1 , and for q = 1,. . .np, 
let Vq(t) = (/i gj i(t), ...,/i(j,nm(t)), 9 = l,...,np, be the ^-th row of Q(t). (Note 
that every h q ^ r belongs to L 2 (T )). Then, (11) implies that the vectors {v q (t) : 
q E {l,...,np}} are orthonormal a.e.(t). Thus, setting Q(t) := (/ig,r(t))™^.'™™ we 
conclude that Q(t)Q*(t) = I np . Finally, note that (13) readily implies (12). 

To prove the sufficiency, for any I G {l,...,p} and j G {!,..., m\ let Hi.j in 

L 2 (T d ,C" x ") be defined by H,j := {h q , r ) l ^_ 1)n+hr={j _ 1)n+v Then (12) yields 
(13). In addition, the assumption Q(t)Q*(t) = I np a.e. on W 1 implies that 

m 

5^H, ii (t)H; ii (t)=/ n J(i,6) a.e. on M d i,6 e {1, ...,p}. 

3 = 1 

We complete the proof by showing that the Gramian associated to G is the unitary 
matrix a.e. on M d and applying Lemma 1. For I G {l,...,p} and b G {1, ...,m} we 
have: 



gi,g 6 ](t) - E H w^'E H w^(*) 






j=l q=l j=l 

a.e. on ~R d , and the assertion follows. □ 

Proposition 2. Assume that F = {fi, ...,f m } and G = {gi, ...,g p } are functions 
in L 2 (R d ,C nxn ). If T(F) and T(G) are orthonormal bases of the same closed 
subspace S C L 2 (R d ,C nxn ), then m = p. 

Proof. By the symmetry in the notation we may assume, without loss of generality, 
that p > m. Since T(F) is an orthonormal basis for S and T(G) C S, we infer from 
Proposition 1 that there exists an np x nm matrix Q(t) such that Q(t)Q*(t) = 
I np a.e. This means that the np vectors defined by the rows of the matrix Q(t) 
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arc orthonormal in the complex vector space <C nm . Since nm < np, we get a 
contradiction. □ 

Proposition 3. Asssume that the matrix-valued functions 

F = {f 1 ,...,f m },G-{g 1 ,...,g m }ci 2 (K d ,C" x ") 

are such that T(F) and T(G) are orthonormal sequences in a closed subspace S C 
L 2 (R , C" x "). If T(F) is an orthonormal basis for S and there exists a matrix 
Q(t) := {hij(t)) l ._ 1 , where hij £ L 2 (T ), such that Q(t) is unitary a.e. (t) on 
R d and (12) holds, then T(G) is an orthonormal basis for S . 

Proof. According to Proposition 1, T(G) is an orthonormal sequence in S. Thus it 
suffices to show that S — spanT(G). The hypotheses imply that we only need to 
check that S C T(G). Let h e S then, by Lemma 2 there exist H, £ L 2 (T d , C nxn ), 
j = 1, ...,m, such that 

h(t) = (H 1 (t),...,H m (t))(^(t),...,C(t)) T a.e. on R d . 

Thus, by (12) 

h(t) = (H 1 (t),...,H m (t))Q*(t)(fT(t),...,g^(t)) T 

= (L 1 (t),...,L m (t))(fT(t),...,g7;(t)) T a.e. ont d , 

where Iy(t) = (v( J _ 1 )„ +1 (t), ...,Vj„(t)) is the n x nm matrix such that vj is the 
l-th column vector of the matrix (Hi(t), ..., H m (t)JQ*(t). Observe that for every 
j G {1, ..., m} the entries of the matrix Lj are Z d -periodic functions. Applying the 
Minkowski and Holder inequalities, we conclude that Lj £ L 2 (T ,C" xn ), and the 
conclusion follows by another application of Lemma 2. □ 

A straightforward consequence of the preceding propositions is the following. 

Corollary 1. Let F = {fi, ...,f m }, G = {gi,...,g m } C L 2 (R d ,C nxn ) such that 
T(F) and T(G) are orthonormal sequences in a closed subspace S C L 2 (R , C" xn ). 
//T(F) is an orthonormal basis for S, then T(G) is an orthonormal basis for S. 

Proof. By Proposition 1, there exists a matrix Q(t) := (/i g , r (t)) =1 where h q , r e 

L 2 (T d ), which satisfies Q(t)Q*(t) = I np a.e. (t) on R d and also (12) holds. Thus, 
the proof is finished by Proposition 3. □ 

4. Wavelets and Multiresolution analysis 

In what follows we will assume that A is an expansive linear map A : R — > R 
such that A{TL ) C Z . Here and further we use the same notation for a linear map 
on R and its matrix with respect to the canonical base. 

In this section we introduce the notions of matrix-valued wavelet set and matrix- 
valued multiresolution analysis (^4-MMRA) associated with a dilation given by a 
fixed map A as above in a signal space L 2 (R ,C" xn ), d, n > 1. These definitions 
generalize the matrix-valued wavelet and matrix-valued multiresolution analysis 
notions defined in [22] when d — 1 and A is the dyadic dilation. We study the 
structure of an A-MMRA, present a strategy to construct matrix-valued wavelet 
sets associated with a fixed dilation A and characterize the matrix-valued wavelet 
sets constructed from a given A-MMRA. 
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Given an expansive linear map A, a matrix-valued wavelet set associated with 
A is a finite set of functions {*i, ..., * s } C L 2 (R d , C nxn ) such that the system 

{T> J A T k ^ r : r = 1, 2..., a, j G Z, k G Z d }, 

is an orthonomal basis for L 2 (R , C" x "). 

A general method for constructing matrix-valued wavelet sets on L 2 (R , C" xn ) 
is related to the concept of matrix-valued multiresolution analysis associated with 
A ( A-MMRA) : Given an expansive linear map A as above, we define an A-MMRA 
as a sequence of closed subspaces Vj, j G Z, of L 2 (R , C™ x ") that satisfies the 
following conditions: 

(i) For every j G Z, Vj G V j+ i; 

(ii) For every j G Z, f(x) G Vj if and only if f(Ax) G V}+i; 

(iii) U^V~^L 2 (R d ,C nxn ); 

(iv) There exists a function $ G Vo , called a scaling function, such that 

{ T k $( x ) : k G Z" } 

is an orthonormal basis for Vo- 

To construct a matrix-valued wavelet set associated with a dilation map A from 
an A-MMRA with scaling function $, we denote by Wj the orthogonal complement 
of Vj in Vj+i. Thus, by condition (i), we have Vj+i = Wj@Vj. Moreover, condition 
(iii) implies that L 2 (R d , C nx ") = ® jeI Wj- 

Observe that by condition (ii) we have 

(14) VjGZ, f(-) G W Q ^-f(A j -) G Wj. 

Thus, to find a matrix-valued wavelet set from an A-MMRA, it will suffice to 
construct a set of functions {*i, ..., * s } C L 2 (R d , C nx ") such that the system 

{T k * r :r = l,2...,s, k G Z d }, 

is an orthonomal basis for Wo, for then 

{D^T k * r : r = 1, 2..., s, k G Z d }, 

is an orthonormal basis of Wj . 

We now focus on how to construct orthonormal bases of integer translates for 
the subspaces V\ and Wq . For this purpose we study the structure of the subspaces 
Vj and Wj. 

Let us recall that if A : M. ->R is an expansive linear map such that A(Z ) c 
Z d , then the quotient group Z d /A(Z d ) is well defined. We will denote by A A C Z d 
a full collection of representatives of the cosets of Z /A(Z ). There are exactly cLa 
cosets (see [10] and [24, p. 109]). Let A A = {qj^ 1 where q = 0. 

Note that, iii G {0,1,2, }, then / = ad,A + i, where a G {0,1,2, } and 

ie{o,i,...d A -i}. 

We have: 

Theorem 1. Let A : R d — > M. d be an expansive linear map such that A(Z d ) c Z d . 
Let F = {f ,...,f m -i} be a set of functions m L 2 (R d ,C nxn ) such that T(F) is 
an orthonormal basis of a closed subspace V of L 2 (M. ,C" xn ), and let U = {f G 
L 2 (R d ,C nxn ) -.{(A- 1 -) eV}. Lf 

1 /2 

gi := d A ' f a (Ax + qj), I € {0, ..., md A - 1} 
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thenT(go 1 ...,g m ^-i) is an orthonormal basis ofU. Moreover, any set of functions 
G in L 2 (M. , C" xn ) such that T(G) is an orthonormal basis of U has exactly md,A 
functions. 



Proof. Since T(F) is an orthonormal sequence, a trivial change of variables shows 

A — 
= 



that T(go, ..., gmdA-i) i s an orthogonal sequence. Further, since A^ = {q,}^ 1 is 



a full collection of representatives of the cosets of Z j AifL ),givena€ {0, ...,m — 1} 
and k G Z d we have that there exist unique I £ {0, ..., m — 1} and r £ Z d such that 
D^Tkfa = T r gj. Thus T(g , ..., g m d A -i) 1S an orthonormal basis of U. 

Since the set {go, ■■■,gmd A -i} has exactly md,A functions, Proposition 2 implies 
that every other set of functions G in L 2 (R , C™ xn ) such that T(G) is an orthonor- 
mal basis of U has exactly ttioIa functions. D 



Theorem 1 yields 

r- T'i/Tad ir nxn \ U n „ a „„U m „ f„,„„+A„„ A„ „„ A H/TH/fD A IT,. 



Theorem 2. Let $ £ L 2 (R d ,C nxn ) be a scaling function in an A-MMRA, {V 3 



J e Z}. If 

(15) e,:=dy 2 $(Ax + qj ), i = 0,l,...,d A -l, 

then T(Oo, ..., Od^-i) * s an orthonormal basis ofV\. 

Using Theorem 1 we can deduce some properties of the subspaces Vj . We have 
the following. 

Theorem 3. Let {Vj : j £ Z} be an A-MMRA. Then 

(a) If j > 0, then there exists a finite set F C L 2 (R d ,C nxn ) such that T(F) is 
an orthonormal basis of Vj . 

(b) If j > ; then any set F C L 2 (M , C nxn ) such that T(F) is an orthonormal 
basis of Vj has exactly d 3 A functions. 

(c) If j < 0, then there is no set of functions F C L 2 (R d ,C nxn ) such that 
T(F) is an orthonormal basis ofVj. 

(d) If j ^ 0, then there is no function f £ L 2 (R ,C" X ") such that T(f) is an 
orthonormal basis of Vj . 

Proof. To prove (a), let $ be a scaling function in the ^4-MMRA. According to 
Theorem 2, there exists a set of exactly oIa functions, Fi, such that T(Fi) is an 
orthonormal basis of V\. Thus for j > the existence of a set of exactly d\ 
functions, Fj, such that T(Fj) is an orthonormal basis of Vj follows by repeated 
application of Theorem 1 . 

From (a), for j > the set Fj has exactly d° A functions; thus (b) follows from 
Proposition 2. 

We now prove (c). Let m := d~ A . By repeated application of Theorem 1 we 
conclude that there are functions /o, . . . f m —i such that T(/o, . . . f m -i) is a basis of 
Vq. Since A is expansive, we know that dA > 1; thus m > 1, which is a contradiction 
of (b). 

Finally, if j < (d) follows from (c), whereas if j > 0, (d) follows from (b). □ 

The following two corollaries are immediate consequences of Theorem 3. 

Corollary 2. Let {Vj : j £ Z} be an A-MMRA, let s > and Uj := V J+S . 
Then {Uj : j £ Z} is a sequence of closed subspaces in L 2 (M. ,C nxn ) satisfying the 
conditions (i), (ii), (Hi) in the definition of A-MMRA, and also, there exists a set 
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of functions F C i 2 (K. , C" xn ) suc/i £/ia£ T(F) is an orthonormal basis of Uq and 
it has exactly d s A functions. 

Corollary 3. Let {Vj : j G Z} be an A-MMRA. Then Vj is a proper subset ofVj+i 
for every jgZ. 

Proof. Assume that there is j G Z such that Vj = Vj+\, then by the definition of 
A-MMRA we have Vj = Vj+ S for every s G Z. Thus, in particular Vq = V\ and 
which is impossible by the condition (b) in Theorem 3. □ 

We have the following characterization of matrix-valued wavelet sets constructed 
from an A-MMRA: 

Theorem 4. Let $ G L 2 (M d ,C nxn ) be a scaling function in an A-MMRA, {Vj : 
j e Z}, and let 9 , ..., @d A -i e L 2 {R d ,C nxn ) be such that T(9 , ...@d A -i) ls a ™ 
orthonormal basis of V\ . The following propositions are equivalent: 

(a) {^i, ..., \E , d J 4-i} is a matrix-valued wavelet set constructed from the given 
A-MMRA. 

(b) There is an nd A x ndA matrix Q(t) o/ Z rf -periodic functions and unitary 
a.e. on M. d such that 

($(t), $!(t), ..., $^-i(t)) T := Q(t)(0 o (t), §!(t), ..., e dA _!(t)) T a.e. on R d . 

Proof. Let us prove (a) =>• (b). The condition (a) means that T(^i, ..., ^d A -i) is an 
orthonormal basis of Wo where Wo is defined as the orthogonal complement of Vo 
in V\. Further, since T($) is an orthonormal basis of Vq then T($, $i, ..., ^d A -i) 
is an orthonormal basis of V\. Thus the conditions (b) follows from Proposition 1. 
We now prove (b) =>• (a). According to Proposition 1, we know that 

is an orthonormal sequence in V\, and further, by Proposition 3, we know that 
T(3>, \£i, ..., ^d A _i) is an orthonormal basis of V\. Thus, since T($) is an or- 
thonormal basis of Vo and Vj. = Wo © Vo then T(^i, ..., ^a-i) is an orthonormal 
basis of Wo- Thus, we conclude that {^i, ..., *$>d A -i} is a matrix-valued wavelet 
set constructed from the A-MMRA. □ 

We now proceed to describe a strategy for constructing a matrix-valued wavelet 
set associated to a dilation A from a given A-MMRA with a scaling function $. 
According to Theorem 2 the functions Oo, . . • , Od.4-1 defined by (15) arc such 
that T(@o, . . . , @d A -i) is an orthonormal basis of V\. Furthermore, since $ G 
Vo C Vi, Lemma 2 implies that there are Z d -periodic matrix-valued functions 
H/ G L 2 {T d , C" x "), I = 0, ...,d A - 1, such that 

d A -i 
$(t) = J2 Hi(t)0j(t) a.e. on R d . 
1=0 
Moreover, Lemma 3 implies that 

d A -i 
(16) J2 Hj(t)H,*(t) = J„ a.e. on K d , 

1=0 
If we denote by Jo the n x nd A matrix of functions defined by 

Jo(t) = (H (t),...,H dA _ 1 (t)) 
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and by v g (t), q = 1, ..., n the vector in the complex vector space C" A defined by 
the value at t of the q-th row in the matrix Jo(t), the equality (16) implies that 
the vectors {v g (t) : q = 1, ...,n} are a.e. orthonormal. Note that it is possible to 
construct a nd,A x nd,A matrix Q(t) of Z^-periodic functions, a.e. unitary in R d , 
such that for q = 1, . . . , n the g-th row is given by the function vector v g (t). The 
construction of such a matrix can be done by the Gram-Schmidt orthogonalization 
process. If Hi(t) is symmetric, another method for the completion of a unitary 
matrix is given in [17]. Finally, if *i, ..., ^d A -i e L 2 (R d , C nx ") is defined by 

($(t), $!(t), • • • , $^-i(t)) T = Q(t)(0 o (t), 9!(t), . . . , 6^_!(t)) T a.e. on R d , 

and applying Theorem 4, we conclude that {^i, ..., ^d A -i} i s a matrix-valued 
wavelet set constructed from the given A-MMRA. 
We have therefore proved the following. 

Theorem 5. Given an expansive linear map A : M. d — > M. d such that A(jL d ) C 
Z^ and given an A-MMRA, then there exists a set of matrix-valued functions 
{^i, ..., \I/d A _i} i n L 2 (M. ,C nx ") which is a matrix-valued wavelet set constructed 
from such an A-MMRA. 

Recalling that a set of matrix- valued functions F C L 2 (R ,C nx ") is a matrix- 
valued wavelet set constructed from an A-MMRA, {Vj : j <G Z}, if and only if T(F) 
is an orthonormal basis of the subspacc Wo defined as the orthogonal complement 
of Vq in V\, then the following is a corollary of Theorem 5 and Proposition 2. 

Corollary 4. Let {Vj : j € Z} be an A-MMRA and let Wq denote the orthogonal 
complement of Vq in V\ . Then there exists a set of matrix-valued functions F C 
L 2 (M , C" xn ) such that T(F) is an orthonormal basis of Wo, and any set of matrix- 
valued functions G in L 2 (R ,C" X ") such that T(G) is an orthonormal basis of Wo 
has exactly 4a — 1 matrix-valued functions. 

From Corollary 4, (14), and Theorem 1, we obtain the following. 

Corollary 5. Let {Vj : j € Z} be an A-MMRA and let Wj denote the orthogonal 
complement of Vj in Vj+\. Then, for every j G {0,1,2,...} there exists a set of 
matrix-valued functions Fj C L 2 (R ,C nxn ) such that T(Fj) is an orthonormal 
basis of Wj , and any set of functions Gj in L 2 (R ,C" xn ) such that T(Gj) is an 
orthonormal basis ofWj has exactly (cLa — ^-)d 3 A matrix-valued functions. 
Let us continue with the study of the structure of subspaces Vj and Wj . 

Theorem 6. Let {Vj : j e Z} be an A-MMRA and let F = {fi, ...,f dA -i} be a set 
of matrix-valued functions in L 2 (M. ,C nxn ). If there exists an integer I < such 
that F C Vi, then F cannot be a matrix-valued wavelet set. 

Proof. If F is a matrix-valued wavelet set then T(F) is an orthonormal sequence 
in Vi. Thus, applying Theorem 1 with the expansive linear map A , we see that 
there exist a set of (4a — l)d^ matrix- valued functions G in L 2 (R ,C" xn ) such 
that T(G) is an orthonormal sequence in Vq. Moreover, according to the definition 
of Vq and Proposition 2, the number (d,A — ^)d l A must be less or equal to 1. Since 
4a > 2, we have a contradiction. □ 

Theorem 7. Let {Vj : j e Z} be an A-MMRA and let F = {fi, ...,f dji _i} be a set 
of matrix-valued functions in L 2 (M. ,C nxn ). If there exists an integer I ^ such 
that FcWj, then F cannot be a matrix-valued wavelet set. 
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Proof. Assume that F is a matrix- valued wavelet set. If I < 0, since Wi is a proper 
subset of Vq it follows that oIa ~ 1 must be less of equal to 1 and this is impossible. 
On the other hand, if I > 0, Corollary 5 implies that every set of matrix-valued 
functions G C L 2 (R d , C" xn ) such that T(G) is an orthonormal basis of Wi must 
have exactly (oIa — ^)d l A matrix-valued functions. Since cLa < {oIa — l)d A we get a 
contradiction in this case as well. □ 
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Abstract 

Using the Laplace-Beltrami operator we construct the Brownian mo- 
tion process on the n-dimensional sphere, n — 1,2,3. Then we evaluate 
explicitly certain quantities for this process. We start with the transition 
density and continue with the calculation of some probabilistic quantities 
regarding the exit times of specific domains possessing certain symmetries. 
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1 Introduction 

1.1 The n-Sphere 

Let n€N={l,2,3, ...}. The n-dimcnsional sphere S n with center (ci, ..., c„ + i) 
and radius a > is the set of all points x € R n+1 satisfying 

(xi - ci) 2 H h (x n+ i - c„ + i) 2 = a 2 

The most interesting case in applications is, of course, the case n — 2. For the 
sake of comparison we will also discuss the cases n = 1 (i.e. the circle) and 
n = 3. In some cases we will even consider the case of general n. 

1.2 Stereographic Projection Coordinates 

Consider the n-sphere, n > 2, 

2 , , 2 , I \2 2 

x x -\ \- x n + (x n+1 -a) = a 

To each point (x\, ..., x n , x n+ i) of this sphere, other than its "north pole" N = 
(0, ..., 0, 2a) we associate the coordinates 

2aa;i 2ax n 

2a - x n+ i 2a - x n+1 

Given the coordinates (£i, ■■■,£, n ) of a point on the sphere with Cartesian coor- 
dinates (xi, ■■■,x n , x n +i), we have 

4a 2 ^ 4a 2 g n _ 2a (£ 2 + . . . + £) 

Xl <-2 , , « , a„0. ' ' ' • ' Xn ~ /-2 , , ^9 , h _9 ' X n+1 



1.3 Spherical Coordinates 

The points of the n-sphcre 

x x + ■ ■ ■ + x n + x n+ i = a, 
may also be described in spherical coordinates (9\, ..., #„_i, <p) as follows: 

• For n = 1, xi = acosp, x 2 = asimp, where < (f < 2tt. 

• For n = 2, {9\ = 9) x± = a cos 9 sin 93, X2 = asin#sin</?, £3 = acos</?, 
where < 9 < 2ir and < p < n. 

• For n — 3, xi = a cos #1 sin #2 sin iy9, X2 = a sin 9\ sin #2 sin ip, 

X3 = a cos #2 sin ip, x 4 = acosi/?, where < 9\ < 2tt, < 9 2 < 7r, and 

< (/J < 7T . 

• In general for n > 4 

xi = a cos 0i sin #2 sin 63... sin#„_i sint^, x 2 = asin#i sin #2 sin #3... sin#„_i simp, 
Xk = acos9k-isin9k---sm9 n -ismp, for fc = 3,4,...,n 
and x n+ \ = acosip, where < 9\ < 2-7T, < 0i < 7r, 
for i = 2, 3, ..., n — 1, and < <p < 7r. 
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1.4 The Laplace-Beltrami Operator 

In spherical coordinates: The Laplace-Beltrami operator of a smooth function 
f on S 1 is 

a 2 dtp 2 
The Laplace-Beltrami operator of a smooth function f on S 2 is 

A 2 / = -^—. I -^^- + f v cos ip + f vv sin ip 

a z sini/j \srn<^ 

In the case where / is independent of 9 we have 

A 2 / = -j (/ w + U cot <P) 
The Laplace-Beltrami operator of a smooth function / on S 3 is 

A 3 / = . - 2 

a sm (y9 



i 3 2 / i d fdf \ a (df . 2 

sin^'Mr + sm^-^( v ^ Sm02 J + ^( v ^ Sm * 



and if / is independent of 6\ and # 2 , 

A 3 / = -2 (iW + 2/ v cot p) 

In stereographic projection coordinates: The Laplace-Beltrami operator of a 
smooth function / on S n , n > 2 is 



A ,_ (^ + ---+^+4a 2 ; 
16a 4 

In particular, for n = 2 we get 



2 



S^d 2 f 2(n-2) ^ g/ 

^5C 2 (C 2 + --- + e 2 +4a 2 )^^^ 



A , (e 2 + e 2 2 + 4a 2 ) 2 /^/ a 2 ,/ 

2/ rcJ I ac2 "*" ,f)f2 



16a 4 \d£ 2 d£ 



1.5 Brownian motion on S n (starting at x G S n ) 

The Brownian motion on S n is a diffusion (Markov) process X t ,t > 0, on S 1 ™ 
whose transition density is a function P(t, x, y) on (0, oo) x S n x S n satisfying 



3P 


i A 




= -A„R 


m 


2 ' 



P(t,x,y) -^S x {y) as i -> 0+ 

where A„ is the Laplace-Beltrami operator of S n acting on the a;-variables and 
5 x (y) is the delta mass at x, i.e. P(t,x,y) is the heat kernel of S n . The heat 
kernel exists, it is unique, positive, and smooth in (t,x,y) [4]. 
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1.5.1 Further Properties of the Heat Kernel P(t,x,y) 
It is well known that p(t, x, y) satisfies the following properties [4] 

1. Symmetry: P(t,x,y) = P(t,y,x) 

2. The semigroup identity: For any s G (0, i), 

P(t,x,y)= / P(s,x,z)P(t-s,z,y)dfJ,(z) 

where dfj, is the n-th dimensional surface area. 

3. For alii > and x E S n 

f P(t,x,y)dfi(y) = l 

4. As i — > oo, P(t, x, y) approaches the uniform density on S n , i.e. 

lim P(t,x,y) = — - 

t— s-oo A n 

where A n is nth dimensional surface area of S n with radius a. It is well 
known that [8] 

A„=^, f ™„ odd 

( 2 >■ 

A n = -. r^ , for n even. 

(n-1)! 

Finally, the symmetry of S n implies that P(t, x, y) depends only on i and d{x, y), 
the distance between x and y. Thus in spherical coordinates it depends on i 
and the angle ip between x and y. Hence 

P(t,x,y) =p(t,<p), 

where p(t, cp) satisfies 



dp _ 1 . _ 1 
— - -A nP - — 



i i\ + dp d 2 p 



and 



lim aA n -ip(t, ip) ■ sin™ tp = 6(ip). 



Here S(-) is the standard Dirac delta function on K. 

2 Explicit Form of the Heat Kernel 

Reminder (Poisson Summation Formula). Let f(x) be a function in the 
Schwartz space <S(R), where <S(R) consists of the set of all infinitely diffcrcntiablc 
functions / on K so that / and all its derivatives f^> are rapidly decreasing, in 
the sense that 



supM* /Ofr) 

a:6R 



< oo for every k,l > 0. 
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Then 



^2 f{% + 2tto) = — ^ F ( n ) exp(mx), 



where F(£) is the Fourier transform of f(x), i.e. 

r-+ca 

F(0= / f{x)fsxp(-i£x)dx, £e 



For example, if 



then 



f(x) = cxp(-Ax 2 + Bx), A>0, BeC, 






2.1 The Case of S 1 

Proposition 2.1 The transition density function of the Brownian motion X t , t > 
on S 1 with radius a is the function 



p(^) = iE cx p - 



n 2 t 



imp 



Equivalently 



n z t 



<'>•}> | ~2^2 J cos ( n ^) 



Proof. If 



then 



?(*>¥>) = — E 

7T/7 * ' 



1 

27TO 



new 



n 2 t 



0X1 ' ! ~2a2 ' cos ( n ^ 



1 

27ra ' 



and 



Therefore 



dp(t,(p) 1 v^ 2 /a f n2f \ 

~^ = -^Y. n cos(^)exp(-— j 



— = -— E n COs( > n ^ exp ( "9^ 



<9(y3 2 



2a 2 



We will now show that 



dp(t, <p) 1 d 2 p(t, ip) 
dt = 2a^ dip 2 ' 



lim ap(t, if) = 6(ip). 



(2.1) 



(2.2) 
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If yG (0,2tt), then 



Next we observe that 



lim ap(t, ip) = 0. (2.3) 

t^o+ 



/ ap(t,<p)dip = V exp ( -— - ) cos(np) 

Jo * Jo „ eN L \ 2a J 

For i > let us consider the functions 

/„ : [0, 2tt] -». R, n € N, 

with 

n 2 t 

2a 2 
Notice that f n (<p>) are integrable functions on [0, 2ir]. Furthermore 



dip -I. (2.4) 



f n (ip) =cos(n<p)exp ( - „ ., 



£/«(*>) 



n=l 



converges uniformly on [0, 27r] because 

n 2 i 



|/n(v)l <exp. 2fl2 
and the series 

oo 

5> P V la* 
converges. Therefore (2.4) gives 

jo neN \ / jo 

thus 



cos(nip)dip, 



2tt 

ap(t, <p)dip = 1, for every £ > 0. (2.5) 



/o 
Therefore from (2.4) and (2.5) 



lim ap(t, <p) = 6(<p) 

t^o+ 



and this complete the proof. 



2.2 The Case of S 2 

Let X( , t > be the Brownian motion on a 2-dimensional sphere S 2 of radius 
a. The transition density function p(t, ip) of X t is the unique solution of 

dp = 1 / (9 2 p(£,</?) ^ ,^P C0S \ C2 6 ) 

<9t 2a 2 sin y> \ dip 2 dip J 
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and 



lim 2-Ka 2 sin(p)p(t, p) = 8Up). (2-7) 



The solution to the diffusion equation 



dK(t,<p) 1 / dK(t,<p) . d 2 K(t,ip)\ 

1 cos ip — ^— ^+sin<^ a J (2.8) 



dt sin <p> \ dp dp 

with initial condition 

lim 2tt sm(<p)K(t, p) = 8 Up) (2.9) 

is given by the function (see [3]) 

K(t,p>) = ^-^2(2n+l)cxp(^-n(n+l)V2i^P"(cosp). (2.10) 

netl 

Here P®(-) is the associated Legendre polynomials of order zero, i.e. 

*<"> " iSS ' £ I' 1 ' - 1)n ) ■ (2 - U » 

This fact implies the following 

Proposition 2.2 The transition density function of the Brownian motion X t , 
t > 0, on S 12 wit/i radius a it is given by the function 

P(t,<p) = ^E( 2 " + 1 ) CX P f- " (n + 1)V * ) ^VM- ( 2 - 12 ) 

n£N ^ ' 

2.3 The Case of S 3 

Proposition 2.3 Let X tl t > &e the Brownian motion on a 3- dimensional 
sphere S 3 of radius a. The transition density function pit, ip) of X t is given by 

u ^ ex P(d?) v-/ o n ( (<£ + 2n7r) 2 a 2 

^ ^ = /o ^3/2 Z^ + 2n7F CX P - 7JT 1 

(ZTTt ) 6 ' Z Slli ip •'— ' \ 2t 



where Z is t/ie set o/ aH integers. Equivalently 



t{n 2 - 1) 



P(*> ¥>) = - i 2 3 ■ Y] n exp I - — — + / pn 

Air^a^ snap *— ' \ 2c/ 

and 

, x 1 v- • / x ( tin 2 - 1) 

R*> ¥>) = o 2 3 . >^ n sm(nip) exp — ^ 

2n z a 6 sings *— ' \ 2cr 

Furthermore p{t, <p) is analytic about p — and ^? = 7r. In fact 



p(t, 0) = Jim «(*, ¥>) = s-2-3 S 



n exp 



^0+^'^ 2^ 2 a 3^ 7 ^V 2a 2 



t(n 2 - 1) 
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and 

p(t,n)= limp(^) = -j 1 Vn 2 (-ircxp(- t( " 

Reminder. The i? 3 function of Jacobi is 



27r 2 a 3 ^ v ' * V 2a 2 

neN v 



^3 (-2) r) = 1 + 2 \. e x P (iTrrn 2 ) cos(2nz), 

where reC with Im {r} > 0. It follows that 

, , 1 / t \ d . (ip ti 

4jr z a 6 sin <p \2a z J op \2 2ar7T 

Sketch of Proof. First we will prove that p(t, <p) satisfies the differential 
equation 

dp 1 

di = 2 A3P - 
After that, we will show that 

lim Ana sin (ip)p(t,ip) =6(ip). 
For arbitrarily small e > 0, let 



I € = / 47ra sin (<^)p(£, tp)d<p. 
Jo 



We have 



47ra 3 exp(^) / /" £ / N / <^ 2 a 2 \ 



/ / (v + 2n7r) sin(</?) exp 



(<^ + 2mr) 2 a 2 
2i 



d^ 



where Z* = Z — {0}. However 



V / (y + 2mr) sin(y) cxp ( - ^ + 2 " 7r) - ) dip < V / (2|n|+l)7rexp (- 



ne 

and 



n£7 



53 / (2|n| + l)^cxp — - # = e53(2|n| + l)7rexpl — 

n(EZ* ^° ^ ' n£Z« ^ 

which converges to as t — > + , by Lebesgue's Dominated Convergence Theo- 
rem. Therefore 



4 7 ra 3 exp( 2 ^) 



lim I e = lim a / ^sin^exp — - dp. 



2 2 

ip a 
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By using the Laplace method for integrals [1] 

■ , s ( V 2 a 2 \j f £ 2 ( r- 2 <r 

ipsm(ip)exp [ ^— ) dip ~ / if exp 



2/ 



o 



2/ 



dp 



V cxp ( — ) dip, 



as t —¥ + . Here A ~ i? means that ^ — J- 1. Hence 



47ra 3 exp ( ^2 

lim I e = lim ^|^ 

t^o+ 4^0+ (2i7r) 3 / 2 



ip exp 



2 2 
ip a 

2t 



dip, 



or, for 






lim J e = lim 2 cxp . 

t^o+ *->o+ V 2a 2 



/2^r 



exp 



rfu. 



i.e. 



lim If = 1. 



Furthermore, for every t > 0, we have 



I == I in a 3 sin 2 (ip)p(t,ip) dip, 
'0 



(2.13) 



(2.14) 



hence. 



47ra 3 exp(^) fV, , / 



(ip + 2nir) 2 a' 1 



It 



dp. 



The series 



y (ip + 2mr) sm(ip) exp — 



nel 



(ip + 2nn) 2 a 2 
~2t 



converges uniformly on [0, tt] for every t > 0, because 

(ip + 2mr) 2 a 2 



(ip + 2mr) sin(ip) exp 
and the series 



2t 



< 2 



nm exp 



222 
n it a 

2t 



nGZ 

where 

M n = 2|n|-7rexp 

converges. Therefore (2.14), implies that 



2/ 



j= 4^fl 3 cxp(^) 



(2i7r) 3/ 2 -Ey (^ + 2mr)sim»exp(- 



(ip + 2nir) 2 a' 
2£ 



Hence 



j = _x^_>_ ^ / [cxp(i^) + exp(-ip)] exp ( -- 



/2i7T 



jit- 



/o 



2i 



dp. 

dp. 
(2.15) 
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Lot u = <p + 2mr, then (2.15) gives 



a ( V2tn Vztir \ _ 



S2tn \ 2a 2a 



for every t > 0. In particular 



lim / A-rra 3 sin 2 ((p)p(t, <p)d<p = 1. 



From (2.13) and (2.16) we have that that 



(2.16) 



lim Ana sin (<p)p(t, <p)d(p = 8 Up) 
and this complete the proof. ■ 

3 Stochastic Differential Equation (SDE) of X t 
in Local Coordinates 

In spherical coordinates: 

The Brownian motion on S 1 satisfies the SDE 



dX t = -dB t . 

a 

The Brownian motion on S 2 satisfies the SDE 



2a z sin 93, 







The Brownian motion on S satisfies the SDE 



dX t 



0. 



cos 9? 



COS (p 



dt- 



a sin 62 sin tp 





dBi(i) 

dB 2 (t) 




^ 











dB x {t) 
dB 2 {t) 
dB 3 (t) 



2a 2 sin 9 2 sin 2 tp ' a 2 sin <p , 

a - 

In stereographic projection coordinates: The Brownian motion on S 2 satisfies 

£ 2 + £f+4a 2 \ dB ± {t) ' 



the SDE 



dXt 



Aa 2 



dB 2 (t) 



The Brownian motion on S 3 satisfies the SDE 

(ft + $ + & + Aa 2 ) , N (£ 2 + £ 2 + 3 + 4a 2 ) 

dX t = - yqi ,,7 -(£1,6, 6)*+ — '- -' 



16a 4 vsi.s^sa,- 4fl2 

The Brownian motion on S n ,n > 2 satisfies the SDE 



dBi_(t) 
dB 2 (t) 
dB 3 (t) 



dX t = (2-np ^-j -Ui,--- ,£n)aH-- — 



16a 4 



4a 2 



dBi(t) 
<iB 2 (i) 

<IB„(i) 
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4 Expectations of exit times 

Let X t be the Brownian motion in S n and D C S n . The random variable 

T = inf{i > 0| X t i D} 

is called the (first) exit time D. 
Reminder. If 

u(x)=E*[T}, 

(here the superscript x indicates that Xq = x) then u(x) satisfies 

-A n u = -1 

u\ dD = 
Let ^?i,v?2 € [0, 2n), ipi < (f2- Consider the set 

D = (f 1 ,Lp 2 )- 
If X t is the Brownian motion on S 1 starting at the point <p £ D, then 

^[T] = a 2 (^-^i)(^ 2 -^) 
Let (po £ (0, 7r) be fixed. We consider the set D in S n , n>2, such that 

D = {(6i,...,0 n -i,<p)\ ^e[0,^ )}. 
If X t is the Brownian motion on S n starting at the point 
A = (6 1 ,...,0 n -i,<p)eD 

then 

£ A T = up = 2a 2 / Jo . ' cfe 

J v (sin a;)" 1 

Notice that u(y>) is an elementary function. 
For n = 2 we obtain 

E A [T]=2a^n( 1 + C0SiP 
V 1 + cos <p , 

For n = 3 we obtain 

.E A [T] = a 2 (if cot ip — ifo cot</?o) ■ 
Let (fi,if2 £ (0,7r), </?i < <^2- Consider the set D in S n ,n > 2, 

D = {(6>i,...,0 n _i,<p)| <f£ (ifi,<fi 2 )}- 
If Xj is the Brownian motion on S n starting at the point 

A = (0 1 ,...,0 n - 1 ,<p)eD 
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then 



E A [T] = 2a 2 



VI 



(sin a; 

For n = 2 we obtain 
4a 2 



„t - c<x>o f„ (sin uj) n doj T 



/T 2 , ■ \„_ 1 dx y„, (sinx)"- 1 

Jtpl (sin a;)™ I J Vi ^ ' 



-(il 



£ A [T] = 



, / tan(y 2 /2) \ 
m \t a n( Vl /2)J 

For n = 3 we obtain 



1„ I cos W 2 A ln f sin(y/2) \ _ ln / cos(yi/2) \ ^ ^sin (^ 2 /2) 



cos (ip 2 /2) J \sin(^i/2) 



cos (if/ 2) J \sin((/?i/2) 



£ A [T] = 



[(<£> — (^j) COt yCOt (/?i + (yi — </?2) COt <pi COt if2 + (<^2 — <P) COt </?2 COt <£>] 



COt (/?i — COt (^2 

Notice that the formulas for n = 2 and n = 3 are quite different. 

5 Hitting Probabilities 

Let X t be the Brownian motion in S n , D C S n , and T its exit time. 
Reminder. Let rcfl and 



i(x) = P X {X T e T}, 



then u{x) satisfies 



A„u = 



M|r = l -. 



l9n\r 



Consider the subset D = (ip\, Lp 2 ) of S 1 , < <pi < (p 2 < 2ir. If Ti = {<£i}, then 

P V {X T e ra = H—£- 
f2 - ¥>i 

Let <fi,tp2 € (0, 7r), (pi < <p2- Consider the set D in 5™, n > 2, 

D = {(6>i,...,0 n -i,</?)| ^e (<f 1 ,Lp 2 )} 
and the point 

A =(«!,..., « n _i,^)eD. 

Ifr 1 = {(0 1 ,...,0„-i,^i)},then 

f^ 2 i dx 

J if (sin a;)™ 1 



P A {X T €T 1 } = 



r^ 2 i d x ' 



For n = 2 we obtain 



ln 



p a {x t e rj 



tan(^) 



m 



. tan(^) 
' tan(a) 
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For n = 3 we obtain 

p a {x t g r\} 



i . xr _ r . , cot tp — cot ip 2 sin <^i sm(ip 2 — ip) 



cot y>i — cot (f2 smipsm((f2 — ifii) 
Let D be domain on 5* 2 whose stereographic coordinate description is 

£ = {(6,6)1 &<6<c}, 

i.e. I? is the domain bounded by two circles passing through the north pole. If 
A= (6,6) e D and 

r 1 = {(^,6)|6eR}, 

then 

p a {x t g ri} = ---f (5.i) 

c — b 

6 The Moment Generating Function of T 

Reminder. Assume that A > — Ai/2, where Ai is the first Dirichlet eigenvalue 
ofDcS". If 

u(x) = E x [e- XT ], 

then u(x) satisfies 

-A n u = Xu 

u \dD = l 
Suppose D C S 1 is the domain 

D = ((p 1 ,ip 2 ), < tpi < tp 2 < 2tt. 

Then, for ip G (ipi,(p 2 ) 

sinh ( av / 2A(< / o 2 — v) ) + smn ( av / 2A(<^ — <£i) J 

E v [e- XT ] = ^ -[—!- ^ '- 

sinh I a\2\(<p 2 — fi) ) 

provided 

A> 



2a 2 ((/?2 - <£i) 2 
Let X t be the Brownian motion on S 2 starting at the point 

where D is the domain 

D = {(9, V )\6e [0,2tt), and pe[0,<p o )}. 

Then 

£ A [exp(-AT)] = 



nA, i xrr \-\ _ Pv(cOStp) 



P„(cosp )' 
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where v is such that v(y + 1) = — 2a 2 A and P v {-) is the Legendre function 
P v {z) = P- v -i{z) = - I (z+yJz 2 -\ cos 4>Y dcf), 

where the multiple- valued function (z + v z 2 — 1 cos <pj is to be determined in 
such a way that for <f> = 7r/2 it is equal to (the principal value of) z v (which is, 
in particular, real for positive z and real v). 

Let X t be the Brownian motion on S n starting at the point 4gD, where 

D = {(0 u ...,e n -i,<p)\ 0ie[O,27r),0ie[O,7r] for i = 2,...,n-l and <^e[0,^ )} 

Then 

^[. XP (-at)] = / 8i ° y ;::;g:; cos ' j) . w 

(sm^o) 2 P{7 {cos ipo) 
where 

u=- (Jjn - l) 2 - 8a 2 A - l) and /j=-(n-2). 

The function P^(-) is the associated Legendre function 

" U r(-i/)r(i/ + l)\,l-^ ^ r(n + l-A«)n! U j ' 

Here T(-) denotes the Gamma function. 

7 The Reflection Principle 

We will discuss the reflection principle on S 2 . Everything extends easily to S n . 

Notation. For every point A = (xi,X2,x^) <G S 2 we denote by A the sym- 
metric of A with respect to the xiX2-plane. In other words 

A = (xi,x 2 , -£3) G S 2 

Theorem 7.1 Let X t , t > 0, be the Brownian motion on S 2 starting at the 
point A = {9, p) (in spherical coordinates) . We assume that A G D, where D is 
the lower hemisphere, i. e. 

D = {(d,tp)\ 6€ [0,2tt) and p e {tt/2,tt} } 

V 

T = inf{i>0| X t £ D}, 

then 

P A {T <t} = 2P A {X t £ D} . 

Sketch of Proof. 

P A {T <t} = P A {T < t, X t i D} + P A {T <t,X t eD}. 
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However, if X t £ D, then, of course, T < t. Thus 

P A {T <t,X t £D} = P A {X t £ D} . 
On the other hand, if we set 

X u if t<T 



A ' ' X u if t>T 
then, by the strong Markov property of X t 

P A {T <t,X t eD} = P A {r < t, X t € £>} , 

but X t € D if and only if X t ^ D. Hence, 

P A JT <t,X t e d\ = P A {T <t,X t £D} = P A {X t <£ D} 

and 

P A {T < t, X t e D} = P A {X t £ D} . 

Therefore P A {T <t} = 2P A {X t <£ D}. ■ 

7.1 Applications of the Reflection Principle 

The reflection principle can help to calculate the distribution functions of certain 
exit times. 

Let Xt be the Brownian motion on S 2 starting at the south pole S, where 
S = (0, 7r) in spherical coordinates. If D is the lower hemisphere and T its exit 
time, then 

pS lT ^ n , VV IV ( C^ + WA (2n)!(2n + 3) 
P {T < t} = 1 - ^(-1) exp ^ j • 22n+ln , 

n=0 v 7 

The case of g 1 : 

Let At be the Brownian motion on S 1 starting at (p e D = (tt, 2tt). If T is the 

exit time of D, then 

p n^ < *} = 1 + ^ E ^ cx p (-S) sin ^ 

n odd V / 

The case of S 3 : 

Let Xt be the Brownian motion on S 3 starting at the south pole S 1 , where 

S = (0,0, tt) in spherical coordinates. If D is the lower hemisphere, namely 

D = {(6 1 ,0 2 ,cp)eS 3 I 0ie[O ) 27r),0 2 e[O,7r], ¥ >e {tt/2,tt]} 

and T the exit time of D, then 

o r , 16A, ,„ , / (An 2 - l)t 

P S {T < t} = 1 + - E - 1 n ex P ~ o 2 
7r *-^ V 2a z 
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Abstract 

In this paper we obtain quantitative estimates in the overconvergence 
phenomenon in polystrips in C m , the weighted and non-weighted cases, 
for some multivariate singular integrals of Picard, Poisson-Cauchy and 
Gauss- Weierstrass. 
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1 Introduction 

Let £i,£ 2 , • • • ,£m > and /; R m -> R be continuous on R m , m E N. If / 
is 27T- periodic or non periodic and bounded on R m or of some exponential or 
polynomial growth on R m , the following integrals are well defined : 

• P 6,..,« m (/)0l>-'-> :Z: m) 

/ (xi+t 1 ,...,x m + t m ) mLie-Wvdti . . . dt m , 



nr=i(2& 



"This paper was written during the 2009 Spring Semester when the second author was a 
Visiting Professor at the Department of Mathematical Sciences, The University of Memphis, 
TN, U.S.A. 
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Qii €m (f)(xi,---x m ) 

njLiO r°° r°° f(xi+ti,...,x m +t m ) 



/ „ \ to m „ c 

% u/)k...,*j= (-) ih 3 / 

-dii . . . rfi 



dt\ . . . dt m , 



3=1 

f(xi +ti,...,X m +t m ) 



and 



nr=i(^ 2 +^) 2 

W ii,...A m (f)(xi,---,X m ) 
-1 /*oo /*oo m 

= m/2TT m .1/2 / •••/ /(zl + il,...,Z m + U)n e_t?/ ^--- di - 

Here P| li ... i?m (/)(a;i, . . .x m ) is called of Picard type, Q ?1 i ...£ m (f)(xi,...x m ), 
R£ 1 ,...,£ m {f)(xi, . . . x m ) are called Poisson-Cauchy type and the singular integral 
%,-,u(/)' i s caue d of Gauss- Weierstrass type. 

The approximation of f{x\,...,x m ) by the above singular integrals in the 
case of real variables as £j — ► , j = 1, ..., m, was studied in [1]. 

A quite natural problem would be the study of the overconvergence phe- 
nomenon for these singular integrals in polystrips, that is the approximation of 
the continuous function f(z±, . . . z m ) by the complex singular integrals obtained 
by replacing ij e K by Zj S C, j = 1, . . . , m in the above formulae of 
definition. This case for m = 1 was made in [2]. 

The aim of the present article is to extend the results from [2] for general 
m e N. 

2 Main Result 

The first main result follows. 

Theorem 1. Let d\,...,d m > and suppose that f : X 1 j l _. 1 Sd j —* C is 
bounded and uniformly continuous in the multivariate strip X-TLiSj . , where 
S dj = {z = x + iy e C; a; e M, \y\ < dj}. 

(i) Denoting 



«i,..,?, 



-1 />00 />00 

mumL-L f{zi+h 



Xf)(zi,...,z m ) = m / ... / /(zi + ti,...,z m + t m ) 



■JJe-^l/^dti,...^ 

/or aZZ £j > and %■ £ 4., j= l,...,m, we ftawe 

l- P ?i,...,« m (/)( z l:---' 2: m) -/(2l.---.2m)| < (m+ l)wi(/;^l,...,^m)) 
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7 = 1 « — OO J-OO 



where for 5j > 0, J = 1, . . . , m, we define 

wi(/;<Ji,...,5 m ) x m s 

= sup{|/(«i, . . . ,w m ) - /(wi, . . . ,v m )| : |uj - Uj| < <Sj, 
wzfft Uj , Uj <G SV , for j = 1, . . . , m} . 
(m) Denoting 

f ( z l + tl, ■ ■ ■ , z m + t m ) ,, ,. 

/or £,• > and Zj G S^,, j = 1, . . . ,m, we have 

l-%,...,? m (/)( z l> ■ • ■ >2m) ~ /(Zl, ■ • • , Z m )\ 

<{^+ 2 ^y i (f;^...,U x7Ll s dj - 

(Hi) Denoting 

W iu-,uU){zi,...,z m ) 

-i /•oo /-oo 2H 

= m ,2Tim A/2 / ••■/ / (*1 +*1,-". ^m+ Oil e_t?/ ^*l" • d *'- 

*" m/ IIf=l£/ • 7 -°° • 7 -°° j=l 

/or £j > and Zj € S^., j = 1, . . . ,m, we have 

< (V + ™ ) Wl (/; 76, • • • , V 7 ^) 



(w) Denoting 

Qtl,...,£ m (f)( z l,---,Z-m) 



nr=i^ 



:x. 



nr=i(*i+^) ' ' ' 

/or £j > and z,- G 5<j . , J = 1, . . . , m, and supposing in addition, that f is of 
Lipschitz class (ai, . . . , a m ) G (0, l) m m x^^S^- , £/iai is i/iere exists a constant 
M > smc/i i/iai 



|/(ui,...,M m ) -/(«!,..., U m )| < X ( ^|«j -Vj\ a i 

J =1 
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for all Uj, Vj £ Sd ■ , j — 1, • • • , m, we obtain 

\Qd,...,u(f)( z u--^ z m) - f{zi,...,z m )\ < CM 



EC 



where 



C 



IT j=l,m [Jo V 2 + 1 



rf?; 



Proof, (i) If Zj E Sd-, j = l,...,m, then clearly for all t E W. 
we have Zj + t € S^ and since / is bounded on x 1 JL 1 Sd j (denote the 
bound by M(f) ) it clearly follows |P ?1 ....^ m (/)(z 1 , . . . , z m )\ < M(f) for 
all (z\, ... , z m ) G xJLiSd r Therefore ff 1 ,...,{ TO (/)(^i, ■ • • , z m ) exists for all 
(zi, . . . , z m ) G xl^iSdj ■ Also, the uniform continuity of / on x™ =1 Sd j implies 
that 

«i,.5u-o Wl (/; ^' " • '^ ro) ><r=i^ = °- 

For all (zi, . . . , z m ) € x 1 JL 1 Sd j we have 

IP, 
1 



< 



n™ 1 (20)7- 



l,...,€ m (/)Ol, • ■ • , Z m) ~ /(^l, • ■ ■ , Zm)| 

/■OO 

|/(zi + ti, . . . ,z m + t m ) - f(zi,. ..,z„ 



oo /»oo 






3 = 1 



< 



nr=i( 2 o 



OO /"OO 



oo </ — OO 



u> 1 {f;\t 1 \,...,\t m \) x rn =iSd 



. JJe-l*^/^ dh...dt r , 



nr=i(^-)-/o 



OO /'OO 



j /. , si , Sr? 

^1 I J! tlT - ' ' • ' ' t m~r 

Sl St? 



<r =1 ^ 



oo /*oo 



"* -. /»00 /> 

■T[e- t ^^dt 1 ...dt m < Mi(/;a,...,(m) x .c, / •••/ 

f = i llj=i?j 3=1 J Jo Jo 



i+Er n e " ti/ ^ d * i '"-' d *'- 

J=l ^ / j=l 



wi (/; s : i,---,s : m) 



x r=i s " 3 



-j />00 /"OO '"- 

1L?=1 sj Jo Jo - =1 
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-| /"CO /"CO / '"- i \ I "<■ \ 

= (m+l)wi(/;^i,...,^ m ) >< m c , 



proving the claim, 
(ii) We obtain 



\ R ti,-,u(f)( z i'---> z m) - f(zi,...,z m )\ < 



n< 



CO «/ —CO 



(\f(zi + ti,...,z m + t m ) - f(zi, ...,z m )\) 



nr=i(«?+3) a 



rfii . . . dt r , 



o\ m ™ r°° r°° wi(/;|ti|,...,|t m |) 



i=i 



><r=i^ 



n£i(*?+tf) a 



dti . . . di r , 



= 2 r ' 






CO /*CO 



J_1 3 -dti . . . dt r , 



nr=i(«?+S) a 



<Wi(/;a,---^m) x m iSd . f 



2 2m n™i?f 



CO /*oo 



o nr=i(*l+^) 2 



dti . . . dt r 



/2 2m T~r m £3" 



CO /»CO 



n nr=i(*?+^) 2 



E 
j«=i 



CO /*oo 



t,-. 



o o«nr=i(^+a 2 



rfii . . . di r , 



= wi(/;£i,...,£ m ) 

^ 2m n;iien y, 

n" 



x T=i Sd j 



tj* a tj* 



6-(*i-+&) 2 



o si* ^j 



t V^o (* 2 + ^) 2 



w i(/;Ci, •■•.£m) 



><r=i^ 



^™ Zj 9f3 11 A£ 



1 I \ ^3 / 3 = 1 ^J 



46 



ANASTASSIOU, GAL: OVERCONVERGENCE OF SINGULAR INTEGRALS 



Wl (/;£i,---,£m) 



xf=i s ^ 



2m 



proving the claim. 

(iii) Wc further have 



< 



w^l? 



l M/ ?i,...,« m (/)( z l J • ■ ■ > «m) - /Ol, • • • , Z m )\ 

\f(zi + tl,...,Z m + t m ) ~ f(Zl,- ..,Z V 



1/2 



J = l ^J 



— oo >^ — oo 



• JJe - *?/^ dti...dt r , 

3 = 1 



< 



CO /*CO 



OO «/ — OO 



wi(/; |ti|,...,|t m |)> 



* m ' 2 n?=iZ? 2 J- 

m 

FTe - * 2 ^ dt\...dt m 

m/2T1 m A/2 / •••/ Wl /;V?l-Fv,VU-5= I 
m 

■ Y[ e - **^ dt x ... dt m 



oo /*oo 



.7 = 1 a J 



i=i 



< <x>i 



( /; v£i> ■ • • > vCm) 



771 

Y[e~ u i 2/ ^ d Ul ...du. 



cym roo /-oo / m 



j=i 



2 ro wi (/; Va, • • • , \/U) 



OO pOO 



3 = 1 \Mj JO 
m 



/•oo / m 



nm / p— ; 



/•OO /*CO / "*- \ lib 

/ •••/ E^ I7e-»?^d« 1 ...d« ri 

Jo Jo \ •„_, \/t,r* / „•_-, 



2 m Ul (/; yfe, . . . , VU) 



xr=i^ 3 



nm / it- / j i 



/'CO /'CO 

V / • • • / -^ ft e-^/^) 2 d Ul . . . d« r , 

,-,_i Jo Jo \/£i* _•_ -, 



J J=l 
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2 m o;i (/; y/l u . . . , V^ 






r m/2 2^ 



i*=i 



n 



CO 



\ 2 dw,- 






2 dui 



11 VW 



= 2 ro a;i (f;y/&,...,y/$„ 



xf=i S ^ 



1 m 

r m/2 A^ 



j* = l 



2"^ 1 (/; v /^,..., V i. 
= 2 m Wl (/; v^ 



x "* , -Sd - 

i ) • • • > V ?" 



*,) ft (X 

im/2 Z_^ 



1 771 



1 />/i 

2 l~2~ 



7T m / 2 2 m 



7T 2 



= wi ( /; \/ii! • • • , V? 



x V* , 5d ■ 



TO 

\/tt 



proving the claim. 

(iv) We observe that 



\Qti,-,£ m (f)( z ii---> z m) ~ f(zi,...,z m )\ < 



IL m =1 * 



3 = 1 ^ 



CO POO 






\f(zi + h, . . . , z m + t m ) - f(zi, ...,z„ 



<M 



YELii 



3 = 1 « 



' ££1 1' 



dti . . . dt r , 



rx ; N, "liN a 



UT=i^ + ^)) dtl '" dtr 



oo J-oo \ llj=lV"j ' Sj 



VIElM 



oo />oo 



JQ 



Em ± a j* 



m (4.1 _i_ £2\ ! ' ' ' r ' 



^E 
j*=i 



n 



2&\ / f 00 dtj 






i*=l L 



2&. 



,fV i 



^X w+m dtj * 



c 



3 dU* 

. ) 

3 ' V 



T Jo (*?•+&) > 



7 
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where 



i*=l L 

C 



2$f 



du 



— ■ max 

7T j*=l,...,m 



<CM\J2 &* 

du\ < oo, 



finishing the proof of the theorem. D 

In what follows for P n ^ u ... iim (f;(zi,...,z m ) and W^ lt .... im (f)(z 1} . . . , z m ) 
we will consider the weighted approximation on xJL-^Sdj, which seems to be 
more natural because x"L 1 Sd j is unbounded in C m , meN. For this purpose, 
first we need some general notations. Let w : x"L 1 Sd j — ► K+ be a continuous 
weighted functions in x™^^. , with the properties that w(zi, ■ ■ ■ , z. m ) > for 
any (zi, . . . , z m ) e x" l =1 S d] and lim w(zi, ..., z m ) = 0. 

\ z j I— *oo, 
3 = 1, ...,m 

Define the space 

^to {^-j — i^dj) 

= {/ : x'jLiSdj -> C; / is continuous in x^ S dj and ||/|| w < oo} , 
where 

ll/IL :=sup{w(zi,...,z m )|/(zi,...,2; m )|;(2;i,...,z m ) € X^ =1 S r ^} . 

Also, for / G C-u, (x"L 1 Sd j ) define the weighted modulus of continuity 



wi,»j (/; Si 



,S m )y 



T=i Sd j 



= sup {w(zi, . . . ,z m ) |/(zi +hi,. ..,z m + h m ) - f(zi,. .. ,z m )\ ; 
(zi, . . . , z m ) e x^Sdj , hj ER with \hj\ <5j, j = 1, . . . ,m} 

Remark. The last modulus of continuity has the properties: 

a) it is increasing as a function of each 5j,j = l,...,m, 

b) W i )W (/;0,...,0) xm s = 0, 

J = l a 3 

c) 

A m \ 

V j=i / 

for all Aj > 0, j = 1, . . . , m. 

We present 

Theorem 2. Lei dj > 0, j = 1, . . . , m, and suppose that f : xJL^d — ► C is 
continuous in x"L 1 Sd j ■ Let the Freud-type weight w(zi, . . . , z m ) = 11^=1 e~ qj ' Zj ' 
with qj > , /ia;ed, j = 1, . . . ,m; and f E C w (xJLiSdj) ■ 

TTien 

(i) 

\\ p iu-,u(f) ~ f\\w < {m + l)w n , w {f;ti,...,Zm) xm Sd , 
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for all < £j ■ < — , j — 1, . . . , to, and 



(ii) 



'i.i 



\\W{{f) - f\\ w < (2 m + ^=) u> hw (f;y/Ti,..., y/u) 

for all < £j < 1, j = 1, . . . , m. 

Proof. The continuity of / in x"L 1( SV immediately implies the continuity 



of P, 



£i,-,£, 



,(/) and VK ?1 ,... !?m (/)(zi,...,z m ). 



(i) In addition we have 

|w(zi, . . . , z m )P Cli ..., ?m (/)(zi, . . . , z„ 



nr=i( 2 ^) 



oo J — oo 



;(^i + t\, ■ ■ ■ , z m + t m )f{z 1 + t\, . . . , t m ) 



< 



1 \ m 

w(zi +ti,...,z m + t m ) ax 



where 



a 



^Sj J-oo 



\ti\{li-Tj) 



dtj < oo, 



for all j = 1, . . . , to. 

Passing to supremum over all (zi,...,z m ) <G x^S^, it follows that 
lini,..,u(/)llr» < oo, that is P iu ..., U (f) G C w (x™ i^), for < & < J, j = 

1, . . . , TO. 

Next for all Zj € Sd ■ , j = 1, . . . , to, we derive 

w(zi, . . . , 2m)|-Pii,...,U (/)(«!' • • • >«m) - /(^l, • ■ • . Zm) | 

_ w(zi,. ..,Z m ) 



nr=i( 2 ^) 



— oo J — oo 



(/(zi + £i,..., z m +t m ) - /(zi,...,z m )) 



■ ]Je- lt ^ / ^dh...dt ri 



< 



n™i( 2 o) 



oo /*oo 



w(zi,...,z m ) |/(zi + t 1 ,...,z m +t m ) - f(zi,...,z„ 

m 

.JJe-l^l/^ dh...dt m 
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< 



n"ii( 2 o 



CO /"CO 



7 / ••• / wi )t „(/;|ti|,...,|t m |) x m s d . 

I J — oo J —oo J 3 



■l[e-\ t Mtidt 1 ...dt T , 

3 = 1 



n ? =i £? ^o 



oo />oo 



( t C x t n 

Wl,u> /KIT"! • ■ • , ?m7~ 

V Si ?77 






fje _ *^^(fti...(ft r , 



j=i 



< 



wi,t« (/;£i, ■ ■ • >£m)x™ c 



oo /»oo 



JO 



i+E 



i=i 



•TTe t i / ^dt 1 ...dt m = (m + l)u)i, w (f; £1,..., £ m ) x ™ Srf , 
i=i 
proving the claim. 

(ii) Next we observe 

|io(2i, . . . , z m )W Slt ... tim (f)(zi, ...,z m )\ 

U)(Z1 + tl,...,Z m + t m )f{Zl +tl,...,Z m + t m ) 



w»nr=i«f^- 



OO /-OO 



oo </ — oo 



w(zi,... , z m ) 

V)(Z1 + h,...,Z m + t m ) L Jl 



Y[e~ t ' / ^dti...dt r , 



m 1 . 

<ii/iLn-rT/ 



=1 V <j J-c 



e |tjl(9j-|* 3 l/^) ^. 



m / c 

2m ll/ILll -tt/ 



Jiiii-tj/Zi) dt- 



But we can write 



9j+l 



e tAij-tj/ii) dtj = / Jibi-tilti) dtj + / ehte-h/ti) dtj. 
Jo Jqj+i 

For < £j < 1 and ij > q 3 - + 1 we get ij (gj — tj/^j) < —tj and 
e *j(9j-*j/Cj) < e _ *3, which implies 



e tj{.qs-ti/Zi) dt 3 < / e - *^- = e _fe+1) , 
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for j — 1, . . . , 771. 

In conclusion, from the above considerations we get 

\w(zi,. ■ . , Z m )W iu ...^ m (f)(zi, ..., Z m )\ < Cn \\f\\ w , 

for some C m > 0. 

Passing to sup over (zi, . . . , z m ) G xJ^S^ , it follows that W^ 1 ....^ m (/) e 
C w {xf =1 S dj ), for all < & < 1, j = 1, . . . , m. 

For the estimate, for all (zi, . . . , z m ) € xTLi'S'al we find 

w(zi, . . . , Z m ) (W^,...,^/)^!, . . . , z m ) - /(zi, ...,z m )\ 
_ w(zi,...,z m ) 



7r m/2 n m i ^l/2 



3 = ^3 



oo />oo 



(/(Zl + tl, . . . , Z m + t m ) - f(Zl, ■■■, Z m )) 



oo «/ — oo 



< 



n™iv^ 



j ./ — oo J — oo 






W)(2l,...,Z m )|/(zi+7J 1 ,.. . ,z m + t m )-f(zi,.. .,z n 



< 



■ Y[ e"*' /Cj dh . . . dt r , 



, =1 v/tt^- y_ 






^l.W (/j |*l|) • • • , |*77 






• JJe - *?/^ dti...dt r , 

3 = 1 



oo />oo 



wi.tu ( /; v Ci -7^= , ■ ■ ■ , Vi 



VS. 



jQV*^ dh...dt r . 



i=i 



< (wi, w (/; >/£i, • • • , V&) , 



x r=i s ^/ Vn^iv< 



J'/ J o 



OO /»00 



i+ e4 fl 6 "^*-^ 



j=i V&y j=i 

\ vW V ^"im- 



proving the claim and finishing the proof of theorem. 



□ 
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Abstract 

In the present paper we establish several strong differential superordinations regardind the new operator 
SR m defined by convolution product of the extended Salagean operator and Ruscheweyh derivative, SR m : 
A*c -> K.O SR m f(z,C) = (S m * R m ) f (z, C) , z € U, C € U, where R m f{z,C) denote the extended 
Ruscheweyh derivative, S m f(z,C ! ) is the extended Salagean operator and A^q — {/ £ TC(U x U), f{z,C,) = 
z + a n +i (£) z n+1 + . . . , «£[/,(£ U} is the class of normalized analytic functions. 

Keywords: strong differential superordination, convex function, best subordinant, extended differential oper- 
ator, convolution product. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane U — {z £ C : \z\ < 1}, U = {z € C : \z\ < 1} the closed 
unit disc of the complex plane and 7i(U x U) the class of analytic functions in U X U. 

Let A* l( = {/ e H(U x U), f(z, () — z + a n+1 (Q z n+1 + . . . , z £ U, ( £ U}, where a k (() are holomorphic 
functions in U for k > 2, andW*[a,n,C] = {f £ H{U xU), f(z,Q = a + a n (() z n + a n+1 (() z n+1 + . . . , z £ U, 
C £ U}, for a £ C, n £ N, a^ (£) arc holomorphic functions in U for k > n. 

We also extend the well known differential operators to the new class of analytic functions A* n( - introduced 
in [5]. 

Definition 1.1 [1] For f £ A^, n, m, £ N, the operator S m is defined by S m : A* nC _ — * A^, 

S°f(z,0 = f(z,0, 
S'fizX) = zf' z (z,0,-, 
S m+1 f(z,Q = z(S m f(z,0)' z , Z£U,(£U. 

Remark 1.2 [1] If f £ A* n( , f(z, () = z + £~ n+1 a,- (C) « J ', then S m f (z, C) = z + £°l„+i f% (() ^,^ (7, 

CeC/. 

Definition 1.3 [1] For f £ A^, n,m G N, tfie operator R m is defined by R m : A* nC _ — ► .4*^, 

fl°/(*,C) = /(*,C), 

i?V(z,c) = ^(^,o,-, 
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Remark 1^4 [1] If f £ A* nQ , f(z, Q = z + E°l„+i aj (C) z 3 , then R m f (z, () = z + £°l n+1 C% +j _ iaj (C) *? , 

zeU,(eU. 

As a dual notion of strong differential subordination G.I. Oros has introduced and developed the notion of 
strong differential superordinations in [4]. 

Definition 1.5 [4] Let f(z,Q, H(z,Q analytic in U x U. The function f(z,Q is said to be strongly su- 
perordinate to H{z,C,) if there exists a function w analytic in U, with w (0) = and \w(z)\ < 1, such that 
H (z, Q) — f (w (z) , C) , for all £ G U. In such a case we write H (z, £) -<-< / (z, £) , z £ U, £ £ U. 

Remark 1.6 [4] (i) Since f (z, Q is analytic in U x U , for all ( £ [/, and univalent in U, for all £ G U, 
Definition 1.5 is equivalent to H (0, £) = / (0, C) , f or a ^ (, <^U , and H (U x U) C / (U X U) . 

(ii) If H (z, £) = H (z) and f (z, C) = / (z) , the strong superordination becomes the usual notion of superor- 
dination. 

Definition 1.7 [3] We denote by Q* the set of functions that are analytic and infective on U x U\E (/,£), 
where E(f,() = {y £ dU : lim/(z,C) = oo}, and are such that f' z (y,() + for y £ dU x U\E(f,Q- The 

subclass of Q* for which f (0, £) = a is denoted by Q* (a). 

We have need the following lemmas to study the strong differential superordinations. 

Lemma 1.8 [3] Let h (z, £) be a convex function with /i(0, £) = a and let 7 £ C* be a complex number with 
Re 7 > 0. If p £ H*[a, n, £] nQ*, p(z,£) + -^Pzt!- 2 : C) * s univalent in U xU and h(z,() ^^ £>(z, C) + z p' z ( z i C)i 
z £ U, ( £ U,then q(z,Q ^^ p( z ,0, z £ U, ( £ U, where q(z,Q = — V J * ^ (*> £™ _1 d£, z £ U, ( £ U. The 
function q is convex and is the best subordinant. 



■HZ ' 



Lemma 1.9 /$/ Lei q (z, £) oe a convex function in U x U and let h(z, £) = q(z t Q + ~zq' z (z, C,), z £U, C, £ U, 
where Re 7 > 0. J/p G Ji* [a, n, £] n Q* , p(z, £) + -zp' z (z, £) is univalent in U x U and q(z, £) + -zq' z (z, £) -<-< 
P (z,C) + }rzp' z {zX) , z £U, C, £U, then q(z,() « p{z,Q, z £U, C, £U , where q{z, C) = -^V /„* h(t,()t™- l dt, 

1 nz n u 

z £ U , C, £ U . The function q is the best subordinant. 

2 Main results 

Definition 2.1 [2] Let m £ N U {0}. Denote by SR m the operator given by the Hadamard product (the 
convolution product) of the extended Salagean operator S m and the extended Ruscheweyh operator R m , SR m : 

A* — ► A* 

SR m f(z,C) = (S m *R m )f(z,0- 
Remark 2^2 [2] Iff £ A* n( , f(z, () = z+^jln+i «i (0 ^', «*en SR m f (z, () - ^+E°l„ + i C% +J -i3 m «} (0 « J ', 

Theorem 2.3 Lei h(z,() be a convex function in U x U with h(0,Q — 1- Lei m € N, f(z,C t ) € -^nr? 
F(z,C) = I c (/)(z,C) = 0, ^t c f{t,Q)dt, z £ U, C e U, Rec > -2, and swppose i/iai {S R m f {z , Q))' z is 
univalent in U xU, (SR m F (z, C))l € H* [I , n, C] n Q* and 

ft (z, C) ^ (5L""/ (z, 0)1 , z £ U, ( G U, (I) 

i/ien 

g (z, C) « (SR m F (z, 0)1 , z £ U, ( £ U, 

where q(z, () — c t+ 2 J h(t, (,)t~^~ 1 dt. The function q is convex and it is the best subordinant. 
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Proof. We have z c+1 F (z, = (c + 2) J„ t c f (t, dt and differentiating it, with respect to z, we obtain 
(c + 1) F (zX) + zF' z (z, C) = (c + 2) / (z, C) and (c + 1) Si? m F (z, C) + z (SR m F (z, 0)1 = (c + 2) Si?" 1 / (z, C) , 
z£U,(£U. 

Differentiating the last relation with respect to z we have 

(SR m F (z, 0)1 + ^z (SR m F (z, C))' z ' 2 - (SR m f (z, C))' z , zeU,(eU. (2) 

Using (2), the strong differential superordination (1) becomes 

h (z, C) ^ (SR m F (z, C))' z + ^z (SR m F (z, ())% . (3) 

Denote 

p (z, = (SR m F (z, 0)1 , zeU, (eu. (4) 

Replacing (4) in (3) we obtain h (z, () -<~< p (z, () + -^zp' z (z, C), z e J7, £ e Ca- 
using Lemma 1.8 for 7 = c + 2, we have 

q (z, C) « P (z, C) , z e [7, C G 17, i.e. g (z, () ^ (SiiTF (z, 0)1 , z G 77, C G U, 

where q(z : C) — c t+2 J ^(^, Qt^ r ~ 1 dt. The function g is convex and it is the best subordinant. ■ 

nz n 

Corollary 2.4 Let h (z, () = C+(2 £° z , where (3 e [0, 1). Let m G N, / (z, C) G ^, F (z, C) = J c (/) (z, Q = 

f^Fi Jn t c I (t, dt, z <G 77, C G 77, Rec > —2, and suppose that (SR m f(z,()) z is univalent in U x U, 
{SR m F (z, 0)1 G H* [1, n, C] n Q* and 

/l (z, C) -X (SR m f (z, C))' 2 , z G (7, C G 77, (5) 

t/ien 

g(z,0^^(^ m F(z,0)l; zeU,teV, 

where q is given by q(z, = 2/3 — C H — — e+2 J„ * " . — dt, z G 77, £ e 77. The function q is convex and it is 
the best subordinant. 



up. 



Proof. Following the same steps as in the proof of Theorem 2.3 and considering p(z, = (SR m F (z, 0) z > 
the strong differential superordination (5) becomes h(z,() — i+I ^^ p( z >0 + -^2 z p'z( z >0 > z € 77, 

C g 17. ' ^ " ' " 

By using Lemma 1.8 for 7 = c + 2, we have q(z,Q ~^ PfXCX i- e - q( z jC) = c t+2 J h{t 1 Qt^^~ 1 dt = 

-* Jo* ^f^^-Mt = 2/3 - C + 2(c+2 ^ Jo ^ di ^ (^"^ (*- 0)1 , * G £7, C e 77. 
The function q is convex and it is the best subordinant. ■ 

Theorem 2.5 Let q (z, be a convex function in U xU and let h (z, C) — ° ( z , () + -^p2zq' z (z, , where z E U, 
C G 77, Rcc> -2. Let m G N, / (z, () G ^ c , Fjz, = J c (/) («, C) = ^ Jo" iC / ( f > *, « G 17, C G £7, and 
suppose that (SR m f (z, 0)1 *s univalent in U x U , (SR m F (z, 0)1 G 7i* [1, n, (] n Q* and 

n (z, « (SR m f (z, 0)1 , zeU, C,eU, (6) 

i/ien 

q (z, ■<■< (SR m F (z, 0)1 , z G 77, C G 77, 

where q(z, = c t+2 ,f h(t,()t^ rl dt. The function q is the best subordinant. 
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Proof. We obtain that 

z c+1 F(z,C)-(c+2) [ Z t c f(tX)dt. (7) 

Jo 

Differentiating (7), with respect to z, we have (c + 1) F (z, () + zF' z (z, () = (c + 2) / (z, () and 

(c + 1) SR m F (z, + z (SR m F (z, 0)1 = (c + 2) SR m f (z, () , z e U, C G F. (8) 

Differentiating (8) with respect to z we have 

(5i? m F (z, 0)1 + ^z (SR m F (z, C))1' 2 = (^"7 (z, 0)1 , z G U, ( e U. (9) 

Using (9), the strong differential superordination (6) becomes 

h (z, C) = g (z, + ^zq' z (z, C) ^ (SR m F (z, C))' z + -^z (SR m F (z, Q)", ■ (10) 

Denote 

p (z, C) = (SR m F (z, 0)1 , z G U, C G C7. (11) 

Replacing (11) in (10) we obtain ft, (z, C) — Q ( z , + ^2 z 1z ( z > -<~< P 0&) + ~^f2 z Pz ( z j 0> z G £/, C G !7. 
Using Lemma 1.9 for 7 = c + 2, we have 

q (z, C) ^p( Z ,(),^^(e V, i-e. 9 (2, C) « (Si? ro F (*, 0)1 , z G tf, C G £7, 
where q(z, = c t+2 / M*> Qt~^~ 1 dt. The function q is the best subordinant. ■ 

112 n 

Theorem 2.6 Let h(z,Q) be a convex function, h(0, — 1- Let m G N, / (z, G .4*^ and suppose that 
(SR m f(z,())' z is univalent and SRm ^ z ^ g ft* [l,n,C] nQ*. // 

ft(z, C) -X (SiT/ (2, 0)1 , zeU, CeU, (12) 

t/ien 

q (z,C)^ SRmf z {z,C \ zeU,CeU, 

where q(z, £) — —^ L h(t, C,)t^ ~ 1 dt. The function q is convex and it is the best subordinant. 

nz n 

Proof. Consider p (*,C) = ^^ = * +E ^ g|^^f! = 1 + E^n+i^-i^a? (C)*'- 1 . 

Evidently p e 7Y*[l,n, (]• 

Differentiating with respect to z, we obtain p (z, + z p' z ( z , = (SR m f (z, 0)1 • 
Then (12) becomes h(z, () « p(z, () + zp' z (z, Q, z e U, ( e U. 
By using Lemma 1.8 for 7 = 1, we have 

Qf> m f ( z C) — 

q(z,C)«p(z,0, ZGU,(€U, i.e. q(z,() ^ J - Aj ^ i , z€U,{€U, 

z 

where q(z, = — r In h{t> C)t"~ dt. The function q is convex and it is the best subordinant. ■ 

nz n 

Corollary 2.7 Let h(z,Q = \+ z be a convex function in U x U , where < (3 < 1. Let m <G N U {0}, 

/ (z, G .4*£ and suppose that (SR m f (z, ( t )) z is univalent and — € 7i* [1, n, (]fl Q*. // 

ft(z, ^ (SR m f (z, 0)1 , z G 17, C G 17, (13) 

i/ien 

g (z,0^ 5flm { (Z ' C) , ^GC/, CGI7, 

where q is given by q(z, = 2/3 — £ H — - ~f /<f ^fj-rdt, z € [/, C G C/. T/ie function q is convex and it is the 

nzn u ' 

6est subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.6 and considering p(z,Q = , the 

strong differential superordination (13) becomes h(z,() — \\_~ ^^ p( z X) + z P z ( z iOi z <EU, C, <ElJ . 
By using Lemma 1.8 for 7 = 1, we have q{z,C,) -<-< p(z,Q, i.e. q{z,C,) — — t In M^>C)^™ 1 dt = 

nz™ 

The function q is convex and it is the best subordinant. ■ 

Theorem 2.8 Let q (z, £) be convex inlfxU and let h be defined by h (z, C) — q (z, (,)+zq' z (z, £) . Ifm € NU{0}, 

f(z,Q € -^nc suppose that (SR m f (z,£)) is univalent, AMI g 7^* [l,n, C] l~l Q* and satisfies the strong 

differential superordination 

h(z, C) = q (z, C) + zq' z (z, () « (SR m f (z, Q)' z , z G U, C G U, (14) 

i/ien 

q(z,0^ SRmfiz,C) , zeu^eu, 

z 
where q(z, () — —^r L h(t, Qt^^ 1 dt. The function q is the best subordinant. 

nzn 

Proof. Let p(z,0 = Sfl T*'° = '^^i^-h-i^O'' = i + ^~ ^ C^j.^a? (C)^"" 1 . Evidently 
peW*[l,n,C]. 

Differentiating with respect to z, we obtain p(z,() + zp' z {z,C) — (S R m f (z , ()) z , z € U, ( £ U, and (14) 
becomes q(z, () + zq' z (z, () -<-< p(z, () + zp' z (z,(), z £ U, ( £ U. 
Using Lemma 1.9 for 7 = 1, we have 

q(z, C) « p(z, C), zeU, (e U, i.e. q(z, Q = — / ft(*> C)*"" 1 * -X J - Aj ^ 1 , « G U, ( e U, 

nz". Jo z 

and q is the best subordinant. ■ 

Theorem 2.9 Let h(z,() be a convex function, h(0,() = 1- -^ to € NU {0}, f (z,() G .A*^ and suppose that 
( * Sfl"' f(zC) ) * s un i va l en t and SRm //^) eH* [1, ra, (]nQ*. // 

^■o^ C^/'feo' )',- SEU ' CEt7 ' <15 ' 

t/ien 

where q(z, £) = — j- J n /i(t, C,)t^^ 1 dt. The function q is convex and it is the best subordinant. 

nzn 

Proof. Consider P (z X ) = ^.ff'f = '^T^^^fC^ = ^^C^^^z^ 

dcntly peH*[l,n,(]. 

We have W (7 ft- ( SRm+1 f (*•&)'. „( z n (SR m f(z,Q)' z , , n + M / r? n _ / *Sfl"' +1 y( Z ,C) V 
we nave p z (z, (j - S R™f(z,0 P\ z ^> SR™f{z,() ana P\ z ^) + z Pz\ z ^) - y SR™f(z,c) J z ■ 

Then (15) becomes /i(z, C) ^^ p(-2, C) + ^> z (z, £), z e 17, C G [/. 
By using Lemma 1.8 for 7=1, we have 

q(z, C) ^ p(«, C), ^ U, C G t/, i.e. q(z, () ^ ^—L^L , z€U,(€U, 
where q(z, C) = ^x In ^(^) C)^" 1 ^- The function g is convex and it is the best subordinant. ■ 
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Corollary 2.10 Let h(z, () — \+l be a convex function in U x U, where < (3 < 1. Let m € N U {0}, 

/ (z, C) € A* n a and suppose that f z gfim f(zc') ) * s u ™ va ^ en ^j sR m ftzC) e ^* t^' n ' C] ^ Q* • -V 

*'-0«( 1Q, ( .o' )',' * etr -< £ * <16 » 

t/ien 

where q is given by q(z, £) = 2/3 — £ H — ~f L *" rft, z E U, (^ E U. The function q is convex and it is the 



-i 

l+i 

best subordinant. 



Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z, £) = ^ , the 

strong differential superordination (16) becomes h(z,() = i+s "^ pC^^C) + zPztaOi z <eU, C, <EU . 
By using Lemma 1.8 for 7 = 1, we have q(z,() -<-< p(z,£), i.e. q(z, () — — r L h(t,C)t™~ 1 dt — 

nzn 

The function q is convex and it is the best subordinant. ■ 

Theorem 2.11 Lei q (z, £) fee convex in U x 17 and Zet /i oe defined by h (z, £) = q (z, £) + zq^, (z, £) . If m G 

N U {0}, / (z, C) € -AJj/-, suppose that I z sfiTO ffzC) ) * s un ^ va ^ en ^ — sR m f(z) £ 7^ [L n ] ^ Q and satisfies the 
strong differential superordination 

h(z, = q (z, C) + *£ (*, C) « ( SR™f(z,{) J ' Z ^ ^ C G t7 ' (17) 

t/ien 

where q(z, £) = — ^j- J /i(£, C,)t^^ 1 dt. The function q is the best subordinant. 

"/(s.o = z +sr=, + i c "i J i J TO+ia J 2 «) z3 = 1+1 



Proof Let »f« - SRm+1 f^ - fll^l^^^f! - i+E^ +1 ^^M^ 1 Evidcntly 



Differentiating with respect to z, we obtain p(z, £) + zp' z (z, £) = ( z SRmf L A ) , z & U, (^ E U, and (17) 



peft*[l,n,C]- 

SR^f(zX) 

becomes q(z, () + zq' z (z, () -<-< p(z, () + zp' z (z,(),zGU,(G U. 
Using Lemma 1.9 for 7 = 1, we have 

q(z,()«P(z,0, zeu,(eu, i.e. q ( z ,() = — hfaOt^dt^ Q??m // '\ } , z e U, (eU, 

nz» Jo SH J (z,(^) 

and q is the best subordinant. ■ 

Theorem 2.12 Let h (z, () be a convex function, n(0, £) = 1. Let m e NU {0}, / (z, () e A* l( - and suppose that 
\SR m+1 f (z, C) is univalent and {SR m f (z, Q)' z eH*[l, n, C] D Q* . If 

h(z,C)«-SR m+1 f{z 1 C,), zeU,(eU, (18) 

z 

then 

q{z,Q«(SR m f{zX))'z, z€U,(€U, 
where q(z, £) = m ^l 1 L h(t, C)^ - ™ l dt. The function q is convex and it is the best subordinant. 
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Proof. With notation p (z, () = (SR m f (z, Q)' z = 1 + E°l„+i <7™ +j _iJ m+1 a? (() z^ 1 and p (0, () - 1, we 
obtain for f(z) = z + £°L n+1 a,- (C) «', p (z, C) + ^Zf/ X (z, () = \SRr +1 f (z, Q . Evidently p e H* [1, n, Q. 
Then (18) becomes h(z, () ^^ p(z, () + ^jzp'^z, Q, z € U, ( G U. 
By using Lemma 1.8 for 7 = m + 1, we have 

?(*, C) « p(z, C), « e U, C e U, i.e. q(z, C) ^ (SiZ" 1 / (z, 0)1 , z e u, C e F, 

where q(z, £) = T "m+i /„ h(t, C)t~™ 1 dt. The function q is convex and it is the best subordinant. ■ 

112 n 

Corollary 2.13 £e£ h(z, () = \\.~ be a convex function in U x U, where < (3 < 1. Lef to € N U {0}, 
/ (z, C) e -4* c and suppose that \SR m+l f (z, () is univalent and (SR m f (z, ())' z £ff[l, n, (] n Q* . 7/ 

M^O^-SiT^+V^O. zeU,CeU, (19) 

z 

g(z,C)^^(5i?"7(z,C))l, zet/, CeZ7, 

where q is given by q(z, £) — 2/3 — £ H — „," — - / ~f+t — ^' z ^ U, ( £ U. The function q is convex and it 
is the best subordinant. 



nz 



Proof. Following the same steps as in the proof of Theorem 2.12 and considering p(z, £) = (SR m f (z, C)) z > 
the strong differential superordination (19) becomes h(z,Q — i+ z ^^ Pi z X) + ~^+l z Pz{ z i C)> z ^ U, 

CeI7. 

By using Lemma 1.8 for 7 = m + 1, we have g(z, £) x^< p(z, £), i.e. g(z, £) = m ^+i J fe (^C) t^^~ 1 dt — 



7 I, z 



-^ J* t^-iw&^dt = 2/3 - c + 2(c ^ +1) /; ^^ ^ (^ m / (z, 0)1 ,^y,cgg. 

nz n nz n 

The function q is convex and it is the best subordinant. ■ 

Theorem 2.14 Let q(z,C t ) be convex in U x U and let h be defined by h{z,C,) — q(z,C t ) + m+l zq' z (z, C) • If 
to e N U {0}, / (z, () e -4„ c , suppose i/iai \SR m+1 f (z, () «s univalent, {SR m f (z, C))' 2 e H* [1, n, C] n Q* and 
satisfies the strong differential superordination 

h(z, C) = q (z, C) + -^-rzq' z (z, C) ^ -5i? m+1 / (z, C) , ^C/,(e tf, (20) 

TO + 1 Z 

t/ien 

g(z,C)^^(5 J R m /(z,C))', z€C/, CeF, 

where q(z 1 C) — m ^" +1 J Q /i(£, £)£" » 1 dt. The function q is the best subordinant. 



7 1- .; 



Proof. Let p (z, C) = (5i? m / (z, C))' 2 = 1 + E°l„ + i C™ +j - 1 j m+1 a? (C) z^ 1 . 

Differentiating with respect to z, we obtain p(z, C) + ^+i z Pz( z X) — \ S R m+1 f (z , C) , z £ ^ ( £ (/, and 
(20) becomes g(z, Q + ^zq' z (z, () ^ p{z, + ^+i z p' z {.z,() , z €U, C, € U. 
Using Lemma 1.9 for 7 = m + 1, we have 

m+ 1 /" Z , ,. >N ,m+l ! 



1+1 
nz n Jo 



g(z, C) ^^ p(z, C), z e 17, C € (7, i.e. g(z, C) = ^^ / /i(t, Qt^-'dt « (SR m f (z, ())' , z € U, (£U, 
and q is the best subordinant. ■ 
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Abstract 

In the present paper we establish several strong differential superordinations rcgardind the new opera- 
tor DR™ defined by convolution product of the extended generalized Salagean operator and Ruscheweyh 
derivative, DR? : A% -> A* ( , DR^f(z,Q = (D™ * R m ) f (z, C) , Z £ U, ( € U, where R m f{z,Q de- 
note the extended Ruscheweyh derivative, D™f(z,Q is the extended generalized Salagean operator and 
■Ki = {/ € H{U x U), f(z, = 2 + a-n+i (C) z n+1 + ..., z £ U, C £U}, with A* K = A* ( , is the class of 
normalized analytic functions. 

Keywords: strong differential superordination, convex function, best subordinant, extended differential oper- 
ator, convolution product. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane U — {z £ C : \z\ < 1}, U = {z € C : \z\ < 1} the closed 
unit disc of the complex plane and Ti(U x U) the class of analytic functions in U X U. 

Let A* nC = {/ £ H(U x 17), f(z, Q = z + a n+1 (£) z n+1 + ..., z £ U, C G U}, with A* 1( = A* c , where 
afe (£) are holomorphic functions in U for k > 2, and H*[a, n, (] = {/ £ H(U x U), f(z, () = a + a n (() z n + 
a n+i (C) z n+1 + . . . , z £ U, C G U}, for a £ C, n £ N, a^ (£) are holomorphic functions in U for k > n. 

We also extend the well known differential operators to the new class of analytic functions A* n( - introduced 
in [10]. 

Definition 1.1 [5] For f £ A£, A > and m £ N, the operator D\ n is defined by D™ : A^ — ► A£, 

D°J(z,0 = f(z,0, 

D{f(z,() = (l-X)f(z,0 + W z (z,0 = D x f(z,0,-, 
DT +1 f{zX) = (l-\)DZf(z,0 + \z(D?f(z,0)' z = D x (DZf(z,()), z£U,CeU. 

Remark 1^2 [5] Iff £ A* c and f(z) = z+Y°°=2 a i (0 «'', toen £>$?/ (z, Q = «+££ 2 I 1 + (j - 1) A P «j (0 ^ 
^ e 17, C G J7. 

Definition 1.3 [4] For f £ A* c , m £ N, the operator R m is defined by R m : A\ -> .4£, 

i?°/(z,C) - /(z,C), 
ilV&O = zf' z (z,0,.., 
(m + l)R m+1 f(z,0 = z(R m f(z,0)' z + mR m f(z,0, z£lJ,C,£U. 
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Remark 1.4 [4] If f G A* ( , f(z, Q = z + £~ 2 «; (0 # , then R m f (z, C) = z + £°1 2 ££+,■- i<*i (0 « J , « G ^ 

CeE7. 

As a dual notion of strong differential subordination G.I. Oros has introduced and developed the notion of 
strong differential superordinations in [9]. 

Definition 1.5 [9] Let f(z,Q, H(z,Q analytic in U x U. The function f (z,C) * 5 sa id to be strongly su- 
perordinate to H{z,C,) if there exists a function w analytic in U, with w (0) = and \w(z)\ < 1, such that 
H (z, () = f (w (z) , () , for all £ € U. In such a case we write H (z, £) ^^ / (z, Q , z G U, ( G U. 

Remark 1.6 [9] (i) Since f (z, £) is analytic in U x U , for all £ G U, and univalent in U, for all £ G U, 
Definition 1.5 is equivalent to H (0, Q) — f (0, () , for all ( GU ', and H (U x U) C / (U x U) . 

(ii) If H (z, () = H (z) and f (z, £) = / (z) , i/ie strong superordination becomes the usual notion of superor- 
dination. 

Definition 1.7 [6] We denote by Q* the set of functions that are analytic and injective on U x U\E(f,C ! ), 
where E(f,() = {y € dU : lim/(z,C) = 00}, and are such that f (y,() ^ for y G dU x U\E (/,(). The 

z^y 

subclass of Q* for which f (0, £) = a is denoted by Q* (a). 

We have need the following lemmas to study the strong differential superordinations. 

Lemma 1.8 [6] Let h (z, £) be a convex function with /i(0, £) = a and let 7 £ C" be a complex number with 
Re 7 > 0. If p G H* [a, n, (]flQ*, p(z, £) H — Zf4( z ) * s univalent in U x U and h(z, C) -<-< p(z, C) H — ^^(-^j C)i 
z G U, C G t/", i/ien g(z, £) -<-< p(z, (), z e (7, ( e U, where q(z, () = -^V /)? /i (i, C) ti _1 dt, z e U, ( £ U. The 

nz n u 

function q is convex and is the best subordinant. 

Lemma 1.9 [6] Let q(z,C) be a convex function in U x U and let h(z,Q = q(z,Q + -zqf z (z,C), z G U, £ G U, 
where Re 7 > 0. If p G Tt* [a, n, (} n Q* , p(z 7 () + ^-zp' z (z, () is univalent in U x U and q(z, £) + hzq' z {z, Q -<-< 
p(z, C) + izp' z (z, C) , z G L7, C G t7, t^en g(z, C) ^^ p(z, C), z G U, ( G U, w/iere q(z, C) = ^V f n Z /1 (t, C) t™~ l dt, 

1 nz n v 

z £ U , C, £ U . The function q is the best subordinant. 

2 Main results 

Definition 2.1 [2] Let A > and m G NU{0}. Denote by DR™ the operator given by the Hadamard product (the 
convolution product) of the extended generalized Salagean operator D™ and the extended Ruscheweyh operator 
R m , DR" x l : A* c -► A\, 

DRZf{z,Q = {D?*R m ).f{zX). 

Remark 2.2 [2] If f G A\, f(z, C) = z + J2f=2 a 3 (0 ^ , then 

DRff (z, C) - z + E^ 2 C™ +j _ x [I + (j - 1) X] m a) (C) zi,z&U,Q€U. 

Remark 2.3 For A = I we obtain the Hadamard product SR m (flj, [3], [7], [8]) of the extended Salagean 
operator S m and extended Ruscheweyh operator R m . 

Theorem 2.4 Let h(z,() be a convex function in U x U with h(0,Q — 1- Let m G N, A > 0, / (z, £) G At, 
F(z,C) = Ic(f)(z,() = 0r Iot c f(tX)dt, z G C/, C G F, Rcc > -2, and suppose f/iaf (DR^f(z,())' z is 
univalent in U xU, (DR™F (z, C))' 2 G H* [1, 1, C] n Q* and 

h (z, C) <^ (DR?f (z, 0)1 , z G U, C e t/, (I) 

then 

q (z, C) ^ (DR^F (z, 0)1 , z G U, C G 17, 

where q{z,C,) = -^J L h(t,C t )t c+1 dt. The function q is convex and it is the best subordinant. 
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Proof. We have z c+1 F(z, Q = (c + 2)L t c f(t,()dt and differentiating it, with respect to z, we obtain 
(c+l)F (zX) + zF z (z, C) = (c + 2) / (z, C) and (c + 1) DR?F (z, ()+z (DR™F (z, Q)' z = (c+ 2) DR™f (z, Q , 
z G U, C € U. Differentiating the last relation with respect to z we have 

(DR?F (z, C))' z + ^z (DR?F (z, Q)" z , = (DR?f (z, ())' z , z g U, C G U. (2) 

Using (2), the strong differential superordination (1) becomes 

h (z, C) ^ (DR^F (z, C))' z + ^z (DR^F (z, C))" a • (3) 

Denote 

p (z, C) = (DR?F (z, 0)1 , z e U, C e IT. (4) 

Replacing (4) in (3) we obtain /i (z, ^^ p (z, Q + -A?2 z p' z (z,(), z £U, ( € U. 
Using Lemma 1.8 for n — 1 and 7 = c + 2, we have 

q{z,0«p{zX), z€U, Ce^, i.e. q(z,0^(DR?F(z,())' z , z G U, ( G U, 
where q(z, () = ^§ J Q h(t, C)t c+1 dt. The function q is convex and it is the best subordinant. ■ 

Corollary 2.5 Let h{z,() = C+( 1 2 +; C) ^ , w/iere /3 G [0,1). Lei m G N, A > 0, / (z, C) G -4£, .F(z,0 = 

I c (f) (z,() = jett J t c f(t,()dt, z 6 f/, ( £ (7, Itec > —2, anrf suppose that (DR™f(z,()) z is univalent in 
UxU, (DR™F (z, 0)1 S H* [1, 1, C] n Q* and 

h (z, -<-< (DK£f (z, 0)1 , z e U, C e U, (5) 

then 

q (z, C) « (DR^F (z, 0)1 , z e U, C G 17, 

where q is given by q(z, — 2/3 — £ H — — — ^ — — L jrrdt, z E U, (^ E U. The function q is convex and it is the 
best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z, — (DR™F (z, 0) , 
the strong differential superordination (5) becomes h(z, () — \_l~ -<~< P {z, C) + ^+2 z Pz ( z > C) ; z G U, ( G U. 
By using Lemma 1.8 for n — 1 and 7 = c + 2, we have q(z, C) ^^ p(z, C); i- e - °( z j C) = "prl Jn h(t, C,)t c+l dt = 
0i Jo C+{ T+ t Qt t c+l dt = 2/3 - C + M=a /; gdt XX (£>i2?F (*> 0)1 , * G [/, C G F. The function g is 
convex and it is the best subordinant. ■ 

Theorem 2.6 Let q (z, Q be a convex function in U x U and let h (z, £) = q (z, Q + -^r^zq'^, (z, C) , where z G U, 
(eU,Rec> -2. 

Let m e N, A > 0, / (z, () e A* ( , F (z, () = I c (/) (z, C) = |Sr ^ i c / (*, C) dt, z £ U, ( £ U, and suppose 
that {DR™f (z, C))' z is univalent in U xU, (DR™F (z, Q)' z £ H* [1, 1, (] H Q* and 

ft (z, C) -<^ (DR?f (z, 0)1 , z e U, ( e U, (6) 

then 

q (z, C) ^ (D/^F (z, 0)1 , z e U, C G 17, 

where g(z,0 = ~^tI / h(t,Qt c+1 dt. The function q is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.4 and considering p (z, = (DR™F (z, 0) z > 
z G U, C G C/, the strong differential superordination (6) becomes h(z,C) — <l(z,C) + ^P2 Z< ?1( Z )C) ^^ 
p (z, + ^+2 z p'z ( z > C)> z ^ T C G t/. Using Lemma 1.9 for n = 1 and 7 = c + 2, we have 

q(z,()^p( z X), Z ^U, CGF, i.e. g(z,0 ^(DR?F(z, 0)1, ^f/, C G U, 
where g(z, = ^ps L h(t, C,)t c+1 dt. The function q is the best subordinant. ■ 



64 



LUPAS: Using Salagean and Ruscheweyh operators 

Theorem 2.7 Let h{z 1 Q) be a convex function, h(0,Q — 1. Let A > 0, m € N, / (z,£) € At and suppose that 
(DR™f (z, 0)1 *s univalent and DJC / (z '° e W* [1, 1, (] H Q*. // 

fc(*, ^ (£>#"/ (*, 0)1 , 2 g tf, C e F, (7) 

where q(z,C,) = - J„ h(t,(,)dt. The function q is convex and it is the best subordinant. 

Proof. Consider P (^C) = ^\ /(z ' C) = !±gIk^M^^i)^i^ = 
1 + E^ 2 CT+i-i t 1 + V - !) A P a ? (0 ^ _1 - Evidently p G W*[l, 1, (]• 
We have p (0, C) + ^ (z, C) = W7 (*> 0)1. z€U,(€U._ 
Then (7) becomes h(z, () -<-"< p(z, () + zp' z (z, (), z eU, ( £ U. 
By using Lemma 1.8 for n = 1 and 7 = 1, we have 

Di? m f (z C) 

q{z,Q«p(z,Q, zeU,(eU, i.e. q{z,Q « — A ^ v ' s; , zeU,CeU, 

z 
where (7(2;, = Jo M^' 0^- The function q is convex and it is the best subordinant. ■ 

Corollary 2.8 Let h(z,() — i+ z be a convex function in U x U , where < /3 < 1. Lef A > 0, m e N, 
/ (z, C) G ^ and swppose t/iat (-DitfJ 1 / (z, 0)1 is univalent and DR xK^O £ n « ^ ^ £] n q*. jy- 

/i(z, C) ^ (DR™f (z, 0)1 , « G C/, C G F7, (8) 

then 

z 
where q is given by q(z, () — 2/3 — £ H — J ln(l + z), z e (7, ( € (/. TTie function q is convex and it is the 
best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z,() — — hJllAl^ the 
strong differential superordination (8) becomes h(z,() — \+ z ^^ p( z X) + z p'z( z X)7 z <E U, ( £ U. By 
using Lemma 1.8 for n = 1 and 7 = 1, we have q(z, ^^ p(z, £), i.e. q(z, () — - J* /i (t, dt = - L z j+7 ^ 
= 2/3 — £ + In (1 + z) -<-< — A Jyz^i ; z <E U, ( £ U. The function g is convex and it is the best subordinant. 

■ 

Theorem 2.9 Lei g (z, &e convex in U x U and let h be defined by h (z, C.) — Q ( z , + za ' z {z, C) ■ ^f ^ ^ 0; 
m E N, f (z, C) G .4.J, suppose that (DR™f (z, £)) is univalent, — A i" G 7i* [1, 1, C] H Q* anrf satisfies the 

strong differential superordination 

h(z, C) = q (z, C) + zq' z (z, C) ^ (2W2X7 (z, 0)1 , « G (7, C G 17, (9) 

i/ien 

where q(z,Q = - J h{t,C,)dt. The function q is the best subordinant. 

Proof. Let p (z, () = ^/Ml = ^^^^^[i+o-D^-a;^ = 
1 + E~ 2 CT+i-i [1 + (i - 1) A] m a, 2 (0 z^ 1 . Evidently p e W*[l, 1,C]- 

Differentiating, we obtain p(z, + z p' z {z, C) = (DR 1 xf{z,()) z , z e [/, C G C/, and (9) becomes g(z,C) + 
zq' z (z, ^^ p(^, C) + ^Pz (zj ; z £ £A C G t/". Using Lemma 1.9 for n = 1 and 7 = 1, we have 

i /••* DR m f(z C) 

q (z, ^^ p(z, 0, z e 17, C g CT, i.e. g(z, = - / M*. 0* ^^ — aM — , zef/,(et/, 

and q is the best subordinant. ■ 
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Theorem 2.10 Let h (z, £) be a convex function, h(0, £) = 1. Let A>0,m€N,/(z,()£ At and suppose that 

zDR^fizx) \ is umvalent and ggg^/^o g w* [l, l, C] n Q* . // 



DR^f(zX) I «> «"*"""*i" »■"» DR™f(zX) 



zDR™ +1 f(z,()\' 



Kz,0«[ DR \ f \^' ) . zeu,ceu, (10) 



t/ien 

, N DR™ +1 f(z,C) - 

where q(z, £) = - L h (t, £) dt. The function q is convex and it is the best subordinant. 

Proof Consider viz C\ - DR ? +lf( - z ^ - *+££ 2 <CS[i+tf-i)Ar +1 »J(0*' _ 
Frool. Consider p [z, g - DB m /(Zi<:) - z+-ZfL 2 cz +j _ 1 [i+u-W n ° :i j «)* ~ 

i+Er =2 c^-- 1 [i+(j-i)A]-aj(c)^- 1 ; Evidcn % p e W [l, l, C]- 

We have ^ (z, C ) - {D %£jffi - V (*, ■ Tj^fc)' - Then ^^' + *P& (*, - ( ^%Sf )^ • 

Then (10) becomes h(z,Q) -<-< p(z,Q) + z£/,(z,£), z £ [7, £ G f . By using Lemma 1.8 for n = 1 and 7 = 1, 

we have 

— DR m+1 f (z C) — 

q(z,0«p(z,Q, z£U, (eU, i.e. g(z,CH DRm/dl) ~ > ^u, (eu, 

where q(z, £) = - L h (t, C) dt- The function g is convex and it is the best subordinant. ■ 



z JO 

Corollary 2.11 Let h(z, () — AA Z ' be a convex function in U x U, where < (3 < 1. Let A > 0, m e N, 

/ (z, C) € -4£ and suppose that ( z Dfi A m r ^ A J is univalent, D ^ m f AAA £ Ti* [l,l,(]flQ*. If 



ther 



where q is given by q(z, () — 2/3 — £ H — ^ ^ ln(l + z), z e [/, ( € (/. TTie function q is convex and it is the 
best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z, () — DR m f(zCi ■> * nc 
strong differential superordination (11) becomes h(z,() = i+ z ^^ p( z iC) + zp' z {z,Q), z € U, ( <G U . By 
using Lemma 1.8 for n = 1 and 7 = 1, we have q(z, £) ^^ p(z, £), i.e. q(z, () — | f„ z /i (£, () dt — \ j' z ]l7 cfc 

= 2/3— C+ ~ In (1 + z) -«<-< jjnmff^ 2 ^ ) z <EU,Q <EU . The function g is convex and it is the best subordinant. 

■ 

Theorem 2.12 Let q (z, Q) be convex in U x U and let h be defined by h (z, £) = g (z, £) + zq^, (z, £) . If X > 0, 

m € N, / (z, y € .4.?, suppose that I z DJ ^ m ., !i J is univalent, DR m f(zC) e ^* [liliCl^Q* arl ^ satisfies 
the strong differential superordination 

/ zDR m+1 f (z A)\' — 

h(z, C) = q (z, C) + zq' z (z, C) ^ ( DR^JJz^tr ) ' Z G ^ C G ^' ( 12 ) 



t/ier 



^■C)^ D 5:'/' g f . ,ev, (e v. 



DRff(z,0 • 

where q(z, C) = - L h (t, C) dt. The function q is the best subordinant 
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Proof Tet r>(z ft - DR ? +1 f(*& - z+ ^?=* CZX)H+( 3 -m m+1 «](Q^ _ l+E,~ 2 C^W-m** 1 *^- 1 
Evidently pe W* [1,1, C]- 

Differentiating with respect to z, we obtain p(z, C) + zp' z (z, C) — ( ~ DR m f(zC) ) > z e ^' £ e ^' anc ^ (^) 
becomes g(z, £) + zq' z (z, (,) ^^ p(z, () + zp' z (z, () , z e (7, ( e C/. Using Lemma 1.9 for n = 1 and 7 = 1, we have 

— 1 f z DR m+1 f (z ft — 

q(z,C)^p(z,0, zeU, (eU, i.e. q(z,() = - / h(t,() dt -<-< n i n /, V l^ , zeU,(eU, 

z Jo un \ J \ z iS) 

and q is the best subordinant. ■ 

Theorem 2.13 Let h (z, £) be a convex function, /i(0, £) = 1- £e£ ^>0,m€N,/(z,()e A} and suppose that 
T ^ Vz DR™+\f (z, C) - 0^DR™f (z, C) is univalent and (DR™f (z, ())' z G H* [1, 1, C] D Q* . // 



(mA + 1) z (mA + 1) z 



K*> XX ,„, , 1 ,_ J>iC + V ( z , - ,„; , ^_ DH%f (z,Q, z G CT, C G £/, (13) 



g(*,CHx (£>#?/(*, 0)1, zeu,ceu, 

where q(z, = ^^ J„ /i (£, £ a rft. JTie function q is convex and it is the best subordinant. 



\z A 



Proof. With notation p(z,() = (DR?f(z,Q)' = 1 + E°l 2 C™, , x [1 + (j - 1) A] m ja? (C) z^ 1 and 



p (0, C) = 1, we obtain for f(z, Q = z + J2T=2 a j (0 zJ > 



j=2 ^m+j- 

p (z, C) + zp' z («, C) = ^DK +1 f (*> - (m - 1 + i) (DiJJ*/ (z, C))l - ^^DR^f (z, Q and 
P ^ + ^TT V 2 (*, = (iSl)^r +1 / ( z < - $x^ DR xf («, • Evidently p e H* [1, 1, fl 

A 
iA+ 



Then (13) becomes h(z, XX p (z, () + m £ +1 zp' z (z,() , z <E U, ( <E U. By using Lemma 1.8 for n = 1 and 



7 = m+pwe have 

q(z, C) XX p(z, C), z G £/, C G ^, i-e. «(*, C) XX (DRTf (z, 0)1 , « G E7, C G 17, 
where q(z, = ^v+i J h (t, £) t a dt. The function q is convex and it is the best subordinant. ■ 

\z A 

Corollary 2.14 Let h(z, () = \\_~ be a convex function in U x U, where < (3 < 1. Let A > 0, m G N, 
/(z,C) G ^ anrf suppose tAat (i^^^ +1 /(^,C) -0^- z DR%f (z,() is univalent, (DR?f(z,C))' z G 

W*[i,i,C]nQ*. // 



TO+1 jjffm+i . f n _ m(l-A) 
(mA+l)z A Jl ' U (mA + l)z A 



^(^ ^^ 7ZZV^VZ DR X f ( z > - ,„, : ,,_ DR?f (*, . « g t/, C g (7, (14) 

t/ien 



^,C)^^(^r/(^0)^ ZGC7, CGt/, 

where q is given by q(z, C) = 2/3 — £ H — — — „il+i — - L - — jx* — rfi, z E U, C, E U. The function q is convex and 
it is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.13 and considering p(z, () — (DR™f (z, £)) , 
the strong differential superordination (14) becomes h(z, () — \+ z ^^ p( z j + z Pz( z i ()> z ^ U, ( <E U. By 
using Lemma 1.8 for n — 1 and 7 = mX + 1 1 we have q(z, () ^^ p(z, C), i.e. q(z, C) = mA ^+i J Q Z h (t, () t * dt 

= ^Mk J Z t^^ 1 i±q^dt = 2/3 - C + 2(c '^ +1) J ' ^rV-^ ^ p4/(^C)):,^ g t/, C e 17. 

A2; A Xz A 

The function q is convex and it is the best subordinant. ■ 
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Theorem 2.15 Let q{z,Cf) be convex in U x U and let h be defined by h(z,C) — q( z ,C) H i+i za 'z ( z 'C)j 

A > 0, m, n G N. If f (z, C) G A* nQ , suppose that I ^^DR™ +1 f (z, Q ~ 0^DR^f (z, () is univalent and 
(DR™ f (z, £)) G TL* [1, 1, C] H Q* and satisfies the strong differential superordination 

h{z,Q = q(z,£) + —£—z<t x {z,Q« (15) 

toA + 1 

m+1 nnm+l„. ^ "I (1 - A) 



DR™ +i f (z, - , ■ ' DR?f (z, C) , z G tf, C G tf , 



(mA + l)z a J v '^ (mA + l)z 



ffter 



where q(z, £) = m m j~+i J Q Z /i (£, C) ^ x ^- ^ e function q is the best subordinant. 



Xz A 



Proof. Let p (z, () = (DR™f (z, ())' = 1 + £°1 2 C™ +J _! [1 + (j - 1) X] m ja] (C) ^'" 1 . 
Differentiating, we obtain 

p (Z, C) + zp' z (Z, C) = m^ DR ^ f ( Z} C) _ ( m _ 1 + 1 ) (fljjmyr (Zj C)) ' z _ I^lzAi £,#«/ ^Q and 

M*>0 + ^i4(^() = x^h- z DRT +1 f(z,0 - $&$DRZf(z,Q, zeU,(eU, and (15) becomes 
a ( z X) + ^x+Tzq' z (z,() <-<p{z,() + ^tp[Zp' z (z,0, ztU,(£U. Using Lemma 1.9 for n = 1 and 7 = m + {, 
wehaveg(z,C) ^ p(z, C), z G tf, C G Z7, i.e. g(z,C) = -*&&- £h{t,Q t^^dt « (DR^f (z,Q)' x , z G U, 

Xz A 

C G C7, and g is the best subordinant. ■ 
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1. INTRODUCTION 

In [1], [2], [8], [11] etc, are proved fixed point theorems on metric spaces for mappings 

satisfying implicit relations. 

In this paper, we will prove a related fixed point theorem for m mappings on m metric 

spaces, m — \ of mappings must be continuous. This result generalizes and unifies the 

theorems of Rhoades [10], Banach [3], Kannan [7], Bianchini [4], Reich [9], Fisher [5], 

Jain et al [6], etc. and in the same time, it extends them for an arbitrary number m of 

mappings. 

These generalizations and unifications have been done using a wide class of implicit 
relations. 
In [10], [5] and [6], the following theorems are proved. 

Theorem 1.1 (Rhoades [10]) Let (X,d) be a complete metric space and T : X — > X a 
self map ofX. If for some ce [0,1) we have 

d(Tx,Ty) < cmax{d(x, y),d(x,Tx),d(y,Ty)} 
for all x,ye X , then T has a unique fixed point a in X. 

Theorem 2.2 Fisher [5]) Let (X,d) and (Y,p) are complete metric spaces and 
S :X -> F , R:Y ->X be two maps, at least one of them being continuous. If for some 
ce (0,1) the following inequalities are satisfied: 

d(RSx,RSx')<cmax{d(x,x'),d(x,RSx),d(x\RSx'),p(Sx,Sx')} 
p(SRy,SRy')<cmax{p(y,y<),p(y,SRy),p{y\SRy'),d{Ry,Ry')} 
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for all x,x'eX; y,y'eY, then RS has a unique fixed point a&X and SR has a unique fixed 
point fl e Y . Moreover, Sa = f3 and. R/5 = a 

Theorem 1.3 ( Jain et al [6] ) Let (X,d),(Y,p) and (Z,a) be complete metric 
spaces. If T is a continuous mapping of X into Y , S is a continuous mapping of Y into 
Z and R is a mapping of Z into X satisfying the inequalities 
d(RSTx, RSTx) < c max{d(x, x), d(x, RSTx), d(x, RSTx)p(Tx, Tx), a(STx, STx)} 

p(TRSy,TRSy) < c™x{p{y,y\p{y,TRSy),p{y',TRSy')(j{Sy,Sy'\d{RSy,RSy')} 

a(STRz, STRz) < c max {a(z, z), a(z, STRz), a(z, STRz),d(Rz, Rz), p(TRz, TRz)} 
for all x,x & X;y,y's Y and z,Z 'e Z where 0<c<l. Then RST has a unique fixed 
point u in X , TRS has a unique fixed point v in Y and STR has a unique fixed point 
w in Z . Further, Tu = v,Sv = w and Rw = u . 



2. MAIN RESULTS 

Before stating the main theorem we define new classes implicit functions, whose role will 
be crucial. 

Let7? + =[0,+°°). We denote by <i> k , fork > 4 , the set of all functions with k variables 

(p:R k + — > R satisfying the properties: 

(a), (p is upper semi-continuous in each coordinate variable t v t 2 ,...,t k 

(b). If <p(u,v,v,u,v l ,v 2 ,...,v k _ 4 )<0 or (p{u,v,u,v,v v v 2 ,...,v k _ A ) < or 

<p(u,u,v,v,v v v 2 ,...,v k _ 4 )< 0, for a{\u,v,v l ,v 2 ,...,v k _ 4 >0 , then there exists a real 
constant 0<c<l such thatw < cmax{v,v l ,v 2 ,...,v k _ 4 } . 
Every such function will be called a <& k -function with constant c. 
Note: If k x <k 2 , then <£> k cz <J> t . In the case k - 4 , we have 

^(u,v,v,u,v v v 2 ,...,v k _ 4 ) = <p(u,v,v,u) and max{v,v v v 2 ,...,v k _ 4 } = v 
Example 2.1 The function (p{t { ,t 2 ,...,t k ) = t[ -cmax{t 2 ,t^ ,...,t k } , where < c < 1 
and p > , is <£> k -function with constant c. 
Proof: (a) is clear since (p is continuous. 

Suppose that u,v,v l ,v 2 ,...,v k _ 4 >0 and then 
(p{u,v,v,u,v x ,v 2 ,...,v k _ 4 ) = u p -cmax{v f ' ,v F ' ,u p >/' \v 2 p ,...,v p k _ 4 } = 
= u p -cmax{u" ,v p ,v p ,v p 2 ,...,v p k _ 4 }<0 
If u p >max{v p y,v p ,...,v p _ 4 }, then M p < cmax{u p ,v p ,v p ,v p ,...y_ 4 } = cu" < u p , 
a contradiction. Therefore, 

u p < cmax{v p ,vf ,v 2 ,...,v p _ 4 } and so u<c x max{v,V[ ,v 2 ,...,v k _ 4 } 

where c l =Vc<l. Similarly, if (p(u,v,u,v,v v v 2 ,...,v k _ 4 )<0 or 
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<piu,u,v,v,v x ,v 2 ,...,v k _ 4 )<0 , then «<c 1 max{v,v 1 ,v 2 ,...,v M } . 
The proof of (b) is completed. 

Example 2.2 The function (p(t x ,t 2 ,...,t k ) = t x -(a 2 t 2 +a 3 t p 3 +...+a k t p y" , where p > 

k k 

and < g.,^g. <1, i = 2,3,...,k , is 3> t -function with constant c = y\a t 

i=2 i=2 

Proof: (a) is clear since #> is continuous. Suppose that u,v,v x ,v 2 ,...,v k _ 4 > and then 

<p(u,v,v,u,v x ,v 2 ,...,v k _ 4 ) = u-(a 2 v p + a 3 v p + a 4 u p +a 5 v[ ... + a k v p _ 4 y r < 
If u p > max{v p ,v p ,v p ,...,v p k _ 4 }, then 
u < (a 2 v p + a 3 v p +a 4 u p + a 5 v[ +... + a k v p _ 4 y" < (a 2 u p + a 3 u p +a 4 u p + a 5 u p ... + a k u p y r = 

= [(a 2 + a 3 +a 4 + ... + a k )u P Y" = (a 2 + a 3 +a 4 + ... + a k Y P u = cu<u , 
a contradiction, where c = (a 2 + a 3 +a 4 + ... + a k y" < 1 . Therefore, 

u <[(a 2 + a 3 +a 4 +... + a k )max{v p ,v p ,v 2 ,...,v k _ 4 }y" = cmax{v,V! ,v 2 ,...,v k _ 4 } . Similarly, 
if p(u,v,u,v,v x ,v 2 ,...,v k _ 4 )<0 or p(u,u,v,v,v v v 2 ,...,v k _ 4 )< , then 
u < c x max{v,Vj ,v 2 ,...,v k _ 4 } . The proof of (b) is completed. 

We denote by F^ the set of all continuous functions with k variables / : /?* — > R 

satisfying the properties: 
(a'). / is non decreasing in respect with each variable. 

(b'). f(t,t,...,t)<t,t&R + 

Every such function will be called a ¥ k -function. 

Denote I k = {1,2,..., A:} . Some examples of ¥ k -function are as follows: 

1. f(t x ,t 2 ,...,t k ) = max{t x ,t 2 ,...,t k ] 

3. f(t x ,t 2 ,...,t k ) = [max{t x p ,t p ,...,t p }/" ,p>0 

4. f(t l ,t 2 ,...,t k ) = aA + a2t2+ - +aktk , where p>0 anda,.>0 

a l +a 2 +... + a k 

The following relationship between ¥ k _ l -functions and <£> k -functions holds: 

Lemma 2.3 Iff e F^, and < c < 1, then the function <p(t x ,t 2 ,...,t k )=t x -cf(t 2 ,t 3 ,...,t k ) is 
<£> k -function with constant c 

Proof, (a) is clear since <p is continuous. Suppose that u,v,v x ,v 2 ,...,v k _ 4 > and then 
<p(u,v,v,u,v x ,v 2 ,...,v k _ 4 ) = u-cf(v,v,u,v x ,...,v k _ 4 ) < o (*) 
We have u<max{v,v x ,v 2 ,...,v k _ 4 } since in contrary, ( if u>max{v,v v v 2 ,...,v k _ 4 }), by 
using the properties of / we get: f(v,v,u,v l ,...,v k _ 4 )<f(u,u,...,u)<u and by (*) it 
follows u < cu < u , a contradiction. Therefore, after replacing the coordinates of the point 
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(v,v,u,v v v 2 ,...,v k _ 4 ) by max{v,Vj,v 2 ,...,v fc _ 4 } and using the properties of / we get 
u < cmax{v,Vj ,v 2 ,...,v k _ 4 } . Similarly, if (piu,v,u,v,v x ,v 2 ,...,v k _ 4 ) <0 or 

(p(u,u,v,v,v x ,v 2 ,...,v k _ 4 )<0 , then u < cmax{v,v, ,v 2 ,...,v k _ 4 } . The proof of (b) is 
completed. 

The above lemma gives us the possibility to establish other functions of type <£> k : 
Example 2.4 q>(t l ,t 2 ,...,t k ) = t l -c[max{t 2 t 3 ,t 3 t 4 ,...,t k _ 1 t k }Y 2 , where 0<c<l. 



Example 2.5 cp(t x ,t 2 ,...,t k ) = t x -c- — - — - — - 

k-\ 



, where < c < 1 etc. 



Now, we prove the following theorem for m mappings on m metric spaces. 
Theorem 2.6 Let (X.,<i.) be m complete metric spaces and T t m mappings such 
that T. :X. -*X M for i = l,2,...,m-l, T m :X m ^X i and from which (m - 1) are 
continuous. If satisfying the inequalities: 

"l \lm*m-V*2*\ X \>*m*m-V*2*\ X \ j ' "l [ X l> X l)>"\ \ X l ■> *■ m* m-\ "•*■ \ X \ ) ' 

<Pi d l (x[jJ m _ l ..T l x[),d 2 (T l x l J l x[),d 3 (T 2 T l x l ,T 2 T l x l ),..., <0 (i) 

v "m \lm-\*m-2---*\ X \>*m-\*m-2"-*\ X \ ) 

for all x^ , x l e X A 

"2 \*\*m---*3*2 X 2>*\*m---*3*2 X 2)>d 2 [ X 2 ■> X 2 ) ' "2 \ X 2 ' A"* m.—^2 X 2 ) ' 
^2 ^2\ X 2^\^m---^2 X 2j-> < ^l,\^2 X 2->^2 X 2)-> < ^A\^^2 X 2->^^2 X 2) •>••••> ~ " (2) 

"m (/ m-Y-m-2—*- 2 JV "2 '^m-r m-2"-* 2 JV "2 ) ' "l ^m^m-r-^2 j,:: 2 ' * m* m-V • •* 2 X 2 ) 

for all x 2 ,x 2 g X 2 , in general 

d t (T^T^ . . TyTJ^y . . T t x t , T^T^ . . .77X-i • • -^ ) > 4 ( */ > *, : ) » 
4 {x i ,T i _ l T i _ 2 ...T 1 T m T m _ 1 ...T i x i ),d i (x i ,T i _ 1 T i _ 2 ...T l T m T m _ l ...T i x i ), 

d iA T i X i> T i X i)>---> d rn{ T m -l T m-2--- T i X i^ 

d 2{ T X T J m -V- I i X i> T l T J m -V- I i X i)>---A-X^ 

for all x.,XjS X. /or z=3,...,m-l, and 



0- 



w 
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TITl 



^m\^m-dm-2"^dm X m^m-dm-2"^dm X m)^m\ X m' X m)^m\ X m^m-dm-2"^dm X m)' 
d m \ X m^m-dm-2—^dm X m)^\ y m X m^m X m J >"2 \*dm X m->*dm X m} ■>•••■> 

d AT ,T ...XT x ,T X ,...TT x ) 

m—l\ m-2 m-V 1 mm' m-2 m—i 1 mm) 



(m) 



for all x m ,x m e X m , where cp.e. <I> , for i = \,2,...,m. 
Then the maps 

*m*m-V*l> *l*m*m-V*2> •••> *i-l*i-2" m *l*m*m-V*i '•••>* m-d m-2---*l* m 

have unique fixed point a x & X x , a 2 e X 2 , ..., a i e X ( , ..., flf m e X m , respectively. 
Further, 

T i a i = a M for i = l,...,m-l and T m a m = a x 

Proof. Let x^' be an arbitrary point in X { . We define the sequences 

{x^ ) },{x[ 2) },...,{x { : ) },...,{x { ,r ) }in X l ,X 2 ,...,X,,...,X m respectively 
follows: 

X n —\*m*m-\-"*\) X > X n = * l X n-l ' "•> X n = * i-\ X n '•••■> X n = ^m-\ X n > fl£ " 

We prove thatjx^ j are Cauchy sequences for i=l, 2. . . m. Denote 
d<'> = d t (x«\x™ 1 ),i = l,2,...,m. 



as 



We will assume that x; ' t x^' +l for all n. Otherwise, if x ( n ' = x ( n ' +l for some n, then 



_ „(0 



X nl\ ~ x n+2 f or i= 2, 3,..., m and we could puta ( . = x„ +1 , 
Applying the inequality (2) for x 2 = x^\ and x 2 = x {2) , we have: 

(d (TT TTx (2) TT T x (2) ) d (x (2) x (2) \ d ( x (2) TT Tx (2) ) 
d (x {2) TT T x (2) ) d (T x {2) T x (2) ) d (T T x {2) TTx (2) ) 

Y2 U 2\ A n > 1 \ 1 m--- 1 2 A n ) > U 3 \ A 2 A n-l ' 1 2 A n ) ' U 4 ^ 3 1 2 A n-\ ' 1 3 1 2 A n )■>■■■■> 

d (t ,t ,...t,x (2 \,t ,t ,...r/ ) )i,(rr ,..t,x (2 \,t t ,...r 9 x (2) ) 

m \ m-[ m-2 2 n-l> m-l m-2 2 n / ' 1 \ m m-l 2 n-l ' m m-1 2 « / 

= fj (2) rf (2) J (2) d (2) d (3) rf (4) d (m) d m )<0 

T2\ U n » a n-l» U n-l» a n ' "n-l ' " n-l ' * " ' " n-l ' " n-l ,/ — U 

and from (b), we have df <cvosai{d% d%d%...,d%d^] or 

d? <cr^{d%d%d%d%...,d^ (T) 

We have denoted by c = max {q , c 2 , . . . , c m } , where c i is the constant of <£> k -function <p t 
Applying inequality (i) for x. = x^\ and x\ = x^ , we obtain: 
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d (T T TT T Tx (i) T T TT T Tx (i) ) d ( x (i) x (i) ) 

d l (j&J»T„..T l TJ^..T,j&),d t (jP 

(0 d (T Tx (i) T Tx (i) ) d (T T Tx (i) T T Tx (i) ) 
d (T T Tx (i) T T Tx (i) ) d (TT T Tx (i) TT T T x (i) \ 
d (T T TT T T x (i) T T TT T T x {i) \ 

U i-\ ^i-l 1 1-3 ■• U l 1 m 1 m-\ • • U i A n-l ' L i-2 1 i-3 " u l 1 m 1 m-\ • • U i A n ) 

= (P(d (i) d {i) d (i) d (i) d (M) d (i+2) d (m) d (l) d (2) d {i ~ l) )<0 

Yi\ u n •' U n-\-' U n-\-' U n ' u n-\ ' u n-\ »'••» u n -\ ' "n-l» u n '"•'"« ) ~ u 

and from (b), we have 

u n — c lllaA V u „-l ■> u n -\ -> u n-\ ' •"» u n-\ ' u n-\ ' u n -> u n >"•)"„ ) { ) 

By (*), for i=3 we have: 

dl<cm^{d%d%...,d^,d%d^) 
By this inequality and (2') it follows: 

d™ <cmax{j|V!ViVS,..,«) 0') 

In similar way, for /=4,5,...,m-l and by the inequalities (2'),(3'),...,((i-l)') we get: 
d? <cm^{d%d%d%d%...,d["*} i = 2,3,...,m-l (i) 

Applying inequality (m) for x m = x^j and x m = x ( n m) , we have: 

t /m m r T tr T t n^ 'T 1 'T 1 ' / " / ' m \ A ( m m \ A I m T T TT t- m \ 

a m\ 1 m-\ 1 m-2"- 1 l 1 m X n-V 1 m-\ 1 m-V 1 \ 1 m X n )> a m \ X n-\> X n )> a m\ X n-\> 1 m-l I m-2--- I \ I m X n-l) 

*Pm d m [ X n , l m _ x l m _ 2 ■ ■ ^ m X n J j "l [ l,„ X n -\ ■> l m X n ) ' "2 \ ^m X n-\ ' V m X « j ' • "' 
\ iu-1 \ m-2 m-3 1 m n— 1' m-2 m-3 1 m n y 

= (d {m \d {m l,d (m l,d {m \d (l \,d (1 \d°\...,d {m - l) ) 

Tm\n ' n-\ ' n— 1 ' n ' n— 1 ' n ' n ' ' n / 

and from (b), we have: 

< < cmax^,^,^,^,..,^" 1 ') 

By this inequality and by (2'),(3 '),..., ((m-1)') it follows: 

^ m) < cmax^,^!,^,...,^) (m') 

Applying inequality (1) for x, = x^, an J x' = x^ 1} , we have: 
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d(TT TTx (1) TT TTx m ) d ( x (i) x (l) ) d ( x m TT Tx (i) ) 
(0 d (x (l) TT Tx m ) d (Tx {l) Tx m ) d (TTx m TTx m ) 

r\ U l\ X n i L m L m-\— L \ X n )i U 2\ L \ X n-\i L \ X n )■> U 3 ^ L 2 L 1 X n-\ ' L 2 1 1 \ /)"•) 

d (T T Tx (l) T T Tx m ) 

^ l m\ ± m-\ 1 m-2--- L \- X n ' 1 m-l 1 m-2--- 1 l A, n J 
r\\ u n 'Vl'Vl' W n > u n > u n >"•>**„ 7 — u 

and from (b) we have: 

By this inequality and by (2'),(3'),...,(m') it follows: 

d? <cm*K{d%d%d%...,d^} (n 

It now follows from (1 '),(2'),. . .,(m') that for large enough m 

d^=d^,xf +l )<cm^{d%d%d%...,d^} 
<c 2 m^{d%,d%d%...,d^ 2 } 
<c'm^{d%d%d%...,d^} 



< c n ~ x max{d?\di 2 \d?\...,dl m) } = c n - l l 



where 



l = m^{d[ x \d[ 2 \d[ 3 \...,d[ m) } 

Since 0<c<l, it follows that {x„ } are Cauchy sequences with the limits 

a t in X t for i = \,2,...,m. 

Now suppose that T t for i = l,2,...,m-l are continuous, we have 

lim4 2) = HmT^ => T x a x = a 2 and limx^ = limT^ => T t a t = a M 

for z =2,3,...,m-l 

Later we will show thatT m a m = a x . 

To prove that a x is a fixed point of T m T m _ v .T x 

Using the inequality (1) for x x = a x and x\ = x^\ , we obtain: 

Letting n tend to infinity and using (a) and the continuality of T i for i=\,2,...,m-\, we 
have 



fi 



<0 
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<Px 



d l {TJ m _ 1 ..T 2 T l a l ,a l ),d l (a l ,a l ),d l (a 1 ,T m T m _ 1 ...T 1 a l ),d 1 (a 1 ,a l ), 



= ^(d 1 {TJ m _ 1 ..T 2 T l a 1 ,a l )Ad^ T J m -v--T l a l ),0,0,...,0)<0 
and from (b), we have: d x {T r J m _ v .J 2 T x a x ,a^) < cmax{0,0,...,0} = 
Thus TJ'n-x-Tfa = a x and so a x is a fixed point of T m T m _ v ..T x . 
We now have 

1 m m— 1 2 2 \ m m—Y 2 1 1 11 2 

In general 

T i _ l T i _ 2 ...T l T m T m _ v ..T i a i =T i _ l (T i _ 2 ..T l TJ m _ l ...T i T i _ 1 a i _ 1 ) = T i _ 1 a i _ 1 =a i , i = 2,3,...,m 

Hence a t are fixed points of 

^■-i^-2 • • TyTJm-i -T; ,i = 2,3,...,m 
We now prove the uniqueness of the fixed point a,. . Let us prove for a x . 
Suppose that T m T m _ v .T x has a second fixed point aj ^a x .Using the inequality (1) for 
Xj = dTj and x, = a x we have: 



<pl 



= <p> 



rf 1 (flr 1 ,fl^)<cmax 



(1") 



d l (TJ m . v .T 2 T l a l JJ m _ l ..T 2 T 1 a l )A(^,^^ 
d 2 (T&M ) > d 3 (T 2 Tm,tM ),™,d m (T m -? m -2~T&,T^TM ) 
J 1 (a 1 ,a;),J 1 (a 1 ,a;),0,0,J 2 (r 1 a 1 ,r 1 aj),d 3 (r 2 r 1 a 1 ,r 2 r 1 aj),..., 

<„ ( T ,n-l T m -2- T ^V T ,n-l T m -2- T ^ ) 

And from (b), we have: 

j 2 (r 1 a 1 ,r 1 aj),d 3 (r 2 r 1 a 1 ,r 2 r 1 aj ),..., 

In similar way, applying the inequality (2) for x 2 = 7^ and x 2 = 7|aj , by the 
property (b) of (p 2 and taking in consideration (1") we obtain: 

d 3 (T 2 T x a x ,T 2 T x a\),d 4 (T^T^J^T^),..., 

d m (T m . l T m _ 2 ..T 2 T l a l J m _ l T m _ 2 ...T 2 T 1 a l ), 

Similarly, applying the inequality (z')for x. =T i _ l T i _ 2 ...T 2 T l a l and x i =T i _ 1 T i _ 2 ...T 2 T l a i 
and using these inequalities (1"), (2 "),..., ((/-!)"), we have 



d 2 (t^ , TJaj ) < c max 



(2") 
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d i (T l _ l T i _ 2 ...T 1 a l ,T i _ 1 T l _ 2 ...T l a l )< 

^, +1 (r i 7;_ 1 ..T 1 a 1 ,7:.7;_ 1 ..T 1 «;),c/ ! . +2 (r^..TA,7: +1 7;..T 1 «;) > 

,...,a m \i m -\i m -2---i\ ( X\>i m -\i m -2---ii ( X\} 
By (i") for i=m-l we get: 

d m _ x (T m _ 2 T m _ 3 ...T x a x ,T m _ 2 T m _ 3 ...T x a x ) < cd m (T m _ x T m _ 2 ...T x a x ,T m _ x T m _ 2 ...T x a x ) ((m-1)") 

Applying the inequality (m), for x m =T m _ x ,T m _ 2 ,...,T x a x ,x m =T m _ x ,T m _ 2 ,...,T x a x and using 
the property (b) of <p m and these inequalities ((m - 1) "), ((m- 2) "),..., (1"), we now have 

d m (T m _ l T m _ 2 ...T l a l ,T m _ l T m _ 2 ...T 1 a l )< cd m (T m _ l T m _ 2 ...T 1 a l ,T m _ l T m _ 2 ...T 1 a l ) (m") 

and so 

d m (T m . 1 T m . 2 ..J l a l J m _ l T m _ 2 ...T l a l ) = (o) 

Returning back and using (o),((m-l)"),((m-2)"),...,(l") we get: 

d x f a x ,a' x ) = <=> a x = a x 

And so, a x =a x , then the uniqueness of a x is proved. 

Similarly, it can be proved that a,, is the unique fixed point of T i _ x T i _ 2 ...T l T m T m _ x ...T i , for 

i=2, 3 . . . m. 

We finally prove that also we haveT m a m = a x . To do this, note that 

mm m V m—\ m—2 ' " 1 m m* m m—\ m-1 '" 1 V m ms 

and so, T m a m is a fixed point of T m T m _ x T m _ 2 ...T x . Since a x is the unique fixed point, it 
follows thatT m a m = a x . This completes the proof of the theorem. 

3. COROLLARIES 

The next corollary follows from Theorem 2.6 in the case m — 1 and T X =T 

Corollary 3.1. Let (X,d) be a complete metric space and T : X — > X a self map ofX. If 
for some ce [0,1) we have 

(p(d(Tx,Ty),d(x,y),d(x,Tx),d(y,Ty)) < 
for all x,ye X and cp e 3> 4 , then T has a unique fixed point a in X. 

This corollary is a generalization of Rhoades theorem [10] 
The next corollary follows from corollaries 3.1 in the case 

<p(t x ,t 2 ,t 3 ,t 4 ) = t x -cf(t 2 ,t 3 ,t 4 ), where /eF 3 
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Corollary 3.2. Let (X,d) be a complete metric space and T : X — > X a self map ofX. If 
for some ce [0,1) we have 

d(Tx,Ty)<cf{d(x,y),d(x,Tx),d(y,Ty)} 
for all x,ye X and / e F 3 , then T has a unique fixed point a in X. 

For different expressions of (p , in the Corollary 3.1, and of / , in the Corollary 3.2, we 

get different theorems. For example: 

For (p(t v t 2 ,t 3 ,t 4 ) = t x -c max {t 2 ,t 3 ,t 4 } we have the Theorem 1.1 (Rhoades theorem [10]). 

For <p(t x ,t 2 ,t 3 ,t 4 ) = t i -ct 2 we have the Banach theorem [3] 

t x , t 2 , t 3 , t 4 ) = t x — c we have the Kannan theorem [7] 

For <p(t l ,t 2 ,t 3 ,t 4 ) = t l -c max {t 3 ,t 4 ) we have the Bianchini theorem [4] 

„ / \ at 2 + bu + ct, . , . , , , 

For <p{t l ,t 2 ,t 3 ,t 4 ) = t l where a, b, c are nonnegative numbers such that, 

a + b + c 

a + b + c <l,we have the Reich theorem [9] . 

The next corollary follows from Theorem 2.6 in the case m - 2 , 7[ = S and T 2 = R 

Corollary 3.3 Let (X,d) and (Y,p) are complete metric spaces and 
S.X^Y, R:Y -» X are two maps, at least one of them being continuous. If the following 
inequalities are satisfied: 

ft(d(RSx,RSx'),d(x,x'),d(x,RSx),d(x',RSx'),p(Sx,Sx'))<0 

<p 2 (p(SRy,SRy'),p(y,y'),p{y,SRy),p{y\SRy'),d{Ry,Ry'))<0 

for all x,x'eX, y,y'eY and q\,(p 2 e<£> 5 , then RS has a unique fixed point a&X and SR has 
a unique fixed point ^ e Y . Moreover, Sa = fi and. R/3 = a 
This corollary is a generalization of Fisher theorem [5]. 
The next corollary follows from corollaries 3.3 in the case 

n(t 1 ,t 2 ,t 3 ,t 4 ,t 5 ) = t 1 -cj i (t 2 ,t 3 ,t 4 ,t 5 ), where / ; eF 4 fori=l,2 
Corollary 3.4 Let (X,d) and (Y,p) are complete metric spaces and 
S:X ->7 , R:Y -» X be two maps, at least one of them being continuous. If the following 
inequalities are satisfied: 

d (RSx, RSx') < q/j (d (x, x') , d(x, RSx) ,d(x\ RSx') ,p(Sx, Sx')) 
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p(SRy,SRy')<c 2 f 2 (p(y,y'),p(y,SRy),p{y\SRy'),d{Ry,Ry')) 

for all x,x'eX; y,y'eY and /,,/ 2 eF 4 , then RS has a unique fixed point a&X and SR has 

a unique fixed point ^ e Y . Moreover, Sa = /3and. R/3 = a 

For the different expressions of p x and p 2 in the Corollary 3.3 and of f and f 2 in 

the Corollary 3.4, we get different theorems. For example: 

For (p x =(p 2 =(p, where <p(t l ,t 2 ,t 3 ,t 4 ,t 5 ) = t x -cmax{t 2 ,t 3 ,t 4 ,t 5 }, we have the Theorem 

1.2 (Fisher theorem [5]). 

For It t t t t ) = t _ a i t 2 + a ih + a ?,h + a 4h d 

a x +a 2 +a 3 +a 4 

(pJt,t 1 ,L,t,,t,) = t — — — — — — — — , we have an extension of Reich Theorem [91 

2V1 2 3 4 5 ' ' b x +b 2 +b 3 +b 4 

from one metric space to two metric spaces. 

Corollary 3.5. Let(X,d) and (Y,p) are complete metric spaces and 
S :X -> F , R:Y -> X be two maps, at least one of them being continuous. If the following 
inequalities are satisfied: 

d (RSx, RSx ') < a { d(x, x') + a 2 d (x, RSx) + a 3 d(x\ RSx') + a 4 p(Sx, Sx ') 

p{SRy,SRy)<b l p(y,y , ) + b 2 p{y,SRy) + b 3 p{y\SRy) + b 4 d{Ry,Ry) 
for all x,x'eX; y,y'eY, where a l ,a 2 ,a 3 ,a 4 ,b l ,b 2 ,b 3 ,b 4 are nonnegative numbers such that 
< a x + a 2 + a 3 + a 4 < 1 , < b x +b 2 +b 3 +b 4 < 1, then RS has a unique fixed point a&X 
and SR has a unique fixed point fie Y . Moreover, Sa = (3 andR/3 = a. 

Remark 3.6 In case m-2 , in similar way we obtained the above corollary, we can 
obtained analogues corollaries which extend the Banach, Kannan, Bianchin theorems etc. 
from one metric space to two metric spaces. 

The next corollary follows from Theorem 2.6 in the case m = 3 , T X =T,T 2 = S and 
T 3 =R: 

Corollary 3.7 Let (X,d),(Y,p) and (Z,<j) be complete metric spaces and 
T:X^>Y, S:Y -> Z and R : Z -> X be three maps, at least one of them being continuous. If the 
following inequalities are satisfied 

(p x (d(RSTx,RSTx),d(x,x),d(x,RSTx),d(x,RSTx),p(Tx,Tx),(j(STx,STx)}) < 

(p 2 {p(TRSy,TRSy'),p(y,y'),p(y,TRSy),p(y',TRSy'),a(Sy,Sy'\d(RSy,RSy'))<^ 
<p 3 {a(STRz, STRz), a(z, z), a{z, STRz), a{z, STRz), d(Rz, Rz), p(TRz, TRz)) < 
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for all x,x'& X;y,y'& Y;z,z& Z and ^,^ 2 ,^e$ 6 , then RST has a unique fixed point 

u in X , TRS has a unique fixed point v in Y and STR has a unique fixed point w in 
Z . Further, Tu = v,Sv = w and Rw = u . 

This corollary is a generalization of Jain et all theorem [6]. 

In the special case for <%=<&=<%=? wherG ( p(t 1 ,t 2 ,t i ,t 4 ,t 5 ,t 6 ) = t 1 -cmax{t 2 ,t 3 ,t 4 ,t 5 ,t 6 } , 

we have the theorem 1.2 (Jain et all theorem [6]). 

Remark 3.8 From the corollary 3.6 we can obtain other propositions determined by the 
form of implicit relations (p x , (p 2 and #> 3 . For example the corollary which extended the 

theorem of Reich [6], from one metric space to three metric spaces (in similar way as 
above we extended to two metric spaces), etc. 

At last, we would like to emphasize the fact that all the above corollaries does not 
hold only for 1, 2 and 3 metric spaces, but also for an arbitrary number of metric spaces. 
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Abstract 

In this paper, we discuss the convergence properties of a new generalization of q— 
Bernstein polynomials. The uniform convergence is established, and estimates for the 
rate of convergence are provided. We also prove that if the rate of convergence for 
these operators is C/[n]^ n , then / e Lip(7, [0, 1]), for some positive constant C and 
exponent < 7 < 1. 
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1 Introduction and definitions 

In some branches of mathematics (for example, approximation theory, probability theory, 
number theory, the solution of integral and differential equations), Bernstein polynomials 
have important applications. The reasons for these applications are the simple structure 
and important properties of the Bernstein polynomials (for example, shape preserving, 
reproducing linear functions, degree reducing on the set of polynomials, interpolating / at 
both end points of [0, 1]). The nth Bernstein polynomial for a given function / on [0, 1] is 
defined as 

n / u\ 
B n (f;x) = ^2f(-\P k , n (x) (1) 

fc=o \ n ' 

where P k ,n( x ) = ( ? WX 1 - x) n ~ k , < x < 1, n= 1,2,3,... 

If / 6 C[0, 1], then the sequence {B n (f; x)} converges uniformly to f(x) on [0, 1]. 

In [5], J. D. Cao introduced the following generalized Bernstein polynomials (which we 
call the Cao polynomials): for / G C[0, 1], the Cao polynomials of / are 

. n Sn-l , . 

Cn,s n (f,x) = -^2^2f( t \ )^,n(g), 0<x<l, n= 1,2,3,... (2) 

(b<n ft ~r~ (b<n X 

n k=0 i=0 n 

c 

where {s n } is a sequence of natural numbers with the properties lim — = and s n > 1. 

When s n = 1, we recover the Bernstein polynomials. 

Before introducing the new operators based on q— integers, we recall the following defi- 
nitions of the q— calculus (quantum calculus). Given a value of q > and any nonnegative 
integer n, we define the q— integer [n] q as 

J(l-^)/(l-g) if gjLl 

i n \q — ) . t 

In it g = l 

1 
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and the q— factorial [n] q \ as 

{[n] q [n-l] q ...[l] q if n>\ 
[n ^-\l if n = o' 

For integers n and fc, with < k < n, the q— binomial coefficients are then defined as 
follows (see [9]): 

n 



k 



[k] q \[n-k] q V 



q 

Due to the intensive development of the q— calculus, generalizations of Bernstein poly- 
nomials based on the q— integers have emerged. In [16], G. M. Phillips proposed the 
q— Bernstein polynomials (which we also call the Phillips polynomials): for each positive 
integer n, and / £ C[0, 1], the q— Bernstein polynomial of / is 

n / \1 1 \ r 1 n—k—l 

B n , q {f-x) = Y J f[\¥ ) I x k \\{l-q s x), 0<x<l, n = l,2,3,... (3) 

;„_ n \ L \q J L Jo o— n 



fc=0 



1 s=0 



where an empty product is taken to equal 1. Note that the Phillips polynomials reduce to 
the Bernstein polynomials when we choose q = 1 in (3). Explicit expressions for B n ^ q {t r ] x) 
for r = 0, 1, 2 can be obtained by direct calculation, giving 

B nA {l;x) = 1 

B ntq {t;x) = x (4) 

B rhq (t 2 ;x) = x 2 + X ^ X ^. 



In recent years, the q— Bernstein polynomials and some generalizations have been stud- 
ied by several researchers because of their potential applications in approximation theory 
and numerical analysis, and some features of the Bernstein polynomials are inherited by 
the q— Bernstein polynomials, especially for < q < 1 (see [4], [10]-[20]). 

In this paper, as Phillips has done for the Bernstein polynomials, we consider similar 
modification of the Cao polynomials: 



B 






U K] - : ' [k] q + i 

n— fc— 1 



1 " ^ [k] a + i 



where Pk,n,q(x) 



x k TT n ,- 



Y[ (1 - q s x), < x < 1, n = 1, 2, 3, 



s=0 



where a n is a positive real number and [a n ], as usual, denotes the greatest integer less 
than q„. There should be no confusion between the two notations [a n ] and [n] . When 
a n = 1, we recover the Phillips polynomials; when q = 1 and a n = s n we recover the Cao 
polynomials. 

Note that throughout the paper, we always assume that {q n } is a sequence of real 
numbers such that < q n < 1 for all n and lim q n = 1, and where {a n } is a sequence of 

positive real numbers with the properties lim j^- = and [a n ] > 1. 

The outline of this paper is as follows: in Section 2, we give the convergence properties 
of the polynomials (5). Section 3 deals with the rate of convergence, using different 
methods. Finally, we prove an inverse theorem for the polynomials (5). 

Now, we give the following basic definitions: 



2 
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Definition 1.1. The q— derivative of a function / with respect to x is 

p.(/W)- /(g,) " /w . 

qx — x 

and this is also known as the Jackson derivative. 

The q— derivative 'product rule' is D q (f(x)g(x)) = D q (/(#)) g{qx) + f(x) D q (g(x)). 
Note also that D q (x n ) = [njgX 71 ' 1 . 

Definition 1.2. The q— integral of a function / is 

/5 oo oo 

f{x)d q x = (1 - q)b J2 q m f(bq m ) - (1 - q)a £ q m f(aq m )- 
m=0 m=0 

Note that as q — ► 1, the q— derivative and the q— integral approach the usual derivative 
and the Riemann integral, respectively. 

Definition 1.3. For / G C[0, 1] and 5 > 0, the usual modulus of continuity is defined by 

u,(/;<5) = sup \f( x )-f(y)\. 

\x-y\<6 
x,ye[0,l] 

It is known that lim,s_>o w (/> <5) = and, for any A > 0, u>(f; X5) < (1 + X)oj(f; S). 

Definition 1.4. For 5 > and C 2 [0, 1] = {g € C[0, 1] : g',g" G C[0, 1]}, Peetre's K- 
functional is defined as 

where || - Nc' 2 ro 11 ^ s ^ ne un if° rm norm on C 2 [0, 1], defined by 

llS'llcW] = \\ g \\c[o,i] + P llc[o,i] • 

2 Approximation properties of B% n a 

From the definition (5) of B^ an (f; x) and the first equation in (4), we have 

B% an (l;x) = l. (6) 

To construct our approximation theorem for the sequence {B^ an }, we need the following 
lemma. 

Lemma 2.1. If the operator Bn" a „ is defined by (5), then 

B^ (frx) = ^ x + Egg] ~ 1 (7) 



mn (f 2., M*. - [n] qn 2 [a n ] [n] qn {[a n ] - 1)(2 [a n ] - 1) 



I 2 

(N 9n +«n-l) 2 ^ ' (M^+an-1) 2 " ' 6([nL + n /; -l)^ 
Proof. Let us consider the case when / is the function 1 1— ► t; then 

^ fc=0 i=0 ^n + tt « - 1 



i n 1 

■-(K] - 1) [a n ]J2 Pk,n,q n ( X ) \ ■ 



fc=0 

3 
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Using (4), we obtain 

B q n : a Jt;x) = 
Taking / : i ^ i 2 , we find 

n [a„]-l 



Hq n x + [On] " 1 



[n] qn + a n -l 2([n] qn +a n -l)' 



"n,«„i' 'i x ) 






[k] a +i 



\dn\ * — ' ' — ' \ \n\„ + a n — 1 

'" fc=0 i=0 V J 9»i n 

[a„l-l 



*k,n,q n \ x ) 



K] ([n] gn +a„-l) 
1 1 

K] (N„ +a n - l) 2 



^ '" L — "-J 



k=0 i=0 



n r ii 2 



Wc 



[*]« 



+ 



K] [< £ t^JW.(s) + K] ([an] - 1) [< £ ff^"^ 3 

I fc=0 Lnj 9" 

K](K]-i)(2K]-i) 



fc =o ^ 



7 y Pk,n,q n { x ) 



k=0 



From (4) it follows that 



"n,a„ (£ ) ^ j 



1 



M (N 9n + an- I) 2 
[an] N 2 n ( x 2 + X(1 ~ X) ) + [a n ] ([a n ] - I ) [n] ?n x 



+ 



K](K]-l)(2[a„]-l) 



6 



[Wq n ~ l n kn 2 , 

rX + 



[a«] [n] 9n 



X + 



(H-i)(2N-i) 



(H„ + «n - I) 2 ([nL + an - l) 2 6([nL +«„-!) 



J'/n 



</» 



Combining (6) and Lemma 2.1, we have the following main result. 

Theorem 2.2. For / g C[0, 1], the polynomials B^ an (f;x) converge uniformly to f(x) 

on [0, 1] as n — ► oo. 

Proof. From (6) - (8), we have 



B«V(l;x) = 1, 



&n,a n \p'i x ) 



n 



-x + 



[a«.l - 1 



N<?n + a„ - 1 2 ([n] 9n + a„ - 1) 



£>n,a„. \t '■> x ) 



l n \q n - FJfr, 2 , 

> X "T" 



an]N, n _ , ([a n ]-l)(2[a n ]-l) 



rX + 



([n] Qn +a„-l)2 ([n]^ + a n -l)2 ' 6([n] Qn + a n - 1)* 

and we obtain 

||^ n (i;^)-i|| C[0!l] = o, 

II B Qn (t- r) — r\\ 

|| jU n,a n l<'> x J llOfO,!] 



< 



I D<2n C+2. \ _ 211 < 

\- D n,a n \ b i x ) X \\ c r Q 1 , \ 



[»]*, x 


+ 


a n 


J 




M<?„ + a„ - 1 




K„ " Mfr. 


-1 


i 

+ 3 


a 2 

Ml 


a n 


(N 9n + an-l) 2 


4 
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from condition lim r^ 2 - = 0, we get 

The proof of uniform convergence is then completed by applying the well-known Korovkin 
theorem (see [1]). 



3 Rate of convergence 

Theorem 3.1. For any / G C[0, 1], 



te n (/;*)-/(x)|<2u; U 



4«2 + [ n ] 



n 



'in 



where u>(f; •) is the modulus of continuity as given in Definition 1.3. 



1 ^n Wa„]-1 



Proof. Using the relation ^y YJk=o Yji=a f( x ) p k,n,q n ( x ) = f( x ), express the differ- 
ence between Bn"a n (f'i x ) an d / as 



and so 



n K]-i 

^(/;»)-/w = oE E 

[ " nJ fc=0 i=0 



1 n [a n ]-l 

Ku/;*)-/(*)I<t^E E 



/(rr 1 ^ f )-/(* 



*k,n,q n \ x ) 



\a,. 



fc=0 i=0 



/( 



«]g n +«n-l' 



/(*; 



^W(*) (9) 



Letting y 



[*L + * 



Ng n + ft r. - ! 



and \y — x| = XS, we have |/(y) — f(x)\ < co(f;X5) < (1 + 



A)w(/;<5). Thus |/(y) - /(x)| < (l + ^) w(/;<5), and hence, by (6) 



\a n ]-l 



B'i 



2x(/;*)-/(x)| < ^(/;*)E E ! + 



N„„+an-l 



fc=0 i=0 



-£~fc,n,cj„ (xj 



< w(/;<5) 



x < 



1 + 



a„ -1 



1 vV^ W qn +i \ 



,lJ fc=Q j=0 V l J <2" 



1/2 



where we have invoked the Cauchy-Schwartz inequality. Expanding the squared term and 
making use of (6), (7) and (8), we obtain 



\B% a (f;x)-f(x)\ < u(f;5)\l + 



1 



[ n \q n ~ Win 2 , 

. X ~T~ 



[««]["],„ (K]-i)(2[a„]-i) 

X ~T~ 



(\n} qn + a n -\y (N 9n + «n-l) 2 ' 6([n] qn + a n -iy 

1/2 ^ 



-2-r i n Ng " x + „ l° n] ~ l , I + 

[n\q n +a n -l 2([n\ qn +a n -l 



(10) 
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Now, since < x < 1 and 1 < [a n ] < a n , by choosing 5 
deduce 



V 4 «n + 



n 



n 



in (10), we 



a„-l 



1 . \ ' ^ 



l«nj— J S \K„+«n-l 



£ *k,n,q n \ x ) 



l n \q n ~ [n\qn 



2\n] 



'In 



(No„ + «n - !) 2 Ng„ + On - 1 



+ 



[«n] [n], 



a n - 1 



[n] qn +a n - l) 2 [n] qn + a n - I 



+ l\x z 



X + 



;m-i)(2ki-i) 

6(N +«n"l) 2 



(« n - l) 2 - [n] qn 2 [gn] + Mg„ + «n ~ [«n] «n ~ 1 ([«„] ~ 1)(2 [a„] ~ 1) 

) *^ "I - / r i . -t \ o ^ "I - 



(No +«n-l) 2 ' 



J <M 



(No +«n-l) S 



J On 



6(N gn +«„-l) 2 



< 



< 



al 2 , W + [n] qn + a n 

;X +71—; ; — 7T7r^ + 



a. 



(N „ + «n - !) 2 (No. + «n " I) 2 3([nl + «n - 1) S 



O' - 



2«„ + Ng„ 






< 

so that 

as claimed. 



(N g „ + «n - I) 2 (No„ + «n " I) 2 3([n] 0n + «n " I) 2 

4a 2 + [n] qn j2 



n 



(11) 



'In 



|B£ an (/;s)-/(s)|<2a; /; 



v/i^T" 



71 



» 



'In 



Theorem 3.2. If / is Holder continuous on [0,1] with exponent 7 £ (0,1], denoted 
/ <E Lip M (7, [0, 1]) with < 7 < 1, then 



\B% an (f;x)-f(x)\<M 
Proof. From (9) we have 

n [a„]- 

|^„(/;x)-/(x)| < — £ ^ 



fVM 



+ n 



V H 



L " J fe=0 «=o 



/( 



[ fc U+* 



No. +"n-l' 



/(*: 



-ffc,n,(j n (,aJ J 



Ng„ + «« - 1 



fc=0 i=0 

by the Holder condition. Application of Holder's inequality gives 

n [a n ] -1 r« 1 ■ 2 



*k,n,q n \ x ) 



M 



|Bgx(/;x)-/(x)| < y^ E E 



fe = 4 = 



[*L + * 



N ?n + «n - 1 



.X 



*k,n,q n \ x 



k-i 



HeAe 



[*L + * 



/, [n ( ,|- ,■ .0 \Ng„+«n 1 



7 

2 r n 

s E Pfc ^«( x ) 

U=o 

\ 2 ^2 

x I ^k,n,q n \ x ) 



2-7 
2 



k-i 



< 



[ fc L +* 



"£h£ h^-' h-" 



+ n 



< M I — 4a " — L ' tj!/i ' 

V N 9n 
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where we have used (11). 



Theorem 3.3. Let / G C[0, 1] and B% an (f;x) be defined by (5). Then 



\B% an (f;x)-f(x)\<2K(f; 



5ns 



where S n = max I f 



2a n 4al + [n] q „ 
[n] q „ ' 2[nl? 



Proof. Let g G C 2 [0, 1]. Using Taylor's formula: 



g(t) = g{x) + {t- x)g\x) + / (t - u)g"{u)du, 



we get 



££«>(*); *) = «/(*) + «/'(x)B»V (i - x; x) + B%( / (i - u)g"(u)du; x). (12) 



From (7) and (11), we have \B n ™ an {t — x;x)| < 



+ 



[ Q n] < 2a n 



t 



Bl: an ((t - xf ;x) < ^h-M*. . Since [ (t - u)du = ^ f> , we obtain 



fe„(<7;a0 -</(*) I < \g'(x)\\B% an (t-x;x)\ + 

2a„, „ ,,, 4a 2 + [ n ] 



J -'n,a 






u)du; x) 



< 



l n II /|| 

[nk Pllc M ' 2[n 12 



+ 



- 11.91 



C[0,1] 



'/« 



< ^n llfi'llc 2 [0,l] 



where d n - max ^ [n] ^ , 2[n] ^ 

Now, for / G C[0, 1] and </ G C 2 [0, 1], we obtain 

\B% an (f;x)-f(x)\ = \B% an (f-g;x) + g(x)-f(x) + B% an (g;x)-g(x)\ 

< 11/ " 9\\c[0,l] | B n?a n (!; &)| + 11/ " 0llqo,l] + 5 « ll^llcP»[0,l] 

From (6), we get 

fe„(/; x) - f(x)\ < 2 ||/ - g\\ cm + <5 n ||<7|lc 2 [o,i] 
Taking the infimum on the right hand side over all g G C 2 [0, 1], we obtain 

\B% an (f;x)-f(x)\<2K(f; 6 f) 
and this completes the proof of the theorem. 
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4 An inverse theorem 



Theorem 4.1 (from [9]). Suppose f(x) is continuous at x = and that, for some 7 £ [0, 1) 
and A > 0, x^D q (/(x)) is bounded on the interval (0, .A). Then, for a, b £ [0, A], we have 

" £> g (/(x)Hs = /(&)- /(a). 

Note that Theorem 4.1 is an analogue of the fundamental theorem of calculus. 

Lemma 4.2 (from [2] p.696). With h, 8 € (0, 1], if w(/; /i) < ifi | 5 7 + -w(/; (5) 1 for some 
K\ > and < 7 < 1, then there exists a constant K% > such that w(/; /i) < K2K 1 . 
Lemma 4.3. For x £ (0, 1), the following estimate holds: 



where w(/; .) is the modulus of continuity as given in Definition 1.3. 
Proof . Taking the q n — derivative of (5) with respect to x: 

n M-i [k] qn + i , r ^ / "-*- ] 

,-; [a„]-l 



(13) 



^(^(/il)) 






^ k n (1-^ 



s=0 



a: 



fc=0 i=0 



x<A,„(x' 



ra K]-l 

nl E /( 



»] fc +"»-!' 



</« 



n—k—1 



fn—k—1 



no 



5+1 



x) + x fc D 



no 



s=0 



s=0 



[k] a +i 



>q n 



k=0 i=0 



X { [k]q n X 



n \ qn + a n-l' 



n—k—1 n—k—1 ^) 

k - x n a - ^ +i ^) - [n - *]*** n a - « 

s=0 s=l J 



Using properties of q— binomial coefficients, we write 

r t n [a n ]-l 



^fe„(/;^)) 



n 



n, 



£ £ /(■ 



[*L + * 



«]g„ +On-l' 



n 



K>, 






'/» 



J f/n 



n 



a, 



A;=0 i=0 
ra-1 [«n]-l f 

EE /( 



fc=0 i=0 



n — 1 



™k + «n - 1 



ra— fc— 1 



n - 


1 




fe- 


1 






J <Jn 




n 


- ll 


) 




k 



n—k—1 



X 



fc-1 



n (!-^ +ii 



s=0 
n— fe— 1 

x fc 

<3n s=] 



na 



/( 



,x 



no 

s= 



«U+«n-l' 



X 

9n 8=1 

Upon taking absolute values of both sides and using the modulus of continuity, we obtain 

n-l [a„]-l 

££ 



K(£*u/;*))l ^ 



n 



'/« 



\a. 



fc=0 i=0 



/( 



n — 1 
Jfe 



M^ + an - 1 


[n 


\k\ qn 

qn + 


+ i 

Oi n ~ 


1 


n— fe— 1 

^ n a- 

?n s=l 


q s n x) 
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since < x, q^ < 1, we have (1 — q^x) < 1. Therefore, we can write n™=i 0- ~ Qn 

lh IHmd"^ 1 - 1n x ) ^ lh EI^o" 2 ! 1 - 1n X )- HenCe ' We haVe 

n-1 K]-l 



r -I .. IL — J_ [LA/ij 

|zu*s*(/;,))| * ^rbEE 



< 



[nl„„ 1 



fe=0 i=0 

1 fanl-l 



/( 



[fc + 1 L + 



n „_ + a n - 1 



„ ' ' Wo + * 



. n L +"»-!' 



-* fe.n— l.gni^J 



Ptr^E e -(/ ; [ t;"r" w r ) ft ---w 



n— 1 



Pil>* 



fc=0 



9n 



■Ms,n— l,g„ l^J- 



Since < g^ < 1 and a n — 1 > 0, we get 



KKU/;*))I < fe| o {i + ^ [nk+ 1 an _ 1 }-(/^)^- 1 ,.W 

< M*L W (/;«)g/l+lJ_j ft>B _ 1>fc ( X ) 

1 - « ~ I ^ N„ n J 



So the proof is completed. 

Theorem 4.4. If / € C[0, 1] is such that 



C 



W«„(/^)-/(^)|< OT-» 0< 7 <1 

7Z \n~ 



<ln 



for some positive constant C and exponent < 7 < 1, then / G Lip(7, [0, 1]). 

Proof. To prove Theorem 4-4 > we use the same method like in [4]. For any fixed pair 
of points (x, y) such that < x, y < 1 and for n large enough, we have 



T^ d ^ u 



< max 



1 1 



max 



max 



1 


1 


X 


1 


1 


V 


1 


1 


X 


1 


1 


y 



dq n U 



{rb'rb} (i-^Ec-(i-fc)yE! 

*• y J m=0 m=0 



x-y 



1 — x' 1 — y 

Combining the estimates (13) and (14), it follows that 

x { 1 1 

D qn {B% an (f;uj) d qn u < max \ - 

>y 



(14) 



1 -,•!-, I ^)\[n] qn + \\\x-y\ 



Let x,y £ (0, 1) be any points. Using Theorem 4.1, we write 



!/(*)- /(y)l 



f(x) - B% an (f ] x) + B% an (f ] y) - f(y) + f D Qn (B£ Q „ (/;«)) d n 



.it 



< |££ a „(/;*) - /(x)| + |B£ a „(/;y) - /(1/) I + 
1 1 



^fe(/;«)K« 



^ 2C 

— -^ — h max 



n 



<In 



1 — x' 1 — y 
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BUYUKYAZICI: q-BERNSTEIN POLYNOMIALS 

For a fixed n, pick S £ (0, 11 such that j—^ — < 5 < -=—. ■ — . Then — - — < -, because 

Mg» [n] qn 6 5 

< q n < 1, and consequently 

\f(x)-f(y)\<2CP+ 3l ^^m a x\ T ^—,-^—)u;(f;5). 

o [1 — x 1 — y ) 

Taking the maximum over all arbitrary pairs x, y £ (0, 1) with \x— y\ = h < 1 (x + h,y + h < 1) 
the last inequality gives 



where C" = max {2C, 3/h} and < /i, 5 < 1. Lemma 4.2 then tells us that w(/; /i) < C"/i 7 
for some constant C". The proof of Theorem 4.4 is completed. 
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A NEW NON-UNIQUE FIXED POINT THEOREM 

ERDAL KARAPINAR 

Abstract. In this manuscript, a new non-unique fixed point theorem is proved 
on usual complete metric spaces. In particular, a self-mapping T on a complete 
metric space (X, d) has a non-unique fixed point if T satisfies the condition 

ad{Tx, Ty)+b[d(x, Tx)+d(y, Ty)] +c[d(y, Tx)+d(x, Ty)} < sd(x, y)+rd(x, T 2 x) 

for all x, y e X where < ^=| <1, a + b ^ 0, a + b + c> and < c — r. 
It is also shown that the operator T still has a fixed point if one replaces a 
complete metric space (X,d) with a complete TVS-cone metric space (X,p). 



1. Introduction 

A certain class of maps in metric spaces with non-unique fixed points is intro- 
duced by Ciric (|?i). After this work, many authors (see, e.g. [Tl ] l3l ITS ! \8\ 119]) 
have studied on this class of maps. 

TVS-cone metric spaces are spaces with a metric that takes values in a topological 
vector space ordered by a cone [10] . If the notion "topological vector space" is 
replaced by "Banach space" in this definition, then TVS-cone metric spaces are 
called "Banach valued metric spaces" or "cone metric spaces" (see [12] and also 

[HHanaramiiisijn]). 

In this manuscript, in section 2, a new non-unique fixed point theorem is proved 
on complete metric space. In section 3, it is proved that this theorem stays valid 
also on complete TVS-cone metric spaces. 

2. A Fixed Point Theorem on Usual Metric Spaces 

Theorem 1. Let (X,d) be a complete metric space. Suppose there exist a,b,c,s,r 
and T : X — > X satisfies the conditions 

< ^^ < 1. a + b^O, a + b + c>0 andO<c-r (2.1) 

a + b 

ad(Tx, Ty) + b [d(x, Tx) + d(y, Ty)] + c[d(y, Tx) + d(x, Ty)} < sd(x, y) + rd(x, T x) 

(2-2) 
hold for all x,y G X . Then, T has at least one fixed point. 

Proof. Let xo £ X be arbitrary . Define a sequence {x n } in the following way: 

x n +i-=Tx n 7i = 0,l,2,... (2.3) 



When we substitute x = x n and y = x n+ i on the inequality (2.2 1, it implies that 

ad(Tx ni Tx n+1 ) +b[d(x n ,Tx n ) + d(x n +i, Tx n +i)] + 4c[d(x n+1 ,Tx n ) + d(x n , Tx n +i)] 

< sd(x n , x n+ i) + rd(x n , T 2 x n ) 

(2.4) 
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for all a,b,c,s,r that satisfy (2.1|. Due to (2.3|, the statement (2.4) turns into 



ad(x n+1 ,x n+2 ) +b[d(x n ,x n+ i) + d(x n+ i,x n+2 )] + c[d(x n+1 ,x n+1 ) + d(x n ,x n+2 j\ 

< sd(x n , x n+ i) + rd(x ni x n+2 ). 

(2.5) 
By a simple calculation, one can get 

(a + b)d(x n+ i,x n+2 ) + (c-r)d(x n ,x n+2 ) < (s - b)d(x n , x n +i) (2.6) 

which implies 

d(x n+1 ,x n+2 ) < kd(x n ,x n+1 ) (2.7) 



inductively 



a+f 



where k = ^tt- Due to (|2.1|), we have < k < 1. Taking account of (|2.7|, we get 



d(x n ,x n+ i) < kd(x n -i,x n ) < k 2 d(x n ^ 2l x n -i) <■■■ < k n d(x , Xi). 



(2.8) 



To show that {x n } is a Cauchy sequence, assume n > m. Then by (2.8) and 
triangular inequality, one can obtain 

uyX n , X ra ) S d\X n : X n — l) i ^\Xn—l ) ^n+X) T" ' " ' T" d\Xm — li %m) 

< k n d(x ,xi) + k^dixa, xi) + • • • + k m d(x , x{) (2.9) 



< 



i-fe 



d(xt3 : Xi). 



which concludes that {x n } is a Cauchy sequence. 

Since (X, d) is complete, the sequence {x n } converges to some element of X, 
namely z. 

To show z is a fixed point of T, it is sufficient to substitute x = z and y — x n 
on the inequality (|2.2|). Indeed, 



ad(Tx n , Tz) + b[d(x n ,Tx n ) + d{z, Tz)\ + c[d(z, Tx n ) + d(x n , Tz)] ,„ ^ 

< sd(x n , z) + rd(x n , T 2 x n ) "'" ' 

which is equivalent to 

ad(x n+ i,Tz) + b[d(x n ,x n+ i) + d(z, Tz))] + c[d{z, x n+1 ) + d(x n+1 ,Tz)} 

< sd{x n ,z) + rd(x n , x n+2 ). 

(2-11) 
Consequently, (a + b + c)d(Tz, z) < as n — > oo. Thus, Tz = zas a + b + c > 0. □ 

3. A Fixed Point Theorem on TVS-Cone Metric Spaces 

Throughout this section, the pair (E, S) stands for a real Hausdorff locally convex 
topological vector space E with its generating system of semi-norms S. A non- 
empty subset P of E is called a cone if P + P C P, \P C P for A > and 
P n (-P) = {0}. The cone P will be assumed to be closed as well. For a given 
cone P, a partial ordering (denoted by <: or <p) with respect to P can be defined 
as follow: x < y if and only if y — x G P. The notation x < y indicates that x < y 
and x ^ y. Analogously, x « y represent that y — x £ intP, where intP denotes 
the interior of P. Here, the continuity of the algebraic operations in a topological 
vector space and the properties of the cone imply the following relations: 

intP + intP C intP and 
X(intP) C intP (A > 0). 
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Definition 2. (See [6], [9], [10],) Fore <E intP, the nonlinear scalarization function 
<j) c : E — > R is defined by 

4> c (y) = inf{£ g R : y g te - P}, /or aZZ y g £\ 



Lemma 3. fSee [SJ, [S], [10] J For eacft t£R and y £ E, the following are satisfied: 

(i) <t>c{y) < t ■& y g tc — intP, 
(ii) ifyi £ y 2 +P, then (j) c (y 2 ) < <Pc(y\), 
{Hi) <j> c (yi + y 2 ) < <f> c (yi) + <t>c{V2), for all y x ,y 2 € E. 

Definition 4. Let X be a non-empty set. and E as usual a Hausdorff locally convex 
topological space. Suppose a vector-valued function p : X x X — > E satisfies: 

(Ml) < p(x, y) and p(x, y) = if and only if x = y, for all x, y g X , 

(M2) p(x, y) = p(y, x) for all x, y g X 

(M3) p(x, y) < p(x, z) + p(z, y), for all x,y,z g X. 

Then, p is called TVS-cone metric on X, and the pair (X,p) is called a TVS-cone 
metric space (in short, TVS-CMS). 

Remark 5. In |12) . the authors considered E as a real Banach space in the def- 
inition of TVS-CMS. Thus, a cone metric space (in short, CMS) in the sense of 
Huang and Zhang [T2] is a special case of TVS-CMS. 

Lemma 6. (See [ID]; Let (X,p) be a TVS-CMS. Then, d p : X x X -> [0, oo) 
defined by d p — (j) c o p is a metric. 

Remark 7. Since a cone metric space (X, p) in the sense of Huang and Zhang 
[12) . is a special case of TVS-CMS, then d p : X x X — > [0, oo) defined by d p — <p c od 
is also a metric. 

Definition 8. (See 10j; Let (X,p) be a TVS-CMS, x g X and {x n }™ =1 a sequence 
in X . 

(i) {i„}Jj° =1 TVS-cone converges to x G X whenever for every << c g E, 
there is a natural number M such that p{x n ,x) << c for all n > M and 
denoted by cone — lim„_ i . 00 x n = x (or x n — > x as n — > oo;,, 
(ii) {i„}Jj° =1 TVS-cone Cauchy sequence in (X,p) whenever for every << c g 
E, there is a natural number M such that p(x n , x m ) << c for all n,m > M , 
(Hi) (X,p) is TVS-cone complete if every sequence TVS-cone Cauchy sequence 
in X is a TVS-cone convergent. 

Lemma 9. (See [TDj; Let (X,p) be a TVS-CMS, x g X and {x n }^ =1 a sequence 
in X. Set d p = <p c op. Then the following statements hold: 

(i) If {x n }^—i converges to x in TVS-CMS (X,p), then d p (x n ,x) —$■ as 

n — > oo, 
(ii) If {x n }^ =1 is Cauchy sequence in TVS-CMS (X,p), then {x n \ c ^ =1 is a 

Cauchy sequence (in usual sense) in (X,d p ), 
(Hi) If (X,p) is complete TVS-CMS, then (X,d p ) is a complete metric space. 

Remark 10. Note that the implications in (i) and (ii) of LemmaUAare also con- 
versely true. (See e.g. £Q; 
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Proposition 11. (See [10 J Let (X,p) is complete TVS-CMS and T : X ->• X 
satisfy the contractive condition 

p(Tx,Ty) <kp(x,y) (3.1) 

for all x, y G X and < k < 1. Then, T has a unique fixed point in X . Moreover, 
for each x G X , the iterative sequence {T™x}^_ 1 converges to fixed point. 

Definition 12. (See \5\) A subset of A of an order vector space (X,t) via a cone 
P is said to be P—full if for each x, y G A we have {a € E : x < a < y} C A. A 
cone P of a topological vector space (X, r) is said to be normal whenever r has a 
base of zero consisting of P— full sets. 

Theorem 13. (See [5]J (a) A cone P of a topological vector space (X, r) is normal 
if and only if whenever {x a } and {y a }, ct G A are two nets in X with < x a < y a 
for each a G A and y a — > 0, then x a — > 0. 

(b) Let {X, t) be an ordered locally convex space. A semi-norm q on X is called 
monotone if q(x) < q(y) for all x,y G X with < x < y The cone of {X,t) 
is normal if and only if r is generated by a family of monotone t— continuous 
semi-norms. 

In particular, if P is a cone of a real Banach space E, then it is called normal if 
there is a number K > 1 such that for all x, y G E: < x < y => ||ir|| < K ||y||. The 
least positive integer K, satisfying this inequality, is called the normal constant of 
P. 

The following two lemmas generalizes Lemma 1 , Lemma 4 and Lemma 5 in [12] . 

Lemma 14. (see [2]j Let (X,p) be a cone metric space over a locally convex space 
(E,S), where S is the family of semi-norms defining the locally convex topology. 
Let {x n } be a sequence in E. Then 

(i) x n — > x in (X,p) if and only if p(x ni x) —$■ in (E, S). 

(ii) x n is Cauchy in (X,p) if and only i/lim m! „_>. 00 p(a; n ,a; m ) = in (E,S). 

Proof, (i) Suppose {x n } converges to x. Let e > and q G S be given, choose 
c >> such that q(c) < e. This is possible by taking c = 2 ^?° ■, , where Co is an 
interior point of P. Then there is no such that p{x n , x) « c, for all n > hq. Then 
by normality of the cone P we have q{p{x n ,x)) < q(c) < e for all n > uq. This 
means p(x n , x) — > in (E, S). Conversely, suppose that p(x n , x) — > in (E, S). For 
ce£ with c >> find S > and p G S such that q(b) < 5 implies b « c. For this 

5 and this p find no such that q(p(x n , x)) < 6 for all n > no and so p{x n , x) << c 
for all n > hq. Therefore x n — > x in (X,p). 

(ii) The proof is similar to that in (i). □ 

Lemma 15. (see \2\) Let (X,p) be a TVS-cone metric space over a normal cone 
of a locally convex space (E, S), where S is the family of semi-norms defining the 
locally convex topology. Let {x n } and {y n } be two sequences in X and x n — > x, 
y n ^y. Thenp(x ni y n ) ->• p(x,y) in(E,S). 

Proof. Let e > and q G S be given. Choose c & E with c >> such that q(c) < -. 

6 
From x n — ¥ x and y n — > y, find no such that for all n > no, p(x n ,x) << c and 

p(y n , y) << c. Then for all n > no we have 

p{x n ,y n ) <p(x n ,x)+p(x,y) +p(y,y n ) <p(x,y) + 2c, 
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and 

p(x,y) <p(x,x n ) + p(x n ,y n )+p(y n ,y) <p(x n ,y n ) + 2c. 
Hence 

< p(x, y) + 2c- p(x n , y n ) < Ac 
and so by the normality of P we obtain 

q(p(x n , Vn) - p(x, y)) < q{p(x, y) + 2c- p(x n , y n )) + g(2c) < 6q(c) < e. 
Therefore p(x n ,y n ) -> p(x, y) in (E, S). D 

After these preliminary, one can state the analogy of Theorem [T] for the complete 
TVS-cone metric spaces. The only difference between the proofs of Theorem [T] and 
the next Theorem is how to show T has a fixed point. 

Theorem 16. Let (X,p) be a complete TVS-cone metric space over normal cone 
P. Suppose there exist a, b, c, s, r and T : X — > X satisfies the conditions 

< ^4 < 1, a + b^O, a + b + c>0 andO<c-r (3.2) 

~ a + b r y ' 

ap(Tx, Ty) + b[p(x, Tx) +p(y, Ty)] + c[p(y, Tx) +p(x, Ty)] < sp(x, y) + rp(x, T 2 x) 

(3-3) 
hold for all x,y G X . Then, T has at least one fixed point. 

Proof. Construct a sequence {x n } as in the proof of Theorem fl] Analogously one 
can get that {x n } is a Cauchy sequence. Due to the completeness of (X,p), {x n } 
converges to some point in (X,p), namely z. 

Regarding Lemma [14] and Lemma [l5| one can get the analogy of (2.11[) and 



(2.10) as in the proof of Theorem [T] □ 



Remark 17. Theorem \16] stay valid if one change TVS-cone metric space with 
cone metric space. 

Remark 18. In |10j . it is concluded that some fixed point theorems on usual met- 
ric spaces and on TVS-cone metric spaces (in particular, cone metric spaces) are 
equivalent by using Lemma^K Lemma[R Lemma^k and Remark \ 1 0[ Note that the 
analogy of condition \3.cfy can not be obtained by applying the nonlinear scalariza- 
tion mapping (see Definition^ and LemmaVM. Thus the technique that was used 



in |10) is not applicable for Theorem 16 
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Abstract: We give a simple proof of the Nadler's contraction theorem. Moreover, 
we find the sufficient condition for the uniqueness of fixed points of set-valued con- 
tractions. 

2000 Mathematics Subject Classification: 54H25 

Keywords: Fixed point, Complete metric space, Set-valued contraction 

1. Introduction 

In 1922, the Polish mathematician Stefan Banach [1] proved a theorem which en- 
sures, under appropriate conditions, the existence and uniqueness of a fixed point. 
Nadler in 1969 proved a multi-valued extension of the Banach contraction theorem. 
Many fixed point theorems have been proved by various authors as generalizations to 
the Nadlcrs theorem where the contractive nature of the map is weakened along with 
some additional requirements. 

Let (X, d) be a metric space and let CB(X) denotes the collection of all nonempty 
closed bounded subsets of X. For A, B E CB(X) and x _ X, define 

D(x,A) := inf {_(_ , a);ae A} 

and 

H(A, B) := maxjsup D(a, B), sup D(b, A)}. 

a£A 6S-B 

It is easy to see that H is a metric on CB(X). Moreover, (CB(X),H) is complete 
metric space if (X, d) is a complete metric space. H is called the Hausdorff met- 
ric. Note that a point p _ X is said to be a fixed point of multi-valued mapping 
T : X -> CB(X) if p _ T(p) [2]. 

In this paper, we will find out the sufficient conditions for the existence and unique- 
ness of a fixed point for set- valued contraction mapping T : X — > CB(X). 



98 



2 A simple proof of the Nadler's contraction principle 

2. Main results 

Fundamental contraction Inequality: If T : X — > CB(X) is a contraction 
with constant L < 1 and 

inf {d(»i,») + d(y,«)}<I>(*i,Ta;i)+D(r»i,«), (2.1) 

yeTxr 

for all x 1: x 2 el, z£ Tx^ then 

d{x!,x 2 ) < ^—^{D{xi,T Xl ) + D{x 2l Tx 2 )) (2.2) 

for all Xi, x 2 G X. 
Proof. It follows from triangle inequality that 

d(xi,x 2 ) < d(xi,y) + d(y,z) + d(z,x 2 ) 
for all x\, x 2 , y,z G X. Then by (2.1), we have 

d(xi,x 2 ) < inf {d(xi,y) + d(y, z)} + d(z, x 2 ) 

yGTx! 

< D(x\, Txi) + -D(z, T"a;i) + d(z, x 2 ) 

for all xi, x 2l z G X. On the other hand by (2.1), we obtain that 

inf {D(z, Tx\) + d{z, x 2 )} < inf {d(y, z) + d{z, x 2 )} 
zeTx 2 zeTx 2 

< D(y,Tx 2 ) + D{x 2 ,Tx 2 ) 
for all Xi,x 2 € X, and all y € TX\. Therefore, we have 

d{x\,x 2 ) < D(xi,Txi) + D{y, Tx 2 ) + D(x 2 , Tx 2 ) 

< D(xi, Txi) + H{Tx u Tx 2 ) + D(x 2l Tx 2 ) 

< D(xi, Tx\) + Ld(xi,x 2 ) + D{x 2 ,Tx 2 ) 
and 

d{x\,x 2 ) < - (D(x 1 ,Tx 1 ) + D(x 2 ,Tx 2 )) 

for all X\,x 2 € X. □ 

Theorem 2.1. Let (X,d) be a complete metric space. If T : X — > CB(X) is a 
contraction with constant L < 1, then T has a fixed point. 

Moreover, if T satisfies (2.1), then the fixed point of T is unique. 

Proof. Let xo G X be arbitrary. Choose an clement x± G X such that x\ G Txo- 
If xo = xi, then xo is a fixed point of T, and the proof of theorem is complete. 
Therefore, we suppose that Xo 7^ X\. Let L\ G (L, 1) be arbitrary. Since 

D(x\,Tx\) < H(Tx ,Txi) < L\d(xo,xi), 

then there exists a x 2 G Txi such that 

d(xi,x 2 ) < Lid(xo,xi). 
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Continuing this process and having chosen x n in X, we obtain x n+ \ in X such that 
x n+ i G Tx n and x n 7^ x n +i such that 

d(x ni x n+ i) < Lid(x n -i,x n ) 

for all n > 2. Hence, 



d(x n ,x m ) < ——(d(x n ,x n+ i) + d(x m ,x m+1 )) 



(2.3) 



for all m > n. By taking n, to — > 00 in above inequality, it follows that {x„} is a 
Cauchy sequence. By completeness of X, there exists some point z G X such that 

x n — > z. It follows that 

D(z,Tz) = D{ lim x n+ \,Tz) = lim D{x n+ \,Tz) 

n — >oo n — *oo 

< lim H(Tx n ,Tz) < lim L(d(x n ,z)) 

n — >oo n — >oo 

< lim d{x n , z) = 0. 

n — >oo 

This means that D(z, Tz) — 0. In the other words z G Tz and z is a fixed point of T. 
Now suppose that T satisfies the condition (2.1). We show that z is the unique 
fixed point of T. Let relbe another fixed point of T, that is r G Tr. From (2.2), 
we have 

d(z,r) < r (D(z,Tz) + D(r,Tr)) = 

therefore z = r. □ 

In inequality (2.3) of Theorem 2.1, if m — ► 00, then we have 

d(x n ,z) < -^-y d(x ,xi). 

The importance of this latter inequality is as follows. Suppose we are willing to accept 
an error of e, i.e., instead of the actual fixed point of T we will be satisfied with a 
point x n satisfying d(x n , z) < e, and suppose also that we start our iteration at some 
point xq in X. Since we want d{x n ,z) < e, we just have to pick N so large that 

L N 

Y^j-d(xo,xi) < e. Now the quantity A — d(xo,xi) is something that we can compute 
after the first iteration and we can then compute how large TV has to be by taking the 
log of the above inequality and solving for N (remembering that log(i) and log(Li) 
are negative). The result is: 
Stopping rule : If A = d(xo,X\) and 

log(e) + log(l - L) - log(A) 

log(ii) 

then d(xN, z) < e. From a practical programming point of view, this inequality allows 
us to express our iterative algorithm with a for loop rather than a while loop, but it 
has another interesting interpretation. Suppose we take e = 10~ m in our stopping rule 
inequality. What we sec is that the growth of N with to is a constant plus rj—jz \\ 
more iteration steps. Stated a little differently, if we need N iterative steps to get m 



100 



A simple proof of the Nadler's contraction principle 



decimal digits of precision, then we need another N to double the precision to 2m 
digits. 

1 1 

-2> 4' 

Define mapping F : X — > CB(X) as 



Example 2.2. Let X = {\, \, ..., ±, ...}|J{0, l},d(x,y) = \x - y\ for all x,y E X. 



Fix) — < ^ 2n+1 ' x —2"> n — 0,1,..., 
1 j \ {0} x = 0. 

One can show that F satisfies the conditions of Theorem 2.1, and is the unique fixed 
point of F. 
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1. Introduction 



A. M. Ostrowski proved the following interesting and useful inequality (see[l, p.468]) 



f(x)--^—\f(t)dt 

h — n •> 



1 [x-^f] 



?-\ 



4 (b-a) 2 



(b-a)\\f\ 



(1) 



for all x e [a,b] , where / : [a,b] c: 9T — >• 9T is continuous on [a,b] and 
differentiable on (a,b) whose derivative /' :(a,b) -» 9? is bounded on (a,b) , that is 

|/'L= sup|/'0)|<co. 

The object of this paper is to present many new inequalities similar to Ostrowskis 
inequality. 

2. New Results 
We state and prove the following 



Theorem 2.1 Let f, g : [a,b] cz 9t — > 9? be continuous on [a,b] and differentiable on 
(a, b) whose derivative f',g':(a,b)^>yi are bounded on (a,b), that is 

|/'|L = sup \f'(x)\<co, \\g'\\ x = sup \g'(x)\«x>. 

x<E(a,b) x^(a,b) 

Suppose further that f and g are non-decreasing. Then 

f( X )g( X )-J—\f(t)g(t)dt 



< 



\f{x)\\g'\+\g{x)if 



>\\ f 



b-a 



(x-a) 2 +(x-b) 



2\ 



Proof. 



f(x)g(x)— \f(t)g(t)dt 

b-a J 



—\{f(x)g(x)-f(t)g(t))dt 



b-a 



(2) 
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b-a 



dt 



1 i 

—\\{f(u)g{uj) du 

i t 

b x 

\\{f(u)g'(u) + f'(u)g(u))du 

b 

\\x — t\ dt 



1 
b-a 

u t 

\f(x)\\\g'\\+\g(4\\f' 11 



dt 



b-a 

\f(x)\\\g'l+\g(x)\lf 
b-a 



Ux-t)dt+\(t-x)dt 



\f(x)\\\g'\l+\g(x)lf'\l (( x -a) 2 +(x-b) 



2\ 



b-a 



Theorem 2.2. Let f ,g : [a,b] c 9? — > 9? be continuous on [a,b] and 
differentiable on (a,b) whose derivative /', g' :(a,b) — > 9T are bounded on (a,b) , 
that is 



ll/'L = su p |/'0)| <oo > Ik'lL = su p k'(*)|<°°- 

x:e(a,/>) xe(fl,|j) 



Suppose further 



|/(x)-/'(x)| \g(x)-g'(x)\ 
sup J ; L = M, sup J 7. = N, 



E(a,6) g (x) 



E( fl ,fe) g (x) 



Then 



fix) 1 * f /(0 



g(x) b-a{g(t) 



dt 



N\\g'L+M\\f'\\J(x-a) 2 +(x-b)^ 



b-a 



(3) 



Proof. 



/(*) i f/(0 



g(x) b-a J a g(t) 



^ 



-dt 



i f|7(*) /(o' 



*# 



1 fff/(«) 

^-«!!U(«) 



(iwJf 



b-a 



-t u x 

-w 

-a J i 

a t 
-t b x 

h-n J J 



rf/GO 



rf« 



rff 



*fr^)/'(")-/(")^'(") A 



b-a' 



g\u) 



du 



J 



dt 



1 \}( f\u){g{u)- g\u))+g\u){f\u)-f(u)y 



b-a- 



g\u) 



du 



dt 
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1 



U A 



\f'(u)\\g(u)-g'(u)\ + \g'(u)\\f'(u)-f(u)\ 



< 



b-a 

N\g'\ +MII/' 11 " 



8 (") 



du 



dt 



b-a 



\\x-t\ dt 



N\\g'L +M \\f'\\J(x-a) 2 +(x-b) 



2\ 



b-a 



Theorem 2.3. Let g : [a,b] c 91 — > 91 be continuous on [a,b] and differentiable 
on (a, b) whose derivative g' :{a,b) — > 9? are bounded on {a, b), that is 

Ik'lL = suv\g'(x)\<cc, 

xe(a,b) 

and let f:g ([«,£>]) — » 9? £>e also continuous and has a bounded derivative, that is 



|/'L= sup \f'(x)\<co. 

xeg([a,b]) 



Then 



1 f 
fog(x)-- I /<#(*)<* 



b-a 



\\f 



II kll ' 

II 00 11° II GO 



b-a 



(x-a) 2 +(x-b) 



2^ 



Proof. 



1 b \ b 
fog (x) - - 1 fog (0 dt = - f (fog (x) - fog (t))dt 



b-a : 



b-a' 



< 



, b x , 

— \\{fog(u)) du 



b-a 
1 



dt 



b-a 

''II II „ 'II b 



v x 

\\f'(g(u)g'(u)dudt 



<' 



f 



iOD II II 00 



b-a 



\\du 



dt 



' L»' b 



Wf'Us 

b-a 



-\\x-t\dt 



If 



1 1 00 1 1 " 1 1 CO 



(x-a) 2 +(x-b) 



2\ 



b-a 



(4) 



Theorem 2.4. Let /:[a,l)]ciR->3i is continuous on [a,b] and differentiable on 
(a,b) whose derivative /' :(a,b) — > 9? is bounded on (a,&), that is 



|/'L= sup|/'(x)|<co. 

xe(a,i?) 



Let < a <b. Then 
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1 b b 

fto)— -tttfWdsdt 



{{b-a)x{{y-af +(y -b) 2 )+(b 2 -a 2 )((x-af +(x-b) 2 )) 



I/I 



2(6 - a) 2 



Proof. 



f(xy)- — 2 \\f(st)dsdt 



(b-aY JJ ' 

V ' a a 

b b 



1 



(b ~ aY H 



\\{f{xy)-f{st))dsdt 



b h xy 



v \ \ \ f'(u)du dsdt 

(b-a) 2iii t 

V J a a st 



1 



(b-aYi 

II f'W b b 



b b xy 

\\ \f\u)du 



dsdt 



<- 



(b-a) 2 H 

II f'W b b 

(b-a) 2}J 

II f 1' b h 



(b-aYH 

1/11 



M \xy - st\dsdt 

a a 
b b 

\\xy - xt + xt - st\ dsdt 
x\y -t\ + \t\x - s\)dsdt 



(b-ay 



'b \ 



{$ - d)\x^\\y -t\dt + \ \tdt \\x-t\dt 

a \a J \a J J 



<((b-a)x((y-a) 2 +(y-b) 2 )+(b 2 -a 2 )((x-a) 2 +(x-b) 2 ))- 






(5) 



'2(b-a) 2 ' 
Theorem 2.5. Let f : [a,b] c 9? — » 9? w continuous on and bounded on [a,b] that 



is 



Define F by 



Then 



|/IL = su p|/( x )| <co - 

x^[a,b] 



F(x) = \f(t)dt. 



F{x)- 



b-a 



\f(t)dt 






2(b-a) 



((x-a) 2 +{x-b) 2 ). 



(6) 



(7) 



Proof. 



F{x)--^—\f{t)dt = -^—\{F{x)-F{t))dt 

h — n * h — a •> 
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1 b x 

nF'(u)dudt 



b-a 

1 
b-a 



a t 

b x 



\\ f{u)dudt 



If II * 
<,^-\\x-t\dt 

h-ni ' ' 



b-a : 

a 

2(b-a) 



({x-af +(x-bf). 



Theorem 2.6. Let f, g : [a,b] c: 9? — » 9? be continuous on [a,b] and 
differentiable on (a, b) whose derivative / ', g ' : (a, £>) — » 9? are bounded on (a,b), 
that is 



\\f'L = su p \f'( x )\ <co > Ik'lL = su p \s'(x)\<cc. 

xt(a,b) x<E(a,b) 



Then 



2f(x)g(x)-^\f(t)dt-{^\g(t)dt 



b-a J b-a ■ 

a u, 

|s(*)| 11/11 + I/(*1I 



Proof. 



g(x) 



2(b-a) 



fix) 



\{x-af +{x-bf), 



2f{x)g{x)-^-\f{t)dt-^-\g{t)dt 



&-a 



b-a' 



g(x) 



fix) 



b-a 



j{f(x)-f(f))dt+j^-\{g(x)-g(t))dt 



b-a 1 



/ -\ u X /» / \ t) X 

" { \\f'iu)dudt+ J -^- jjg'{u)du dt 



b-a 



b-a 1 



\gix)\\\f'\\ +\fix)\\\g'\\ * fl , 

< ■ • "■- '" — !: — '" llc0 J |jc — r| <d5r 



|g(x)||/l+|/(x)||g'| 
2(b-a) 



-{{x-af +{x-b) 2 ). 



(8) 



Theorem 2.7. Let f, g : [a,£>] c 9T — > 91 be continuous on [a,b] and 
differentiable on (a,b) whose derivative?, y (m+1) ) g ( " +1 ) :(a,£>)— »9T are bounded on 
(a,b), that is 

|/ (m+1) | = sup |/ (m+1) (x)|< oo, |g (n+1) | = sup |g ( " +1) (x)|< 00 . 



ie(a,/?) 



x£(a,b) 



Then 
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/ w Wg ( "»W+-^(/ w (0g ( " ) (0-/ w W« ( " ) (0-g ( " , W/ w (0k 

b-a J 

a 

|| r (m+1) || || n (n+l) || 



< ' J'»" "°° ((x - af + (x - bf ) 

3(o - a) 



(9) 
Proof. 



/ w Wg w W+-^((/ w (r)g w W-/ w W? w (0-? w W/ w «k 



b-a 



— \(f {m \x)g (n \x) + f (m \t)g (n \t)-f (m \x)g {n \t)-g (n \x)f ( ' n \t))dt 

— n ' 



b-a 



— f (/ (m) (x) - / (m) (Ofe (n) (*) ~ g {n) (t))dt 

— n * 



b-a 



b-a 



OX X 

\\f (m+1) (u)du\g {n+n (u)dudt 



f 



(m+1) (n+l) fc 



1 1 CO II lice 



b-a 

(m+1) || ||«( w+ l)| 



/ 



3(6 - a) 



Ux-t) 2 dt 

a 

\{x-af +{x-bf) 
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Abstract 

We study the space Qk,u (p, q) , of analytic functions on the unit disk in terms of a 

g + 2 

nondecreasing function K. The relation between Qk,u{p,<1) and B u v spaces, which have 
attracted considerable attention, is given by studying the growth order of K. The counterpart 
Qku>(P'Q) °f Qk,uj(p,q) for the meromorphic case is also considered and investigated. We 
note that some characterizations of Q% ^(p, q) and QK.uj(p,q) are different. 

1 Introduction 

Lot D = {z : \z\ < 1} be the open unit disk in the complex plane C. Recall that the well known Bloch space (cf. 
[4]) is defined as follows: 

B — {/ : / analytic in D and sup(l — \z\ )\f (z)\ < oo}, 

zGB 

the little Bloch space Bo (cf. [4]) is a subspace of B consisting of all f £ B such that 

lim (l-| z | 2 )|/'( z )|=0. 

\z\->l~ 

The Dirichlet space is defined by 

V = {/ : / analytic in D and / \f'(z)\ 2 dA(z) < oo}, 

Jb 

where dA(z) is the Euclidean area element dxdy. Let < q < oo. Then the Besov-type spaces 

B q = \ f ■ f analytic in D and sup f \f'(z)\" 1 - \z\ 2 * 2 (1 - \tf a (z)\ 2 ) 2 dA(z) < c 

are introduced and studied intensively by Stroethoff (cf. [13]). Here, ip a {z) stands for the Mobius transformation 
of D given by 

i \ a — z 

<Pa(z) = — , where a £ D. 

1 — az 
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2 

In 1994, Aulaskari and Lappan [4] introduced a class of holomorphic functions, the so called Q p -spaces as follows: 

Q p — < / : / analytic in D and sup / |/'(z)| g p (z,a)dA(z) < oo 

y aenJo I 

where < p < oo and the weight function 

1 - az 

g(z, a) = log 

a — z 

is defined as the composition of the Mobius transformation <p a and the fundamental solution of the two-dimensional 
real Laplacian. The weight function g(z, a) is actually Green's function in D with pole at a G D. 

For a point a £ D and < r < 1, the pseudo-hyperbolic disk D(a,r) with pseudo- hyperbolic center a and 

pseudo-hyperbolic radius r is defined by D(a,r) = ip a {rD). 

The pseudo-hyperbolic disk D(a,r) is also an Euclidean disk: its Euclidean center and Euclidean radius are 

i_~£i i° an d i- ° p ; respectively (see [13]). Let ^4 denote the normalized Lebesgue area measure on D, and for 

a Lebesgue measurable set K\ C D, denote by \K\\ the measure of K\ with respect to A. It follows immediately 

that: 

\D{a,r)\= ^\fl r\ 
(1 — H|a| ) 

Let K : [0, oo) — > [0,oo) be a nondecreasing function. For < p < oo, —2 < g < oo, we say that a function / 
analytic in D belongs to the space Qk(p, q) (cf. [19]), if 

WfW P Q K (v q ) = sup/|/'(£)| p 1-H 2 V(^,a))dA(z)<oo. 

Using the above mentioned function A", several authors have been studied some classes of holomorphic and 
meromorphic function spaces (see [2, 7, 8, 10, 11, 15, 16, 17, 18, 19, 20] and others). 

Now, given a reasonable function uj : (0, 1] — * (0,oo), the weighted Bloch space B^ (see [6]) is defined as the set 
of all analytic functions / on D satisfying 

(l-|*|)|/'(*)|<Cw(l-|*|), 2GD, 

for some fixed C = C/ > 0. In the special case where ui = 1,B W reduces to the classical Bloch space B. Here, 
the word "reasonable" is a non-mathematical term; it was just intended to mean that the "not too bad" and the 
function satisfy some natural conditions. 
Now, we introduce the following definitions: 

Definition 1.1 For a given reasonable function ui : (0, 1] — * (0, oo) and for < a < oo. An analytic function f 
on D is said to belong to the a— weighted Bloch space BZ if 

||/|| B2 =sup^-ffi/'( 2 )|<oo. 

zen ^l 1 ~ \ z \) 

Definition 1.2 For a given reasonable function u> : (0, 1] — ■> (0, oo) and for < a < oo. An analytic function f 
on D is said to belong to the little weighted Bloch space 62, o */ 

Throughout this paper and for some techniques we consider the case of w ^ 0. 
The logarithmic order (log-order) of the function K(r) is defined as 

ln+ ln+ K(r) 
p — lim sup 



lnr 

where ln + x = max{ln:r, 0}. If < p < oo, the logarithmic type (log-type) of the function K (r) is defined as 

ln+ K(r) 



a — lim sup - 



r p 



Note that if / is an entire function, then the growth order of / is just the log-order of M(r), the maximum 
modulus function of /. 
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Definition 1.3 [10, 11] For a nondecreasing function K : [0, oo) — * [0, oo), < p < oo, —2 < q < oo and for a 
given reasonable function uj : (0, 1] — > (0, oo), an analytic function f in D is said to belong to the space Qk,u>{p, q) 
if 

, (l-\z\) q K g(z,a) 
ll/lln , ^ = sup / \f'(z)\ P -, — s dA(z) <oo. 

Definition 1.4 For a given reasonable function u> : (0, 1] — > (0, oo), and let0<p< oo, —2 < q < oo, < s < oo 
and an analytic function f in D is said to belong to the spaces F^ (p, q, s) if 

WfWk(p„.s) = sup f \f'(z)\"(l - \z\ a ) q / ( i Z ' a L dA{z) < oo. 



Moreover, if 

lim f\f'(z)\ p (i-\-^y' ;:,;-"' - >/.U :!-o. 

iften / G F w ,o(p, g, s). 



2g g a (z,a) 



Since every Mobius map <p can be written as tp(z) — e l ip a {z), where 8 is real. 
We assume throughout the paper that 



/(l — r ) Ji'flog -)rdr < oo. 
r 



o 
We can define an auxiliary function as follows: 

K ( st ) 
<pK(s)= sup , < s < oo. 

0<t<l K { t ) 

Remark 1.1 It should be remarked that our Qk,u>(p,q) classes are more general than many classes of analytic 
functions. If u> = 1, we obtain Qk{p,o) type spaces (cf. [18] and [19]). If q = p — 2, and ui(t) — t, we obtain Qk 
spaces as studied recently in [7, 8, 12, 16, 17, 20] and others. If q = p — 2, io(t) — t and K(t) — t p , we obtain Q v 
spaces as studied in [4, 5, 21] and others. If lo = 1 and K(t) — t s , then Qk,u = F(p,q,s) classes (cf. [1, 22]). 

2 Analytic classes Qk,u(p,q) 

We first give some basic properties of analytic Qk,u>(p, q) spaces. 

Proposition 2.1 Let K : [0, oo) — > [0, oo) be a nondecreasing function and lo : (0, 1] — > (0, oo), where io(Xt) = 
Xu>(t). For < p < oo and —2 < q < oo, we have that the spaces Qk,^(p, q) are subset of the weighted Bloch space 

5 + 2 

Proof: For a fixed r G (0, 1) and a G D, let 

E(a,r) =1 ze D, \z - a\ < r(l - |a|) 
Also, suppose that / G Qk,u>{p, q), we obtain 

11/11?) r ^ = sup / l/'f^rfl - Id) 9 K(g(g ' ffl)) N rfA(z) 

i/'wr i-w J 'K<ww 

o; p (l — 2j) 
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We know that E(a,r) C D(a,r) and for any z G E{a,r), we have 

(l-r)(l-|a|)<l-|*|<(l + r)(l-|a|), 

then, 

(1 - \z\) p > (1 - rf(l - \a\Y , V P >0. 
Now, since we assume that u) is non-decreasing, then we obtain that 

ii'ii^cp..) * K{iog l ) L ( j f{z)lP ^^ dA{z) 

> ^ (lo l )(1 -;f (1 ,- | ; l) 7 i/' (2 )i^) 

w((l-r){l-\a\)) y B(a , r) IJ 
Since |/'(«)| p is a subharmonic function, then 

I \f'(z)\ p dA(z)>\E(a,r)\ \f'(a)\ p = r 2 (l - \a\) 2 \f'(a) " . 

JEta.r) 



>E(a,r) 



Then we obtain 



which implies that 



II fill- > A-(logi)(l-rr- 1 (l-H)« +2 |j/ , 

ll'IIOjf.u.Cp.rt - w»>((l-r)(l-|«l)) IJWI 

^ Jr(log^)(l-rHl-lal)^ 2 |f/ ^ 

- Cl — ^w^W) ,/(a)l 

II f lip < m Q K ,^) (1] 

Our proposition is therefore established. 
Next, we give the following proposition. 

Proposition 2.2 If the log-order p and the log-type a of a nondecreasing function K(r) satisfy one of the following 
conditions: 

(i)p>l 

(it) p = 1 and < a < oo, 

t/ien II/Hq / x C ||/|| p q+2 , where < p < oo, —2 < q < oo and u> : (0, 1] — > (0, oo). 

Proof: By Proposition 2.1, it suffices to show that each non-constant weighted a-Bloch function / can not belong 
to the spaces QK,u,{p,q)- 

In fact, if either the log-order p of K(r) is greater than 0, or the log-order p of K(r) equals 1 and the log-type a 
of K(r) is greater than 2, then there exists a sequence {r n } with r n — > oo as n — > oo such that 

r ln+ ln + %) ^ r ,„> 

hm — - = p > 1 (2) 

n^oo lnr n 

or 

r ln+ ^M wn m 

a = hm — - = A > (3) 



In the case (2) or (3), we obtain 



lim ^pA = const . ( 4 ) 



Let / be a non-constant weighted a-Bloch function. Then 

ll/ll" *+ 2 = ^ fLi'tlV wi' : ^ G D} / 0. 
B Jr^ zee w p (,l - FlJ 

However, by (1) and (4) we have 

ii flip f\fi, mp -, i i2 q K(g(z,a)) . 

\\t \\n i ^ = sup / f (2) 1 — \z\ — 7=^ — r-^aAlz) 

> rr\\ f V ^ (1 - t n ) p K (log ±)yt* 00. 

g p In 

Hence, / £ Qii,w(p,q)- 
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Theorem 2.1 For each nondecreasing function K : [0, oo) — > [0, oo) and to : (0,1] — ♦ (0, oo), satisfying both of 

the following: 

Condition A. There exist a constant p > 1 such that 

lim ^M =c/0 . 

n^oo rP 

Condition B. The log-order p and the log-type o satisfy one of the following cases: 

(i) < p < 1 

(ii) p = 1 and < a < oo. 

q + 2 

Then QK,u,(p,q) = B u p . 
Proof: Let 

for some p G (1, oo). Then there exists a fixed n G (0, 1) such that 

^< — <c + l, 0<r<n. (5) 



We may choose ro G (0, 1) such that 



zeD\D(a,ri)) => g(z,a) = log , rTT < n. (6) 

|^a(z)| 



Now we first suppose that / G Qk,u (p, ?) with 

il p 1 - M 2 ' 

cjp(1 - \z 



su P /|/'( 2) r l-N 2 '^rfdAW^, 



and write 



7b w(i-|*|) 

D(o,r ) WP(1-|2:|) 



_l /" i/V M^ i l l 2 g (9(z,a)) p ,,, , 

+ \I(Z)\ 1-W — r: |-TT^(«) 

■/D\£>(a,r ) ^l 1 — PU 

= /l+/2. (7) 



P+2 

Since Qk,u>(p,q) C C^ 5 from Proposition 2.1, we have 



/i 

JD( a , ro )" W^±-|Z|j 

/" _ -2 1 

<L4(s) 



1 — 


■/r>(a,r ) WP(1-|^|) 


< 


u/uv* / i-i*i 2 " 2 log^r "■ 

g^P J D(a,r a ) i Pa(Z) 


= 


Mf\W+2 r r(l - r 2 )- 2 log- "dr 

8„ p ■'0 r 


= 


27r||/|r, +2 7(r ,p), 



where the integral I(ro,p) < oo for < ro < 1 and 1 < p < oo. On the other hand, by (5) and (6) 

Jo\D(a,r ) ^ P (!-kl) 



Consequently, by (7), (8), and (9), 

sup /|/'(*)| p l-N 2 ' ffif'^i , dA(z)<8up{Ji+J a }<oo. 



(8) 



< 2 / l/Wi-N 29 4^TTi^) 

C JD\D(a,r ) WP(l-|z|) 

< — < oo. (9) 

c 
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P+2 

Thus / £ Qk,u(p, ?)• Hence Qk,u(p, q) C B^ q . Since / 6 Qk,uj(p, <l), f must be a weighted Bloch function in D, 
and 



sup/V( z )| p 1-M 2 g (1 p ^ a{z ^ )P dA(z) = C< 00 . 

agD Jd W I 1 ~~ \ Z \) 



It follows from (5) and (6) that 



r „K log — Vr 
^2= / /(*) 1- * -q r-p- dA(z) 

Jo\D(a,r ) WP(1-|X|) 

1 P 



\D(a,ro) W P (1-|«I) 

= (c+l)C. (10) 

Since / £ Qif.a; (p, g) , / must be weighted Bloch function in D. Similar to (8) we have 

,K 



fro 1 

< 2^11/f^ / (l-r 2 )- 2 ^(log-)rdr 

B ^p Jo r 

g + 2 

< j^l *(log-)r* (11) 
Now we show that the integral JT A"(log ^)rdr in (11) is convergent. Setting t = log i, we have 

J(ff) = P 7, (log -)rdr = [ + °° ^§-dt. 



jo ' J to 

If K(t) satisfies condition (i), then for given e > with p + e < 1, there exists £i > to such that 

A-(t) < e ip+e < e*, t>ti. 
Therefore, 

< f 1 ^§-dt + [ + °° \dt < oo. (12) 

If A'(t) satisfies condition (ii), then for given e > with < a + 2e < 2, there exists ti > to such that 

Kit) < e (CT+e)t < e (2 - £)t , i > i 2 . 
Thus 

~^T dt + ~^2^ dt 

—^-dt+ I v :l ilt •' :x. 



Therefore, by (10) and (11), we get 

sup / \f'(z)\ p 1 - \z\ 2 q K } 9(z 'fl dA(z) = SU P {Jl + J 2 } < OO, (13) 

aeny D w p (l - |z|) «a 

which implies that / £ Qk,u(P:Q)- The proof is therefore completed. 
By the proof of Theorem 2.1, we have 
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Corollary 2.1 Let K : [0, 00 ) — > [0, oo) be a nondecr easing function. If K(r) satisfies Condition A in Theorem 

2+2 

2.1 for some p, 1 < p < oo, then Qk,uj(p, g) C B w v . 

3 + 2 

Remark 2.1 In the case p > 1, we know that Qk,^{p,q) — B w v (see [11]), but now we have always that 
Q K ^(p,q)cBJ r . 

Corollary 2.2 Let K : [0, oo) — > [0, oo) be a bounded and nondecr easing function. If 



lim^=C/oo. 
r- >o rP 



g + 2 

holds for some p > 1, then Qk,^(p, q) — Bu, p ■ 



# 



3 Meromorphic classes QK w {p,q) 

For a meromorphic function / a natural analogue of |/'(«)| is the spherical derivative 



f*, s) = IWI 



-M 



Corresponding to the definitions of the spaces F u (p,q,s) and F^fl{p,q,s), we define the classes F<f(p,q,s) and 
F* (p, g,s) as follows: 

Definition 3.1 Lei < p < oo, —2 < g < oo ami < s < oo. ^4 function f meromorphic in D is said to belong 
to the class F#(p,q,s) if 

ii/ii*# =su P / f*( Z ) v i-\z\ 2 q gfcf riA( Z )<oo. 

Moreover, if 

11/11% = lim / /*(«) P 1-|2| 2 ' g ' (g '?„ di4(g) = 0, 

" llf, *oM.« |a|-l-y D W " WP(l-H) V ' 

then f £ F*(p,q,s). 

Therefore we define the classes M*(p, g, s) and M* (p, g, s) as follows. 

Definition 3.2 Let < p < oo, —2 < q < oo ami < s < oo. A function f meromorphic in D is said to belong 
to the class M* (p, q, s) if 

>M* v , q ,s-° a Zh f * (Z) " 1H2 ' 2 ^~ Z \Z\) 



uu. / / # w p i-N 2 g (i -)f°y ^w=o. 



Il/ll',#_. = su p/ /"(•-) l -l-r V ..J; ,11/ <m(*)<<» 

Moreover, if 

II f IIP _ 

"•"';<„*,,,. i„pi-y„ J v ~ ; ' '"' w(i-H) 

thenf£M*(p,q,s). 

Let A/"™ be the class of all normal functions in D. We recall that a function / meromorphic in D is called to be 
normal if and only if 



(1- * %#/ N 

su p ./i L^ / ( z )< 



oc. 



zeD w(l - |z|) 
We will need the following theorem in future: 

Theorem 3.1 [14, 15] Let 2 < g < oo, and let < p < oo and fei < r < f . TTien a function f meromorphic in 
D is normal if and only if 

sup/ / (z) 1 — \z\ g{z,a) dA(z) < oo. 

oeD Jn 

Now, we give the following theorem. 

114 



AHMED, KAMAL: WEIGHTED FUNCTION SPACES 



Theorem 3.2 Let < p < oo, < q < oo and let < s < oo and let < r < 1. TTien o function f meromorphic 
in D is normal if and only if 

F* (p,q,8)(f)= sup / /#(*) " 1-| Z | 2 ' ^'"y' ^Xoo. 
ogn Jd iAjf{i — \z\) 

Proof: The proof of this theorem is very similar to Theorem 3.1, so it will be omitted. 

In the corresponding way to the analytic case, we define the meromorphic classes Q* w (p, q) as follows. 

Definition 3.3 Let K : [0, oo) —* [0, oo) be a nondecreasing function. For < p < oo and —2 < q < oo a 
function f meromorphic in D is said to belong to the classes Q* w (p, q) if 

sup/ f*( Z ) P 1-N 2 ? «^W) <oo. (14) 

Remark 3.1 Similar to the analytic case, if we take w = 1 and if(£) = t s /or < s < oo, i/ien Q* w (p,q) — 
F*(p,q,s) (see [15]), the corresponding meromorphic of F(p,q,s) spaces. If we take K(t) = t p ,q — and uj = 1, 
i/ien Q* ^(p, g) = Qjf. When w = 1 and p = 2 and q = 0, we obtain Q* space ('see /<?, 7, i^- 

Definition 3.4 /i^/ ^4 function f meromorphic in D is said to fee a spherical Bloch function, denoted by f G £?*, 
i/ i/iere exists an r, < r < 1, suc/i that 



sup / 



(/ # (*)) 2 d^)<oo. 



It is easy to see that a normal function is a spherical Bloch function, that is, N C B , but the converse is not 
true. A counterexample can be found in [9]. 

Proposition 3.1 For each nondecreasing function K : [0, oo) — > [0, oo), the classes Q* w (p, g) are subsets of the 

q + 2 

spherical Bloch classes S*„ p , where < p < oo. 

Proof: We can prove the proposition by making the obvious modifications to the proof of Proposition 2.1. 

Theorem 3.3 £ei 7^ : [0, oo) — > [0, oo) fee a bounded and nondecreasing function and let f is a normal function. 

If 

,. AT(r) 

hm — -^- = c < oo 
i — >o r 3 

holds for some < s < oo, then f G Q* w (p, q), where 2 < p < oo. 

Proof: Suppose that 

,. A-(r) 

hm — ^-^ = c < oo 

i — >o r s 

holds for some < s < oo. Then there exists a fixed ri G (0, 1) such that — *p- < c + 1 for < r < ro, we may 
take ro G (0, 1) such that both 

g(2, a) = log | -—: < n 

and 

|V3a(2)| 



hold for constant ci > whenever z G D\Z)(o, ro). Now, since 



'<„&•.«) _ :e£7 D 70#(z) * |z|2 ^(i-N) 1 

- sup / /#(*) P 1-|,| 2 9 ^M^dA(.) 

+ sup / /o # W P l-N 2<, S™^) 
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For ogC and ro as above, then using Theorem 3.2, we have that 

<(o + i)( C1 r/ / %) p i H ^r (1 ,:Jr a( a? 3 ^ 



\D(a,r ) W«>(1-|*|) 

<(c+l)( Cl ) s F#(p,g, S )<oo. (15) 

On the other hand, since K is bounded, there exists a constant C2 such that K(r) < C'2 for all r : < r < 00. 
Thus 

t#t„\ P 1 l~|2 9 ^(ffO,a)) 



JD(a,r a ) UjP ( i - \ Z \) 

f " F*(p,q,s). (16) 



(1-rg) 

Therefore, by (15) and (16), we have 

sup/ f*(z) " l-\z\ 2 q ^—M^fldA(z)= S n P {L 1+ L 2 }<oo. 
aeo Jb W(i — \z\) ae n 

Thus /o £ ||/|ln# f v the proof of our theorem is completed. 

Finally, we consider the harmonic counterpart of Qk,w {p, 9) as follows: 

Definition 3.5 Let K : [0, 00) — » [0, 00) be a nondecreasing function. A function u real-valued harmonic inO is 
said to belong to the space Q,Kh,^(p,q) if 



sup [\Vu(z)r I- \zr K M^dA(z)< 00, 



where X7u(z) = (u x ,u y ) is the gradient of u and |Vw(z)| = ^/u 2 . + u y , < p < 00 and —2 < q < 00. 

Note that if we take A'(r) = r p for < p < 00, then QKh,w(p, <l) is a harmonic weighted Bloch space B£ w , where 

r« / v, • • n ^ (l-kl 2 )°|V"(^)l ^ 1 
Oh^ = {u : M harmonic in D and sup ~iT^ — — it < 00}. 

zED ^(1 — \z\) 

It is easy to see that some corresponding results to Propositions 2.1, 2.2, and Theorem 2.1 are also true for 
QKh,u{p, q) and the proof are similar to those of them. 

Remark 3.2 It should be remarked that our results in this paper are completely different from that introduced by 
Wulan et. al in [19], since the authors in [19] introduced their characterizations without use of the logarithmic 
order and logarithmic type of a nondecreasing function. On the other hand , we introduced some results in the 
sense of meromorphic and harmonic functions. 

References 

[1] A. El-Sayed Ahmed and M. A. Bahkit, Composition operators on some holomorphic Banach function spaces, 
Mathematica Scandinavica, 104(2) (2009), 275-295. 

[2] A. El-Sayed Ahmed and M. A. Bahkit, Hadamard products and Mk space, Mathematical and computer 
Modelling, 51(1-2)(2010), 33-43. 

[3] A. El-Sayed Ahmed and M. A. Bahkit, Sequences of some meromorphic function spaces, Bull.Belg. Math. 
Soc- Simon Stevin, Vol 16(3) (2009), 395-408. 

[4] R. Aulaskari, and P. Lappan, Criteria for an analytic function to be Bloch and a harmonic or meromorphic 
function to be normal, Complex Analysis and its Applications (eds Y. Chung-Chun et al.), Pitman Research 
Notes in Mathematics 305, Longman (1994), 136-146. 



116 



AHMED, KAMAL: WEIGHTED FUNCTION SPACES 

10 



[5] R. Aulaskari, and L. Tovar, On the function spaces B p and Q p . Bull. Hong Kong. Math. Soc. 1(1997), 
203-208. 

[6] K. M. Dyakonov, Weighted Bloch spaces, H p , and BMOA, J. Lond. Math. Soc. II. Ser. 65(2)(2002), 411-417. 

[7] M. Essen and H. Wulan, On analytic and meromorphic functions and spaces of Qk type, Illinois J. Math. 
46(2002), 1233-1258. 

[8] M. Essen, H. Wulan, and J. Xiao, Several Function-theoretic characterizations of Mobius invariant Qk spaces, 
J. Funct. Anal. 230 (2006), 78-115. 

[9] P. Lappan, A non-normal locally uniformly univalent function, Bull. London Math. Soc. 5(1973), 491-495. 

[10] R. A. Rashwan, A. El-Sayed Ahmed and Alaa Kamal, Some characterizations of weighted holomorphic Bloch 
space, European Journal of Pure and applied Mathematics, Vol.2(2)(2009), 250-267. 

[11] R. A. Rashwan, A. El-Sayed Ahmed and Alaa Kamal, Integral characterizations of weighted Bloch space and 
QK,w(p,q) spaces, Mathematica, Tome 51 (74), N 1, 2009, 6376. 

[12] S. Li Songxiao and H. Wulan, Composition operators on Qk spaces, J. Math. Anal. Appl. 327(2)(2007), 
948-958. 

[13] K. Stroethoff, Besov-type characterisations for the Bloch space, Bull. Austral. Math. Soc. 39(1989), 405-420. 

[14] H. Wulan, On some classes of meromorphic functions, Ann. Acad. Sci. Fenn. Ser. A Math. Diss. 116(1998), 1-57. 

[15] H. Wulan, some problems on normal and little normal functions, Complex variables, 36(3)(1998), 301-309. 

[16] H. Wulan and P. Wu, Characterizations of Q T spaces, J. Math. Anal. Appl. 254(2001), 484-497. 

[17] H. Wulan and Y. Zhang, Hadamard products and Q K spaces, J. Math. Anal. Appl. 337(2008), 1142-1150. 

[18] H. Wulan and J. Zhou, The higher order derivatives of Qk type spaces, J. Math. Anal. Appl. 332(2)(2007), 
1216-1228. 

[19] H. Wulan and K. Zhu, Qk type spaces of analytic functions, J. Funct. Spaces Appl. 4(2006), 73-84. 

[20] H. Wulan and K. Zhu, Derivative-free characterizations of Qk spaces, J. Aust. Math. Soc. 82(2)(2007), 
283-295. 

[21] J. Xiao, Holomorphic Q Classes, Springer LNM 1767, Berlin, 2001. 

[22] R. Zhao, On a general family of function spaces, Ann. Acad. Sci. Fenn. Math. Diss. 105, 1996. 



117 



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.7, NO'S 1-2,118-137, COPYRIGHT 2012 EUDOXUS PRESS, LLC 



SOME FIXED POINT THEOREM FOR MAPPING ON 
COMPLETE G-CONE METRIC SPACES 

DURAN TURKOGLU AND NURCAN BILGILI 



Abstract. In this paper we introduce G-cone metric spaces and we give some 
properties about this spaces. Further we prove some fixed point results for 
mapping satisfying sufficient conditions on complete G-conc metric space, then 
we showed that if the G-conc metric space (X, G) is symmetric ,thc existence 
and uniqueness of these fixed point results follow from well-known theorems 
in cone metric space (X, (Iq), where (X, <1q) is the cone metric space which 
defined from the G-cone metric space (X, G). 



1. INTRODUCTION 

Cone metric spaces were introduced by Huang and Zhang in [4]. The authors 
there described convergence in cone metric spaces and introduced completeness. 
Then they proved some fixed point theorems of contractive mappings on cone met- 
ric spaces. Some definitions and topological concepts were generalized in [2] and 
they proved there that every cone metric space is a topological space, they also 
generalized the concept of diametrically contractive mappings and proved some 
fixed point theorems in cone metric spaces. Furthermore, cone metric spaces were 
studied by many authors (see [1, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13]). 

On the other hand, during the sixties, the notion of 2-metric space introduced by 
Gahler (see [14, 15])as a generalization of usual notion of metric space (X, d).But 
different authors proved that there is no relation between these two functions, for 
instance, Ha et al.in [16] show that 2-metric need not be continuous function, further 
there is no easy relationship between results obtained in the two settings. 

In 1992, Bapure Dhage in his Ph.D. thesis introduce a new class of generalized 
metric space called D-metric spaces .([17, 18]) 

In a subsequent series of papers, Dhage attempted to develop topological struc- 
tures in such spaces (see [18, 19]). He claimed that D-metrics provide a gener- 
alization of ordinary metric functions and went on to present several fixed point 
results. 

But in 2003 Zead Mustafa and Brailey Sims demonstrated in [20] that most of 
the claims concerning the fundamental topological structure of D-metric space are 
incorrect, so, were introduced more appropriate notion of generalized metric space 
in [21] and they proved some fixed point results for mapping satisfying sufficient 
conditions on complete G-metric space. 

In this paper we introduce G-cone metric spaces, we give some properties about 
this spaces and we prove some fixed point results for mapping satisfying sufficient 
conditions on complete G-cone metric spaces. 
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2 DURAN TURKOGLU AND NURCAN BILGILI 

2. G-CONE METRIC SPACES 

In this section we shall define G-cone metric spaces and prove some properties. 

Let E always be a real Banach space and P a subset of E. P is called a cone if 
and only if 

(i) P is closed, nonempty, and P j^ {9}: 

(ii) a, b £ R, a, b > 0, x, y £ P =4> ax + by £ P: 

(iii) x £ P and —x £ P => x = 9. 

Given a cone P C E, wc define a partial ordering < with respect to P by x < y 
if and only if y — x £ P. We shall write x < y to indicate that x < y but x =/= y, 
while x « y will stand for y — x £ intP, intP denotes the interior of P. The 
cone P is called normal if there is a number K > 1 such that for all x,y £ E, 
9 < x < y implies ||x|| < X ||j/||. The least positive number satisfying above is 
called the normal constant of P. 

In the following we always suppose E is a real Banach space, P is cone in E with 
intP 7^ and < is partial ordering with respect to P. 

Definition 1. Let X be a nonempty set , and let G : X x X x X — ► E be a 
function satisfying the following properties: 

(Gl) G (x, y,z) — 9 if and only if x — y — z; 

(G2) 9 < G (x, x, y); for all x, y £ X , with x ^= y; 

(G3) G (x, x,y) < G (x, y, z), for all x,y, z £ X, with z ^ y: 

(G4) G (x, y,z) — G (x, z,y) — G (y, z, x) — ..., (symmetry in all three variables) ; 

(G5) G (x, y,z) < G (x,a,a) + G (a,y, z), for all x,y, z,a £ X, (rectangle in- 
equality). 

Then the function G is called a generalized cone metric , or, more specifically, a 
G -cone metric on X , and the pair (X, G) is called a G-cone metric space. 

Definition 2. Let (X, G) be a G-cone metric space. Let (x„) be a sequence in X 
and x £ X. Lf for every c £ E with 9 « c there is N £ N such that for all 
n,m> N , G(x,x„,x m ) << c, then (x„) is said to be G-cone convergent to x in X 
and x is limit of(x n ). We denote this by lim x n — x or x n — ► x (n,m — ► oo) 



n.rn > oc 



Lemma 1. Let (X,G) be a G-cone metric space. Then for c £ E with 9 << c, 
there is S > such that \\x\\ < S implies c — x £ intP. 

Proof. Since c >> 9, then c £ intP. Hence find 5 > such that N$ (c) = 
{x £ E : \\x - c\\ < 6} C intP. ( Since||c - c\\ = 9 < 5, then 

c £ Ns (c) so Ns (c) ^ ). Now if ||x|| < S then ||x-c + c|| < 6 hence, 
| — 1| ||x - C + c\\ = \\—x + c— c\\ = || (c- x) - c\\ < 5 then c- x £ Ng (c) C intP 
and so, c — x £ intP. □ 

Lemma 2. Let [X, G) be a G-cone metric space, P be a normal cone with normal 
constant K . Let (x„) be a sequence in X . Then (x„) is G-cone convergent to x if 
and only if G (x,x„,x m ) — ► 9 (n,m — ► oo). 

Proof. Suppose that (x„) is G-cone convergent to x. For every real s > 0, choose 
c £ E with 9 « c and K \\c\\ < e. Then there is N £ N, for all n,m > N, 
G (x, x n , x m ) « c. Since P is a normal cone with normal constant K, when n,m > 
N, \\G (x,x„, x m )|| < K \\c\\ < e. This means G (x,x„,x m ) — > 9 (n,m — ► oo) or 
lim G(x,x n ,x m )=0. 
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Conversely, suppose that G (x,x n ,x m ) — > 9 (n,m — > oo). From Lemma 1 for 
every c £ £ with 9 « c, there is 5 > such that ||x|| < S implies c — x G 
intP. For this 5 there is N € N, such that for all n,m> N, \\G (x,x n ,x m )\\ < 5. 
So c — G (x,x n ,x m ) <G intP. This means G (x,x n ,x m ) << c. Therefore (x n ) is 
G-cone convergent to x. D 

Lemma 3. Let [X, G) be a G-cone metric space, P be a normal cone with normal 
constant K . Then the following are equivalent. 

(1) (x n ) is G-cone convergent to x. 

(2) G (x n , x n , x) — > 9, as n — ► oo. 

(3) G (x n , x, x) — > 9, as n — ► oo. 

(4) (x m ,x n ,x) — > 9, as m,n — > oo. 

Proof. (1) =* (2) : 

Suppose that (x n ) is G-cone convergent to x. From Lemma 2, G (x, x n , x m ) — > 9 
(n, m — > oo). If we choose m = n, then G (x, x n , x n ) — > 9 (n — ► oo). From (G4), 
G (x, x n , x n ) — G (x n ,x n ,x) so G (x n , x n , x) — > 9, as n — ► oo. 

(2)=>(3): 

Suppose that G (x n , x n , x) — > 9, as n — ► oo. If we choose a — x n in (G5), then 
G(x,x n ,x) < G(x,x n ,x n )+G(x n ,x n ,x). From (G4), G(x n ,x n ,x) = G(x, x n ,x n ) 
and since G (x n , x n , x) — ► 9, as n — > oo, for any e > 0, there is N £ N such that 
for all n > N,\\G (x n , x n , x)\\ < ^ . Since P is a normal cone with normal constant 
K, 

||G(a;,x„,a;)|| < K \\G (x, x„, x„) + G (x n , x n , x)\\ 

= K(\\G(x,x n ,x n )\\ + ||G(a;„,x n ,a;)||) 

< '(ffi + ff)- 

From (G4), G (x n ,x,x) — G (x,x n ,x) so for any e > 0, there is N e N such that 
for all n> N, \\G(x n ,x,x)\\ < s. 

This means G (x n , x, x) — ► 9 , as n — > oo. 

(3) =^ (4) : 

Suppose that G (x n ,x,x) — > 9,&s n — ► oo. If we choose a — x in (G5), then 
G (x m , x n , x) < G (x m , x, x) + G (x, x n , x). Since G (x n , x, x) — > 9, as n — > oo 
and from (G4),G (x m , x,x) — > 9 and G (x n ,x,x) — G (x,x n ,x) — ► 9. So for 
any e > 0, there is N € N such that for all n,m > N, \\G (x m ,x,x)\\ < ^, 
\\G (x,x n ,x)\\ < 27^ . Since P is a normal cone with normal constant K, 

\\G(x m ,x n ,x)\\ < K\\G(x m ,x,x) + G(x,x„,x)\\ 

= ^(||G(x m ,x,x)|| + ||G(x,x„,x)||) 

\2K IK) 

So for any e > 0, there is N e N such that for all n,m > N, \\G (x m , x n ,x)\\ < e. 
This means G (x m , x n , x) — > 9, as m, n — ► oo. 

(4) => (1) : 

Suppose that G (x m ,x n ,x) — ► 9, as m,n — > oo. From (G4),G (x m ,x n ,x) = 
G (x,X n ,x m ). So from Lemma 2, (x n ) is G-cone convergent to x. □ 

Lemma 4. Let [X, G) be a G-cone metric space, P be a normal cone with normal 
constant K . Let (x n ) be a sequence in X . If (x n ) is G-cone convergent to x and 
(x n ) is G-cone convergent to y, then x — y. That is the limit of (x n ) is unique. 
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Proof. From x n — ► x and x„ — ► y (n, m — > oo), for any c G E with 9 « c there 
is N G N such that for all n,m > N , G (x,x n ,x m ) << c and G (y,x n ,x m ) << c. 
If we choose a = x m in (G5), then 

G(x,a; n ,j/) < G (x,x m ,x m ) -\- G (x m ,x n ,y) 
< c + c = 2c 

and we choose a — x n in (G5), then 

G{x,x,y) < G(x,x n ,x„) + G(x„,x,y) 
< c + 2c = 3c. 

Since P is a normal cone with normal constant K, \\G(x, x, y)\\ < 3K \\c\\. Since c 
is arbitrary G (x, x, y) = 9, therefore x — y. D 

Definition 3. Let {X, G) be a G-cone metric space. Let (x n ) be a sequence in 
X. If for every c G E with 9 << c there is N G N such that for all n,m,l > N, 
G (x n ,x m , Xi) << c, then (x n ) is called a G-cone Cauchy sequence in X. 

Lemma 5. Let [X, G) be a G-cone metric space, P be a normal cone with normal 
constant K . Let (x n ) be a sequence in X . Then (x n ) is a G-cone Cauchy sequence 
in X if and only if G (x n , x m , xi) — ► 9 (n, m, I — ► oo). 

Proof. Suppose that (x n ) is a G-cone Cauchy sequence in X. For every real e > 0, 
choose c G E with 9 << c and K \\c\\ < s. Then there is N G N, for all n,m,l > 
N,G (x n , x m , xi) « c. Since P is a normal cone with normal constant K, when 
n,m,l > N, \\G {x n ,x mi xi)\\ < K\\c\\ < s. This means G(x n ,x m ,xi) — ► 9 
(n,m, I — > oo). 

Conversely, suppose that G (x n ,x m ,xi) — ► 9 (n,m,l — ► oo). From Lemma 1 
for every c G E with 9 << c, there is (5 > such that ||a;|| < S implies c — x G intP. 
For this 5 there is N G N, such that for all n,m,l > N, \\G (x n ,x m ,xi)\\ < S. So 
c — G (x n , x m , xi) G intP. 

This means G (x n , x m , xi) << c. Therefore (x n ) is a G-cone Cauchy sequence in 
X. O 

Definition 4. Let (X, G) be a G-cone metric space. If every G-cone Cauchy se- 
quence is G-cone convergent in X , then X is called a complete G-cone metric space. 

Lemma 6. Let {X,G) be a G-cone metric space, (x n ) be a sequence in X. If (x n ) 
is G-cone convergent to x in X , then (x n ) is a G-cone Cauchy sequence in X . 

Proof. Suppose that (x n ) is G-cone convergent to i in X. For any c G E with 
9 << c there is N G N such that for all n,m,l > N, G (x,x n ,x m ) << | 
and G (x,x m ,Xi) « |. If we choose a = x in (G5), then G(x n ,x m ,xi) < 
G (x n , x, x) + G (x, x m , x{). Also from (G4) and (G3), G (x n ,x, x) = G (x, x, x n ) < 
G (x, x m , x n ) = G (x, x n , x m ), then G (x n , x, x) < G (x, x n , x m ) « f ■ This means 
G(x n ,x m ,xi) < G(x n ,x,x) + G (x,x m ,xi) « | 4- | = c. Therefore (x n ) is a 
G-cone Cauchy sequence in X. □ 

Lemma 7. Let (X, G) be a G-cone metric space. Then the following are equivalent. 

(1) (x n ) is a G-cone Cauchy sequence in X. 

(2) For every c G E with 9 « c there is N G N such that for all n,m > N, 

^ v*Eni %rm %m) "C^ C. 
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Proof. (1) =► (2) : 

Suppose that (x n ) is a G-cone Cauchy sequence in X. So for every c G E with 
9 « c there is N G N such that for all n,m,l > N, G (x n ,x m ,xi) « c. If we 
choose I — m, then for every c £ E with 9 << c there is N G N such that for all 
n, to > TV, 

*-* (,«ErM *£m; X m ) \\ C. 

(2) =► (1) : 

Suppose that for every c £ E with 9 << c there is iV G N such that for all 
n,m > N,G {x n , x mi x m ) « c. If we choose arbitrary c £ E with 9 « c and 
a = x m in (Go), then G (x„, x m , x;J < G (x n , x m , x m ) 4- G (x m , x m , xi). 

For this arbitrary c E E with 9 << c, there is TV e N such that for all n,m,l > N, 

^ \Xn 5 X m 5 x m / "^ ^ 2 ^nQ ^-* \Xl j X m , X m j \ \ 2 ■ 

From (G4), G(x m ,x m ,Xi) « f. Then G (x„,x m ,Xi) << f + f = c. 
Hence for every c € E with 9 << c, there is iV € N such that for all n,m,l > 
N,G (x m , x m , xi) « c. This means (x n ) is a G-cone Cauchy sequence in X. □ 



Definition 5. Let (X,G) and lX,G ) be two G-cone metric spaces and let f : 

(X,G) — ► [X ,G ) be a function, then f is said to be G-cone continuous at a 
point a £ X if and only if , given 9 « c, there exists 9 « cq such that x, y G X ; 
and G (a, x, y) << cq implies G (/ (a) , / (x) , / (y)) << c. A function f is G-cone 
continuous at X if and only if it is G-cone continuous at all a € X . 

Lemma 8. Let (X, G) and lX,G ) be two G-cone metric spaces. Then a function 

f : (X, G) — > f X ,G j is G-cone continuous at a point x € X if and only if it is 

G-cone sequently continuous at x; that is , whenever (x n ) is G-cone convergent to 
x, (f (x n )) is G-cone convergent to f{x). 

Proof. Suppose that a function / : X — > X is G-cone continuous at a point x G X. 
And suppose that (x n ) is G-cone convergent to x. We choose arbitrary c € E with 
9 << c. From (x n ) is G-cone convergent to x, for any c\ G E with 9 << c\, there 
exists N £ N such that for all n, to > N, G (x, x n , x m ) « c\. And from a function 
/ : X — > X is G-cone continuous at a point x G X, for c G E with 6 « c, there 
exists 9 « c ; and G(x,x n ,x m ) « c implies G (/ (x) ,f (x n ) , f (x m )) « c. 
This means (/ (x n )) is G-cone convergent to / (x). Therefore f is G-cone sequently 
continuous at x. 

Conversely suppose that f is G-cone sequently continuous at x but f is not G-cone 
continuous at x. Then there is c G E with 9 « c and for every cq G E with 9 « 
Co, all x, y, z G X; G (x, y, z) « cq implies c << G (/ (x) , / (y) , / (z)). Then if 
we choose (x n ) is a sequence in X, for any Co G E with 9 << cq, x ni x m G (x n ) C X: 
G (x, x n , x m ) « Co. Especially if we choose for all n,m > N, G (x, x n ,x m ) « cq 
too. This means (x n ) is G-cone convergent to x. Since f is not G-cone continuous at 
x, c « G (/ (x) , / (x n ) , / (x m )). This means (/ (x n )) is not G-cone convergent to 
/ (x). This is a contradiction with f is G-cone sequently continuous at x. Therefore 
f is G-cone continuous at i. □ 

Definition 6. A G-cone metric space (X, G) is called symmetric G-cone metric 
space if G (x, y,y) — G (y, x, x) for all x, y G X . 
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Lemma 9. Let [X, G) be a G-cone metric space, P be a normal cone with normal 
constant K. Then the function G{x,y,z) is jointly continuous in all three of its 
variables. 

Proof. From Lemma 8, be G-cone continuous and be G-cone sequently continuous 
are equivalent in G-cone metric spaces. Hence, if G is jointly sequently continuous 
in all three of its variables, it is jointly continuous in all three of its variables. 
Suppose that (x n ),(y n ),(z n ) are sequences in X and (x n ) is G-cone convergent to 
x in X, (y n ) is G-cone convergent to y in X, (z n ) is G-cone convergent to z in X. 
For every e > 0, choose c € E with 6 « c and ||c|| < 6A ? +3 - From (x n ) is G-cone 
convergent to x, (y n ) is G-cone convergent to y, (z n ) is G-cone convergent to z, 
there is N € N such that for all n,m> N, G (x, x n , x, m ) « c, G (y, y n , y m ) « c, 
G (z, z n , z m ) « c. We have 

G(x,y,z) < G(x,x n ,x n ) + G(x n ,y,z) 

— G (x, x n , x n ) + G (y, x n , z) 

< G(x,x n ,x n ) +G(y,y n ,y n ) +G(y n ,x„,z) 
= G(x,x n ,x n ) +G(y,y n ,y n ) +G(z,y n ,x n ) 

< G(x,x„,x n ) +G(y,y n ,y n ) +G(z,z„,z„) + G(z n ,y n ,x n ) 
= G(x,x„,x n ) +G(y,y n ,y n ) +G(z,z„,z„) + G(x ni y n ,z n ) 

Hence G{x,y,z) < G (x,x n ,x n ) + G (y,y n ,y n ) + G (z, z„, z„) + G (x„,y n , z n ). And 
similarly we have G (x n , y n ,z n ) < G (x n ,x, x)+G (y n , y, y)+G (z n , z, z)+G (x, y, z). 
From (G3),G (x n ,x,x) — G (x,x,x n ) < G (x,x n ,x m ) << c and G (x,x n ,x n ) — 
G (x n , x n , x) < G (x n ,x, x m ) = G (x, x n , x m ) « c.Then 

G{x,x n ,x n ) < < c and G (x n ,x,x) << c, 
G(y,y n ,y n ) < < c and G(y n ,y,y) « c, 
G(z,z n ,z n ) < < c and G (z n , z,z) « c. 

Hence G(x,y,z) < 3c + G(x„,y n ,z n ) and G(x n ,y n ,z n ) < 3c+ G(x,y,z). Then 

< G(x n ,y n ,z n ) + 3c-G{x,y 1 z) 

< 3c + G (x, y, z) + 3c — G (x, y, z) = 6c. 

Since P is a normal cone with normal constant K, 

\\G(x n ,y n ,z„) - G(x,y,z)\\ < \\G(x„,y n ,z n ) - G(x,y,z) + 3c- 3c|| 

< \\G(x n ,y n ,z n ) -G(x,y,z) + 3c|| + ||3c|| 

< 6K || c\\ +3 || c\\ = (6AT + 3) ||c|| < e. 

Therefore G (x n , y n , z n ) — > G (x, y, z) (n — > oo). D 

Lemma 10. Every G-cone metric space {X, G) will define a cone metric space 
(X,d G ) by 

(2.1) d G (x,y) = G(x,y,y) + G (y, x, x) , Mx, y € X 
Note that if (X, G) is symmetric G-cone metric space, then 

(2.2) d G (x,y) = 2G(x,y,y),Vx,y€X 
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However, if (A, G) is not symmetric, then it holds by the G-cone metric properties 
that 

3 

(2.3) -G (x, y, y) < d G (x, y) < 3G (x, y, y) , Vx, y G X 

and that in general these inequalities cannot be improved. 

Proof. Suppose that (X, G) is G-cone metric space. And we choose d G (x, y) — 
G (x, y,y) + G (y, y, x), Vx, y G A. If d G (x, y) satisfies 

(dl) , (d2),(d3), then it is a cone metric. 

(dl) For all x, y G X with x 7^ y, da (x, y) — G (x, y,y) + G (y, x, x). From (G2), 
8 < G(x,y,y) and 8 < G(y,x,x); for all x,y G X with i/j. Therefore < 
d<3 (x, y); for all x,y <E X with x 7^ y. 

From (G1),G (x, y, y) = 8 and G(y,x,x) — 9 if and only if x = y. Hence 
d G ( x , ?/) = if an( l only if x = y. 

(d2) For all x,y e X, d G (x, y) = G (x, y, y)+G (y, x, x) = G (y, x, x)+G (x, y, y) = 
<i(5 (y, x). Hence for all x, y G X, d G (x, y) = d<5 (y, x). 

(d3) For all x,y,z <G X, 

dc{x,y) = G(x,y,y) + G(y,x,x) 

< G (x, z, z) + G (z, y,y) + G (y, z, z) + G (z, x, x) 

= G (x, z, z) + G (z, x, x) + G (z, y,y) + G (y, z, z) 

= d G (x, z) + d G (z,y). 

From (dl), (d2) and (d3), d G (x, y) is a cone metric and (X, d G ) is a cone metric 
space. 

Now suppose that (X, G) is a symmetric G-cone metric space. Then for all 
x,y e X, 

da (x, y)=G (x, y,y) + G (y, x, x) = 2G (x, y, y). 

And suppose that if (X, G) is not symmetric, for all x,y G A, 3G(x,y,y) < 
dc{x,y) < |G(x,y,y). 

Then 6G (x, y, y) < 2d G (x, y) < 3G (x, y, y) hence from 

1d G (x,y) < 3G(x,y,y), 
2[G(x,y,y) + G(y,x,x)] < 3G(x,y,y), 
2G(y,x,x) < G(x,y,y). 

This is a contradiction, since, from (G5), for all x, y G A, G (x, y,y) = G (y, x, y) < 
G (y, x, x) + G (x, x, y) = 2G (y, x, x). 
Similarly from 

6G(x,y,y) < 2d G (x,y), 

6G(x,y,y) < 2 [G (x,y,y) + G (y, x,x)] , 

4G(x,y,y) < 2G(y,x,x), 

2G(x,y,y) < G(y,x,x). 

This is a contradiction too, since, from (G5), for all x, y G X,G (y, x, x) = G (x, y, x) < 
G (x, y,y) + G (y, y, x) = 2G (x, y, y). 

These contradictions imply that for all x,y G X, |G(x,y, y) < d G (x,y) < 
3G(x,y,y). " □ 
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Definition 7. A G-cone metric space {X, G) is G-cone complete (or complete G- 
cone) metric space if every G-cone Cauchy sequence in {X, G) is G-cone convergent 
in {X,G). 

Lemma 11. A G-cone metric space (X, G) is complete G-cone metric space if and 
only if (X, da) is complete cone metric space. 

Proof. Suppose that (X, G) is complete G-cone metric space and (x„) is a Cauchy 
sequence in (X, da)- We choose arbitrary c <G E with 9 « c. From (x„) is a Cauchy 
sequence in (X, da), there is N € N such that for all n,m> N, da (x n , x m ) « |. 

1 ncn ClQ \X n , X m j — (_r [X n , X m , X m J -r Cx yXjyi , X n , X n j <~<~ 2 • 

Hence for all n,m,l > N, G (x n , x m , xi) < G (x„, x m , x m ) + G (x m , x m , xi) « 

- 4- - = c 

2 2 . 

This means (x n ) is a G-cone Cauchy sequence in {X, G). Since (X, G) is complete 

G-cone metric space, (x ra ) is G-cone convergent to x in (X, G). Then for any c G E 
with 9 « c, there is JVi e N such that for all n,m > N\,G (x n , x m ,x) « |. 
Hence from Lemma 3 for any c € E with 9 << c, there is N\ G N such that for all 
n > Ni,dc (x n ,x) — G (x n ,x, x) + G (x,x n ,x n ) << | + | = c. This means (x n ) is 
convergent to x in (X,dc)- Therefore (X,dc) is complete cone metric space. 

Conversely suppose that (X, do) is complete cone metric space and (x n ) is a 
G-cone Cauchy sequence in (X, G). We choose arbitrary c £ E with 9 « c. From 
(x„) is a G-cone Cauchy sequence in (X, G), there is N <E N such that for all 
n,m,l > N, G (x n ,x m ,xi) << |. Hence for all n, m — I > N, do (x n ,x m ) — 

^ \Xm x m , Xjyi) -\- l_r ^X m , X n , X n ) <^<. 2^2 

This means (x„) is a Cauchy sequence in (X, c?g). Since (X,dc) is complete 
cone metric space, (x„) is convergent to x in (X, rf(j). 

Then for any c € E with 9 << c, there is TVi € N such that for all n > N\, 
da (x n ,x) « f . Then d G (x n ,x) = G(x„,x,x) + G(x,x n ,x n ) << §. 

Hence from (G5), for any c E E with 9 « c, there is JVi S N such that for all 
n,m > iVi, 

(-* l,Xn, X m , XJ J^ ^ V^ni ^rai Xm) -r (jr ^X m , X m , XJ \ Lr \X n , X, XJ -f- Lr [X, X m , X m ) ~\- 
*-* \Xmj X m , X) <^<^ 2 2 ^' 

This means (x„) is G-cone convergent to x in (X, G). Therefore (X, G) is com- 
plete G-cone metric space. □ 

3. Main results 

Here we start our work with the following theorem. 

Theorem 1. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — > X be a mapping satisfying one of the 
following conditions 

G(T(x),T(y),T(z)) < {aG (x,y,z) + bG (x,T(x) ,T(x)) 

(3.1) +cG (y, T(y),T (y)) + dG (z, T (z) , T («))} 
or 

G(T(x),T(y),T(z)) < {aG(x,y,z) + bG (x,x,T(x)) 

(3.2) +cG (y, y, T (y)) + dG [z, z, T (z))} 

for all x, y, z G X where 0<a + b + c + d< 1, then T has a unique fixed point (say 
u, i.e., Tu = u), and T is G-cone continuous at u. 
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Proof. Suppose that T satisfies condition (3.1), then for all x^cl, we have 
G (Tx, Ty, Ty) < aG (x, y, y) + bG (x, Tx, Tx) + {c + d)G (y, Ty, Ty) , 

(3.3) 

G (Ty, Tx, Tx) < aG (y, x, x) + bG (y, Ty, Ty) + (c + d)G (x, Tx, Tx) 
Suppose that (X, G) is symmetric, then by definition of cone metric (X, d G ) and 
( 2.2), we get for all i,t/£l, 

d G (Tx,Ty) < ad G (x,y) + d G (x,Tx) 

(3.4) + c i±l±± dGiy: Ty) 

In this line, since 0<a + b + c + d< 1, then the existence and uniqueness of the 
fixed point follows from well-known theorem in cone metric space (X,d G ).(see [9]) 
However, if (X, G) is not symmetric then by definition of cone metric (X, da) 
and (2.3), we get for all x, y € X. 

d G (Tx, Ty) < ad G (x, y) -\ d G (x, Tx) 

a *\ t 2(c + d + b) 

(3-5) + d G (y,Ty) 

Then the cone metric condition gives no information about this map since < 
a _| — (c+ + 1 _| — C c + + ) neec j no t De i ess than 1. But this can be proved by G-cone 
metric. 

Let xq € X be an arbitrary point, and define the sequence (x n ) by x n — T n (xq). 
By (3.1), we have 

*-* \%m «£n+l> Xn+l) _r ^^ \pCn— 1? X n , %n) ~r 0*^ \%n— 1; X n , X n ) 

(3.6) +(c + d)G(x n ,x n+ i,x n+ i) , 
then 

(3.7) G (x n ,x n+1 ,x n+1 ) < — — G (x n -i,x„, x n ) . 

1 - (c 4- a) 

Let q = izr^fd) , tncn < q < 1 since < a + b + c + d <1. So, 

(3.8) G(x n ,x n+ i,x n+1 ) <qG(x n -i,Xn,x n )- 
Continuing in the same argument, we will get 

(3.9) G (x n ,x n+1 ,x n+1 ) < q n G (x , x 1 ,x 1 ) . 
Moreover, for all n, m <E N; n < m, we have by rectangle inequality 

G(x n ,X m ,X m ) < G {X n , X n +l,X n +l) +& (x n +l,X n +2, £71+2) 

+G (x n+2 ,x n+3 ,x n+3 ) + ... + G(x m -i,x m ,x m ) 
< {q n +q n+1 + ... + q m - l )G(x ,X 1 ,x 1 ) 

q n 

(3.10) < G(x ,xi,xi), 

Since P is a normal cone with normal constant K, 

q n 
\\G(x n ,x m ,x m )\\ < K- ||G(x ,xi,a;i)|| . 

i -q 
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This means limG (x n ,x m ,x m ) — 0, as n,m — ► oo. Thus, from Lemma 7, (x n ) is 
G-cone Cauchy sequence. Due to the completeness of (X, G), there exists u € X 
such that (x n ) is G-cone converge to u. 
Suppose that Tu ^ u, then 

G (x n ,T (u) ,T (u)) < aG(x n -i ) u,u) + bG(x n -i,x n ,x n ) 

(3.11) + {c + d)G(u,T(u),T(u)), 

Since P is a normal cone with normal constant K, 

||G(a; n ,T(u),r(u))|| < K (a\\G(x„-i,u,u)\\+b\\G(x n -i,x n ,x n )\\ 

+ (c + d)\\G(u,T(u),T(u))\\.) 

And using the fact that (x n ) is G-cone Cauchy sequence, (x n ) is G-cone converge 
to u, then 

||G(» n ,r(«),r(«))||<(c + d)l|G(«,r(«),r(«))||. 

This contradiction implies that u — Tu. To prove uniqueness, suppose that b/d 
such that Tv — v, then 

G(u,v,v) < aG (u,v,v) + bG (u,T (u) ,T (u)) 
+ (c + d)G(v,T(v),T(v)) 

(3.12) = aG{u,v,v) 

Since P is a normal cone with normal constant -K\||G (u, v, v)\\ < Ka \\G (u, v, v)\\ . 
This contradiction implies that u — v. To show that T is G-cone continuous at u, 
let (y n ) Clbea sequence such that lim (y n ) = u. We can deduce that 

n >oo 

G(u,T(y n ),T(y n )) < aG (u,y n ,y n ) + bG (u,T (u) ,T (u)) 

+ (c + d)G(y n ,T(y n ),T(y n )) 
(3-13) = aG(u,y n ,y n ) + (c + d)G(y n ,T(y n ),T(y n )), 

and since G (y n , T (y n ) , T (y n )) < G (y n , u,u) + G (u, T (y n ) , T (y n )), we have that 

G(u,T(y n ),T(y n )) < — -—G{u,y n ,y n ) 

1 — (c + d) 

c + d _, . . 

+ l-(c + d) G{yn > U > u) - 

Since P is a normal cone with normal constant K, 

\\G(u,T(y n ),T(y n ))\\ < K ^ _ ° + \\G (u,y n ,y n )\\ 

'\G(y n ,u,u)\\ 



1 - (c + d) 

Taking the limit as n — > oo, from which we see that G (u,T (y n ) ,T (y n )) — ► 
and so, by Lemma 8, T (y n ) — > u = Tu. It is proved that T is G-cone continuous 
at u. 

If T satisfies condition (3.2), then the argument is similar to that above. However, 
to show that the sequence (x n ) is G-cone Cauchy, we start with 

G (x n ,x n ,x n +i) < aG (x n -i, x n - i,x n ) + (6 + c) G [x n -\,x n - i,x n ) 

(3.14) +dG(x n ,x n ,x n+1 ), 
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then 

(3.15) G (x n , x n , x n +i) < — - — G [x n -i, x n -i, x n ) . 

Let q = g ^z^, then < q < 1 since < a + b + c + d < 1. 
Continuing in the same way, we find that 

(3.16) G (x„, x„, x n+ i) < q n G (x , xo, xi) . 

Then for all n, m € N; n < m, we have by repeated use of the rectangle inequality 
G (x n ,x n , x m ) < j— G (xot Xo, Xi) . □ 

Corollary 1. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — ► X be a mapping satisfying one of the 
following conditions: 

G(T m (x),T m (y),T m (z)) < {aG(x,y,z) + bG(x,T m (x) ,T m (x)) 

(3.17) +cG (y, T m (y) , T m (y)) + dG (z, T m (z) , T m (z))} 

or 

G (T m (x) ,T m (y) ,T m (z)) < {aG (x,y,z) + bG (x,x,T m (x)) 

(3.18) +cG (y, y, T m (y)) + dG (z, z, T m (z))} , 

for all x,y,z G X , where 0<a + b + c + d< 1. Then T has a unique fixed point 
(say u), and T m is G-cone continuous at u. 

Proof. From the previous theorem, we see that T m has a unique fixed point (say 
u), that is, T m (u) = u. But T (u) = T (T m (u)) = T m+1 (u) = T m (T («)), so T (u) 
is another fixed point for T m and by uniqueness Tu — u. □ 

Theorem 2. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — > X be a mapping. If for some constant 
< k < 1 and for all x,y, z € X , there exists 

u€{G(x,T(x),T(x)),G(y,T(y),T(y)),G(z,T(z),T(z))} 

such that 

(3.19) G(T(x),T(y),T(z))<ku 
or there exists 

w e {G (x, x, T (»)) , G (y, y, T (y)) , G (z, z, T (z))} 
such that 

(3.20) G(T(x),T(y),T(z))<kw, 

then T has a unique fixed point (say u), and T is G-cone continuous at u. 

Proof. Suppose that T satisfies condition (3.19), then for some constant < k < 1 
and for all x, y € X, there exists 

u e {G (x, Tx, Tx) , G (y, Ty, Ty)} 

such that 

G (Tx, Ty, Ty) < ku, 

(3.21) 

G (Ty, Tx, Tx) < ku. 
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Suppose that (X, G) is symmetric, then by definition of the cone metric (X, d G ) 
and (2.2), there exists v = 2u e {d G (x,Tx) ,d G (y,Ty)} such that d G (Tx,Ty) < 
kv,Wx, y € X. Since < k < 1, then the existence and uniqueness of the fixed point 
follows from a theorem in cone metric space {X, d G ). (see [9]) 

However, if (X, G) is not symmetric, then by definition of the metric (X, d G ) 
and (2.3), there exists v € {d G (x, Tx) , d G (y, Ty)} such that 

4fc 

(3.22) d G {Tx 1 Ty)<—v^x,yeX. 

The cone metric condition gives no information about this map since 4^ need not 
be less than 1, but we will proof it by G-cone metric. Let xq G X be an arbitrary 
point, and define the sequence (x n ) by x n — T n (x ). By (3.19), there exists 
u G {G(x n -i,x n ,x n ) ,G(x n ,x n+ i,x n+ i)} such that 

G (x n , x n+ i, x n+ i) < ku 

(3.23) = k(Gx n -i,x n ,x n ) (since < k < 1) . 
Continuing in the same argument, we will find 

(3.24) G (x n , x n+1 , x n+1 ) < k n G (x , Xi, x{) . 
For all n, m G N; n < m, we have by rectangle inequality that 

G{X n ,X m ,X m ) < G \X n , X n +i, X n +i) + G (X n +l, X n +2, x n+2) 

+G (x n+2 ,x n+3 ,x n+3 ) + ... + G(x m -i,x m ,x m ) 
< (k n + k n+1 + ... + k m - 1 )G(x ,x 1 ,x 1 ) 

k n 

(3.25) < -—-G(xo,x u xi). 

Since P is a normal cone with normal constant K, 

k n 

||G(a;„,x m ,a; m )|| < K- \\G (x ,xi,xi)|| . 

1 — k 

Then, limG (x n ,x m , x m ) — 9, as n,m — > oo, and thus, from Lemma 7, (x n ) is 
G-cone Cauchy sequence. Due to the completeness of (X, G), there exists u <G X 
such that (x n ) — > u. 

Suppose that Tu ^ u, then there exists 

t e {G (x n+ i, x„ + 2, x n+ i) ,G(u,T (u) , T (u))} 

such that G (x„+i, T (u) , T (u)) < kt. Since P is a normal cone with normal con- 
stant K, 

\\G(x n+1 ,T(u),T(u))\\ <Kk\\t\\ 

and by taking the limit as n — > oo, and using the fact that (x n ) is G-cone 
Cauchy sequence, (x n ) is G-cone converge to u, we get that \\G (u, T (u) , T (u))\\ < 
Kk\\9\\ =0 or ||G(u,T(w),T(u))|| < Kk\\G{u,T(u) ,T(u))\\ . Then these implie 
that u = Tu. 

To prove uniqueness, suppose that u ^ v such that Tv — v, then there exists 
p G {G (v, v, v) , G (u, u, u)} such that G (u, v,v) < kp — 9 which implies that u = v. 

To show that T is G-cone continuous at u, let (y n ) C X be a sequence such that 
lim (y n ) = u, then there exists q e {G (u,T (u) ,T (u)) ,G (y n ,T (y n ) ,T (y n ))} 

n ^oo 

such that 

(3.26) G(u,T(y n ),T(y n ))<kq. 
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Then G (u,T (y n ) ,T (y n )) < kG(u,T (u) ,T (u)) — 6 implies that T (y n ) = u, 
Vn e N. Or G (u, T (y n ) , T (y n )) < kG (y n , T (y n ) , T (y n )) .But, 

G {y n , T (y n ) , T (y n )) < G (y n , u,u) + G {u, T (y n ) , T (y n )) 

then G (u,T (y n ) ,T (y n )) < lj^)G(y n ,u,u). Since P is a normal cone with 

normal constant K, \\G (u,T (y n ) ,T (y n ))\\ < K [^) \\G(y n ,u, u)\\ . Taking the 
limit as n — > 00, from which we see that G (u,T (y n ) ,T (y n )) — > 9, and so by 
Lemma 8, T (y n ) — ► u = Tu. So these implie that T is G-cone continuous at 
u. ' D 

Corollary 2. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — > X be a mapping. If for some m G N, 
some constant < k < 1 and for all x,y, z € X , there exists 

ue{G (x, T m (x) , T m (a;)) , G (y, T m (y) , T m (y)) , G (z, T m (z) , T m (z))} 

such that 

(3.27) G (T m (x) , T m (y) , T m (z)) < ku 
or there exists 

we{G (x, x, T m (xj) , G (y, y, T m (y)) , G (z, z, T m (z))} 
such that 

(3.28) G(T m {x),T m (y),T m (z))<kw, 

then T has a unique fixed point (say u), and T m is G-cone continuous at u. 

Proof. We use the same argument as in Corollary 1. □ 

Theorem 3. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — > X be a mapping. If for some constant 
< k < 1 and for all x, y G X , there exists 

u e {G (x, T(y),T (y)) ,G(y,T (x) , T (x)) ,G(y,T (y) , T (y))} 

such that 

(3.29) G(T(x),T(y),T(y))<ku 
or there exists 

w e {G (x, x, T (y)) , G (y, y, T (x)) , G (y, y, T (y))} 
such that 

(3.30) G(T(x),T(y),T(y))<kw, 

then T has a unique fixed point (say u) and T is G-cone continuous at u. 

Proof. Suppose that T satisfies condition (3.29) then for some constant < k < 1 
and for all x,y € X, there exists 

ui € {G(x,Ty,Ty),G(y,Tx,Tx),G(y,Ty,Ty)}, 

u 2 E {G(x,Ty,Ty),G(y,Tx,Tx),G(x,Tx,Tx)} 

such that 

G(Tx,Ty,Ty) < fcui, 

(3.31) 
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G (Ty, Tx, Tx) < ku2- 

Suppose that (X, G) is symmetric, then by definition of the cone metric (X, d G ) 
and (2.2), there exists 

v S \ d G (x, Ty) , d G (y, Tx) , -d G (x, Tx) , -d G (y, Ty) 

such that 

(3.32) d G (Tx,Ty) <kv,\/x,yeX 

Since < k < 1, then the existence and uniqueness of the fixed point follows from 
a theorem in cone metric space (X, d G ). However, if (X, G) is not symmetric, then 
by definition of the metric (X,d G ) and (2.3), there exists 

v e < d G (x, Ty) , d G (y, Tx) , -d G (x, Tx) , -d G (y, Ty) 

such that 

4fc 

(3.33) d G (Tx, Ty) < —v, Vx, y e X. 

The cone metric condition gives no information about this map since 4r need not 
be less than 1, but we will proof it by G-cone metric. Let xq G X be an arbitrary 
point, and define the sequence (x n ) by x„ = T n (xo). By 3.29, there exists 

u 3 e {G(x n -i,x„,+i,x n +i) ,G(x n ,x n+ i,x n+ i)} 

such that 

G(x n ,x n+1 ,x n+ i) < ku 3 

(3.34) = kG(x n -i,x n +i,x n +i) (since < k < 1). 
So, 

(3.35) G(x n ,x n+ i,x n+ i) < kG (x n -i,x n+ i,x n+ i) , 
and using there exists 

u 4 e {G (x n - 2 , x n+ i, x n+ i) ,G(x n ,x n -i,x n -i) ,G(x n ,x n+ i,x n+ i)} 
such that 

(3.36) G(x n _i,x n+1 ,x n+1 ) < kui, 
then, 

(3.37) G(x„,x n+ i,x n+ i) < k 2 u 4 . 
Continuing in this procedure, we will have 

(3.38) G(x n ,x n+ i,x n+ i) <k n T n , 

where 

T„ e {G(xi,Xj,Xj) :for all i,j e {0, 1, ...,n+ 1}}. 
Then for all ti,meN;n<m, we have by rectangle inequality 

G(x n ,x m ,x m ) < G(x n ,x n+ i,x n+ i) + G(x n+1 ,x n+ 2,x n+2 ) 

~r(_T \X n -\-2i *^n+3; *^n+3/ i ••• ' ^ v*^?n— 1 ; X rn , Xyy^J 

(3.39) < fc"T„ + A;" +1 T n+1 + ... + fc m - 1 T m _ 1 
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Since P is a normal cone with normal constant K, 

||G(a; n) a; m ,a; m )|| < K \\k n T n + k n+1 T n+1 + ... + k m - l T m _4 

< K {k n \\T n \\ + k n+1 \\T n+1 \\ + ... + k m - 1 ||T m _i||} , 
If we choose To = max{|jTi|| ; for all i = n, ..., m — 1} then 

\\G(x n> x m ,x m )\\ < K(k n + k n+l + ... + k m - l )T 

Then, limG (x n , x m , x m ) = 9, as n, m — ► oo, and thus, from Lemma (1.11), (x n ) is 
G-cone Cauchy sequence. Since (X, G) is G-cone complete then there exists «£l 
such that (x n ) is G-cone converge to u. Suppose that Tu ^ u, then by (3.29), there 
exists 

t £ {G (x n -i,T (u) , T (u)) , G (u, x n+1 ,x n+1 ) ,G(u,T (u) , T (u))} 

such that 

(3.40) G(x n ,T(u),T(u))<kt. 

Taking the limit as n — > oo, we get G (u, T (u) , T (u)) = implies Tu = u or 

G (u, T{u),T (u)) < kG (u, T(u),T (u)) 

, this contradiction implies that u — Tu. To prove the uniqueness, suppose that 
u 7^ v such that Tv — v. So, by (3.29), there exists t £ {G (u,v,v) ,G (v,u,u)} 
such that 

(3.41) G (u, v,v)<kt^G (u, v, v) < kG (v, u, u) . 
Again we will find G (v, u, u) < kG (u, v, v), so 

(3.42) G(u,v,v) < k 2 G(u,v,v), 
since P is a normal cone with normal constant K, 

||G(u,v,t;)|| <Kk 2 \\G(u,v,v)\\ 

, since < k < 1, this implies that u = v. To show that T is G-cone continuous 
at u, let (y n ) Clbea sequence such that lim (y n ) = u, then by (3.29), there 

n >oo 

exists 

* £ {G (u, T (y n ) , T (y n )) , G (y n , T(u),T («)) , G (y n , T (y n ) T (y n ))} 
such that 

(3.43) G(u,T(y n ),T{y n ))<kt. 

But, 

G (y n ,T (y n ) ,T (y n )) < G (y n ,u,u) + G (u,T (y n )T (y n )) 

so, G (u,T (y n ) ,T {y n )) < j^G(y n ,u,u). 

Since P is a normal cone with normal constant K, 

||G(u,r(y n ),r(y n ))|| <lir r ^||G(i/ n ,«,«)||. 

Taking the limit as n — > oo, from which we see that G (u, T (y n ) , T (y n )) — ► 9 
and so, by Lemma (1.13), we have T (y n ) — ► u = Tu which implies that T is 
G-conc continuous at u. D 
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Corollary 3. Let {X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — ► X be a mapping. If for some constant 
< k < 1 and for all x,y, z G X , there exists 

( G(x,T(y),T(y)),G(x,T(z),T(z)), 

uG { G(y,T(x),T(x)),G(y,T(z),T(z)), 

{ G(z,T(x),T(x)),G(z,T(y),T(y)) 

such that 

(3.44) G(T(x),T(y),T(z))<ku, 

there exists 

( G(x,x,T(y)),G(x,x,T(z)), 
we { G(y,y,T(x)),G(y,y,T(z)), 

{ G(z,z 7 T(x)),G(z,z,T(y)) 
such that 

(3.45) G(T(x),T(y),T(z))<kw. 

Then T has a unique fixed point (say u) and T is G-cone continuous at u. 

Proof. If we let z = y in conditions (3.44) and (3.45), then they become conditions 
(3.29) and (3.30), respectively, in Theorem 3; so the proof follows from Theorem 
3. □ 

Corollary 4. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — ► X be a mapping. If for some m G N, 
some constant < k < 1 and for all x, y, z G X , there exists 

" G(x 1 T m (y) 1 T m (y)),G(x,T m (z),T m (z)), 

u G { G(y,T m (x),T m (x)),G(y,T m (z),T m (z)), 

G (z, T m (x) , T m (a;)) , G (z, T m (y) , T m (y)) 

G(x,x,T m (y)),G(x,x,T m (z)), 
G <( G(y,y,T m (x)),G(y,y,T m (z)), 

G(z,z,T m (x)),G(z,z,T m (y)) 

, h G {G(x,T m (y),T m (y)),G(y,T m (x),T m (x)),G(y,T m (y),T m (y))} such 
that 

G{T m (x),T m (y),T m (z)) < ku, 

(3.46) G(T m (x),T m (y),T m (z)) < kw, 
G(T m (x),T m (y),T m (y)) < kh. 

or t 2 G {G (x, x, T m (y)) , G (y, y, T m (x)) , G (y, y, T m (y))} such that 

(3.47) G (T m (x) , T m (y) , T m (y)) < kt 2 . 

Then T has a unique fixed point (say u) and T m is G-cone continuous at u. 

Proof. The proof follows from Theorem 3, Corollary 3, and from an argument 
similar to that used in Corollary 1. □ 

Theorem 4. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — > X be a mapping. If for some constant 
< k < 1 and for all x, y G X , there exists 

u G {G (x, T(y),T (y)) ,G(y,T (x) , T (a:))} 
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such that 

(3.48) G(T(x),T(y),T(y))<ku 

or there exists 

wE{G(x,x,T(y)),G(y,y,T(x))} 
such that 

(3.49) G(T(x),T(y),T(y))<kw, 

then T has a unique fixed point (say u) and T is G-cone continuous at u. 

Proof. Since whenever the mapping satisfies condition (3.48), or (3.49), then it 
satisfies condition (3.44), or (3.45), respectively, in Theorem 3. Then the proof 
follows from Theorem 3. □ 

Corollary 5. Let (X, G) be a complete G-cone metric space, P be a normal cone 
with normal constant K and let T : X — > X be a mapping satisfying one of the 
following conditions : 

(3.50) G (T (x) ,T(y),T (y)) <a{G (x, T (y) ,T (y)) +G(y,T (x) , T (x))} 
or 

(3.51) G (T (x) ,T(y),T (y)) <a{G (x, x, T (y)) + G (y, y, T (x))} 

for all x, y E X , where a E [0, |), then T has a unique fixed point (say u,i.e.,Tu = 
u), and T is G-cone continuous at u. 

Proof. Suppose that T satisfies condition (3.50), then we have 

G (Tx, Ty, Ty) <a{G (y, Tx, Tx) + G (x, Ty, Ty)} , 

(3.52) 

G (Ty, Tx, Tx) <a{G (x, Ty, Ty) + G (y, Tx, Tx)} , 

for all x,y E X. 

Suppose that (X, G) is symmetric, then by definition of the cone metric (X, do) 
and (2.2), we get 

(3.53) d G (Tx,Ty) < a{d G (x,Ty) + d G (y,Tx)} ,Vx,y € X. 

Since < 2a < 1, then the existence and uniqueness of the fixed point follow from 
a theorem in cone metric space (X, d G )- 

However, if (X, G) is not symmetric, then by definition of the metric (X, d G ) 
and (2.3), we have 

4a 4a 

(3.54) d G (Tx, Ty) < —d G (x, Ty) + —d G (y, Tx) , Vx, y E X. 

So, the cone metric space (X, d G ) gives no information about this map since ^? 
need not be less than 1. But this can be proved by G-cone metric. 

Let xq G X be arbitrary point, and define the sequence (x n ) by x n = T n (xo), 
then by (3.50), we have 

G (x n , x n +i,x n -\-i) < a\G (x n -i, x n +i, x n +\) + G (x n ,x n , x n )\ 

(3.55) = aG (x n -i,x n +i,x n +i) . 
But 

(3.56) G (x n -i, x n+ i, x n+ i) < aG (x„_ 1: x n , x n ) + aG (x n , x n+ i, x n+ \) , 
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thus we have 

(3.57) G(x„,x n+ i,x n+ i) < G(x„-i,x n ,x„). 

1 — a 

Let k — tz— , hence < k < 1 then continue in this procedure, we will get that 

G(x n ,x n+ i,x n +i) < k n G (x ,xi,xi). 
For all n, m G N; n < m, we have by rectangle inequality that 

G(x ni x m ,x m ) < G (x n , x n+ i, x n+ i) + G (x n +i, X n+ 2-, X n+ 2) 

+G (x n+2 ,x n+3 ,x n+3 ) + ... + G(x m -i,x m ,x m ) 
< (k n + k n+1 + ... + k" 1 - 1 ) G {x ,x u xi) ■ 

k n 

(3.58) < - G(x ,xi,xi) . 

Since P is a normal cone with normal constant K, 

k n 

\\G(x n ,x m ,x m )\\ < K ||G(o;o,xi,a;i)|| . 

I — k 

Then,limG (x n ,x m , x m ) — 9, as n,m — > oo, and thus, from Lemma (1-11), {x n ) 
is G-cone Cauchy sequence. Due to the completeness of (X, G), there exists u E X 
such that (x n ) — ► u. 

Suppose that Tu ^ u, then 

G(x n ,T(u) ,T(u)) < a{G(x„-i,T(u) ,T (u)) + G(u,x n ,x n )} . 

Since P is a normal cone with normal constant K, 

\\G(x n ,T(u),T(u))\\ < Ka\\G (a: n _i, T (u) ,T(u)) +G(u,x n ,x n ) \\ 

and by taking the limit as n — > oo, and using the fact that (x n ) is G-cone Cauchy 
sequence, (x n ) is G-cone converge to u, we get that 

||G(«,r(«),r(«))||<A-o||G(«,T(«),r(u))||. 

This contradiction implies that u — Tu. 

To prove uniqueness, suppose that u ^ v such that Tv = v, then 

G {u, v,v) < a {G (u, v, v) + G (w, u, u)} 

so 



(3.59) G(u,v,v) < [k= \G(v,u,u), 

again by the same argument, we can verify that G (u, v, v) < k 2 G (u, v, v), since P 
is a normal cone with normal constant K, 

\\G(u,v,v)\\ <Kk 2 \\G(u,v,v)\\. 

This contradiction implies that u = v. 

To show that T is G-cone continuous at u, let (y n ) CXbea sequence such that 
lim (y n ) — u, then 

(3.60) G (u, T (y n ) , T (y n )) <a{G (u, T (y n ) , T (y n )) + G (y n , T (u) ,T («))} , 
and so 

G (u, T (y n ) , T (y n )) < (^A G (y n , T(u),T («)) . 
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Since P is a normal cone with normal constant K, 

\\G{u,T{y n ),T{y n ))\\<(^^\\G{y n ,T{u),T{u))\\. 

Taking the limit as n — ► oo, from which we see that G (u, T (y n ) , T (y n )) — ► 0. By 
Lemma (8), we have T (y n ) — ► u = Tu which implies that T is G-cone continuous 
at u. □ 
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Abstract. In this paper, we establish the generalized Hyres-Ulam-Rassias stability of the 
mixed type additive and quadratic functional equation 

/(3s + y) + /(3x - y) = f(x + y) + f(x -y) + 2/(3x) - 2f(x) 

in menger probabilistic normed spaces. 

1. Introduction 

The stability problem of functional equations originated from a question of Ulam [30] in 1940, 
concerning the stability of group homomorphisms. Let (Gi, .) be a group and let (G2, *, d) 
be a metric group with the metric d(., .). Given e > 0, does there exist a 8 > 0, such that if a 
mapping h : G\ — > G2 satisfies the inequality d(h(x.y), h(x) *h(y)) < 5 for all x, y G Gi, then 
there exists a homomorphism H : Gi —* G2 with d(h(x),H(x)) < e for all x G Gi? In the 
other words, under what condition does there exist a homomorphism near an approximate 
homomorphism? The concept of stability for functional equation arises when we replace the 
functional equation by an inequality which acts as a perturbation of the equation. In 1941, 
D. H. Hyers [16] gave a first affirmative answer to the question of Ulam for Banach spaces. 
Let / : E — > E' be a mapping between Banach spaces such that 

\\f(x + y)-f(x)-f(y)\\<8 

for all x,y G E, and for some 8 > 0. Then there exists a unique additive mapping T : E — > E' 
such that 

\\f(x)-T(x)\\<6 

°2000 Mathematics Subject Classification: 46S40,54E40. 

°Keywords: Stability; Additive functional equation; Quadratic functional equation; 
menger probabilistic normed spaces. 
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for all x € E. Moreover if f(tx) is continuous in t £ R for each fixed x £ E, then T is linear. 
In 1978, Th. M. Rassias [26] provided a generalization of Hyers' Theorem which allows the 
Cauchy difference to be unbounded. In 1991, Z. Gajda [9] answered the question for the 
case p > 1, which was rased by Rassias. This new concept is known as Hyers-Ulam-Rassias 
stability of functional equations (see [1], [10, 15, 17] and [24, 25]). The functional equation 

f{x + y) + fix -y) = 2fix) + 2/(2,). (1.1) 

is related to symmetric bi-additive function. It is natural that this equation is called a 
quadratic functional equation. In particular, every solution of the quadratic equation (1.1) 
is said to be a quadratic function. It is well known that a function / between real vector 
spaces is quadratic if and only if there exits a unique symmetric bi-additive function B such 
that f{x) = Bix,x) for all x (see [1, 18]). The bi-additive function B is given by 

B(x,y) = \(f(x + y)-f(x-y)) (1.2) 

Hyers-Ulam-Rassias stability problem for the quadratic functional equation (1.1) was proved 
by Skof for functions f : A —* B, where A is normed space and B Banach space [29] (see 
also [2, 4] and [13]). 

We mention here the papers [7, 8, 11] and [12] concerning the stability of the mixed type 
functional equations. 

The generalized Hyers-Ulam-Rassias stability of different functional equations in random 
normed and fuzzy normed spaces has been recently studied in [6], [19], [20], [21], [22] and 
[23]. It should be noticed that in all these papers the triangle inequality is expressed by using 
the strongest triangular norm Tm- Throughout this paper, A + is the space of distribution 
functions that is, the space of all mappings F:RU {— 00, oo} — ► [0, 1], such that F is left- 
continuous and non-decreasing on R, -F(O) = and F(+oo) = 1. D + is a subset of A + 
consisting of all functions F £ A + for which l~F i+oo) — 1, where l~ fix) denotes the left 
limit of the function / at the point x, that is, l~ fix) — lim^^,- fit). The space A + is 
partially ordered by the usual point-wise ordering of functions, i.e., F < G if and only if 
Fit) < Git) for all t in E. The maximal element for A + in this order is the distribution 
function £o given by 

/ 0, ift < 0, 
£o(i) = < 

W \ 1, if * > 0. 

Definition 1.1. ([27],). A mapping T : [0, 1] x [0, 1] — > [0, 1] is a continuous triangular norm 

(briefly, a continuous t—norm) ifT satisfies the following conditions: 

(a) T is commutative and associative; 

(&) T is continuous; 

(c) T(a, 1) = a for all at [0,1]; 

id) Tia, b) < Tic, d) whenever a < c and b < d for all a,b,c,d £ [0, 1] . 

Typical examples of continuous t-norms are Tpia,b) = ah, TM(a,6) = min(a, b) and 
Tz,(a, 6) = max(a + 6—1,0) (the Lukasiewicz t—norm). Recall (see [14]) that if T is a 
t—norm and {x n } is a given sequence of numbers in [0, 1], Tf-^Xi is defined recurrently by 
Tl =1 Xi = xi and T? =1 Xi = TiT^Xi,x n ) for n > 2. T°Z n x % is defined as T^Xn+i- It is 
known ([3], [14]) that for the Lukasiewicz t—norm the following implication holds: 

oo 

lim (T L )™ lXn+ i = 1 <S=* V(l - x n ) < oo. (1.3) 
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Definition 1.2. A Menger Probabilistic normed space (briefly, PN-space) is a triple (X, p, T), 

where X is a nonempty set, T is a continuous t—norm, and p is a mapping from X into D + 

such that, the following conditions hold: 

(PN1) fj, x (t) = e (t) for allt>0 if and only if x = 0; 

(PN2) iu, ax (t) = /fe(jly) for all x € X , a + 0; 

(PNS) fi x +y(t + s) > T{fi x (t),iiy{s)) for allx,y G X andt,s> 0. 

Clearly every Menger PN-space is probabilistic metric space having a metrizable unifor- 
mity on X if sup a<1 T(a, a) = 1. 

Definition 1.3. Let (X,fi,T) be a Menger PN-space. 

(1) A sequence {x n } in X is said to be convergent to x in X if, for every e > and A > 0, 
there exists positive integer N such that fi Xn -x(e) > 1 — A whenever n > N . 

(2) A sequence {x n } in X is called Cauchy sequence if, for every e > and A > 0, there 
exists positive integer N such that fi Xn - Xm {c) > 1 — A whenever n > m > N . 

(3) A Menger PN-space (X, /x, T) is said to be complete if and only if every Cauchy sequence 
in X is convergent to a point in X . 

Theorem 1.4. If (X, fi, T) is a Menger PN-space and {x„} is a sequence such that x n — » x, 
then lim„^oo jx Xn (t) — fj, x (t) almost everywhere. 

Recently Shakeri and others [28] proved the stability of cubic functional equation on 
Menger PN-spaces. In this study, the stability of a mixed type additive-quadratic functional 
equation 

/(3s + y) + /(3x - y) = f{x + y) + f(x - y) + 2/(3x) - 2f(x) (1.4) 

in the setting of Menger probabilistic normed spaces is established. 

2. Main Results 

Throughout this section, (X, u, R) will be Menger PN-space and (Y,fj,,T) will be a com- 
plete Menger PN-space. First we establish the stability of additive-quadratic functional 
equation (1.4) for even functions. 

Theorem 2.1. Let f : X —> Y be an even function with /(0) = for which there is 
p : X x X — » D + ( p(x, y) is denoted by p x . y ) with the property: 

Vf(3x+y)+f(3x-y)-f(x+y)-f(x-y)-2f(3x)+2f(x)(t) > Px,y(t) (2.1) 

for all x, y £ X and all t > and 
lim rg 1 (T[T(p 2i+ n-i x 2 , + „-i x (2 2( '+"- 1) t),p 2I+ „- 1;c 2 , + „- 1 j 2 2( ' + - 1) t)) 

Tl — >oo 4 ' 4 4 ' 4 

,r(p 2 i+n-i, 5 . 2 ,+,- 1;c (2 2( ' + "- 1) t),p 2t+ „_ lx _ 3 . 2I+ „- lx (2 2( ' + - 1) t))]) = 1 (2.2) 

4 ' 4 4 ' 4 

and 

lim P2~ x ,2-yi2 2n t) = 1 (2.3) 

n — >oo 

for all x, y G X and all t > 0, then there exists a unique quadratic mapping Q : X — > Y such 
that 

»Q(x)-f(x)(t) > T^iT\Tjp 2i - lx 2 _ 1 -^(2^- 1 h),p 2 _ 1 -^ 2 - lx (2 2( '- 1) t)) 

4 ' 4 4 ' 4 

, Ti P21 ^ ^^ (2 2(t - r h), p 2 _^ ,3,^-1, (2 2(l - 1) t))]), (2.4) 

4 ' 4 4 ' 4 

for all x 6 X and all t > 0. 
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Proof. By replacing y by x + y in (2.1), we get 

P>f(4x+y)+f(2 x -y)-f(2 x +y)-f(y)-2f(3x)+2f(x)(t) > Px,x+y(t) (2.5) 

for all x, y £ X. If we Replace y by —y in (2.5), we get 

Pf(4x-y)+f(2x+y)-f(2x-y)-f(y)-2f(3x)+2f(x)(t) > Px,x-y{t) (2.6) 

for all x, y £ X. If we add (2.5) to (2.6), we have 

Pf(4x+y)+f(4x-y)-2f(y)-4f(3x)+4f(x){t) > T{p x ,x+y ( ^ ), Px,x-y ( ^ ))• ( 2 -7) 

Letting y = in (2.7), we get the inequality 

P2f(4x)-4f(3x)+4f(x){t) > T(p XlX (-), p x>x (-)) (2.8) 

for all x £ X. Once again By letting y = 4a; in (2.7), we obtain the inequality 

Hf(8x)-2f(4x)-4f(3x)+4f(x)(t) > T(p x ,Bx(^), Px-Zx{-j)) (2.9) 

for all x £ X. It follows from (2.8) and (2.9) that 

/*/(8«)-4/(4«)(t) > r(T(p B , 1B (^), Ae , 1B (^)),T(p Bl 6 1B (|),p lt ,-3.(|))) (2.10) 

for all a; £ X. If we replace x by | in (2.10), we get 

Hf(2x)-4 f( x)(t) > T(T(p* ,. (^),p f ,- (|)),r(P S ,fif (|)'^f ,=?({))) ( 2J1 ) 

for all a; £ X. Let 

^.-(*) = T(T(p Jil (|),p 1 , | (l)) I T(p Si¥ (|) I p li ^ fi (|))) (2.12) 

for all x £ X, then we obtain 

^S(2x)-4f{x){t)>1px,xit) (2.13) 

for all x £ X and all £ > 0. Thus we have 



H*/P.) f(l) (t)>^(yt) (2-14) 



for all x £ X and all £ > 0. Hence, 

M /g^+ig) /( 2*.)(0 > V> 2 ^,2^(2 2(fc+1) t) (2.15) 

2 2(fc+l) 2 2fc 

for all x e X and all fc £ N. It follows that 

/i/(2^0_ , (t) > 3X~ (M/(2*+lx) /(2*x) (*)) > T k=0 (^2*x,2*a!( 2 X *)) 

22" J ^ ' 2 2(fc+l) 22*: 

^(^.^.(ft)) (2-16) 

for all x £ X and i > 0. In order to prove the convergence of the sequence { 2 2 " }' we 
replace x with 2 m x in (2.16) to find that 

M /gni^) /(2 m.) (t) > Tr =1 (^ +m - lx , 2i+m -i x (2 2 ( i+ '")t)). (2.17) 

2 2( n + m ) 2^™ 

Since the right hand side of the inequality tends to 1 as m and n tend to infinity, the 
sequence { 2 ' 2 ™ > ls a Cauchy sequence. Therefore, we may define Q{x) = lim n _» 00 2 2 n 
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for all x G X. Now, we show that Q is a quadratic map. Replacing x, y with 2 n x and 2 n y, 
respectively, in (2.1), it follows that 

At /(3.2"x+2" K ) /(3.2"x-2"y) /(2"a; + 2"y) /(2"x-2" B ) „ /(3.2ns) , 9 /(2"aQ (t) > P2"s,2" W (2 "t). 
J2S "I jTZn ?Si 2^ 2^ h 2^" 

(2.18) 
Taking the limit as n — > 00, we find that Q satisfies (1.4) for all a;, 1/ G X. By evenness of Q 
it follows that Q : X — > Y is quadratic (see [5]). 

To prove (2.4), take the limit as n — > 00 in (2.16) and by (2.12). Finally, to prove the 
uniqueness of the quadratic function Q subject to (2.4), let us assume that there exists a 
quadratic function Q' which satisfies (2.4). Since Q(2 n x) = 2 2n Q(x) and Q'(2 n x) = 2 2n Q\x) 
for all x G X and n G N, from (2.4) it follows that 

^Q(x)-Q'(x)(2t) = A*Q(2"x)-Q'(2«x)(2 " t) 

> T(fl(3(2"i)-/(2» I )(2 n t),^f(2^x)-Q'(2"x)(2 "t)) 

>T(rr =1 (^, +re - 1:c , 2 , + „-i ;c (2 2 (^t)),rr =1 (^ + „-i ;Ci2l+ „-i :c (2 2 ( 1+ ' l »t))) 

(2.19) 
for all a; G X and all £ > 0. By letting n — > 00 in (2.19), we find that Q — Q' . □ 

Theorem 2.2. Lei f : X ^ Y be an odd function with /(0) = /or which there is p : 
X x X — > D + wrai/i £/ie property: 

P'f(3x+y)+f{3x-y)-f(x+y)-f(x-y)-2f(3x)+2f(x){t) > Px,y{t) (2.20) 

/or aZ/ x,y £ X and all t > and 

lim igiCrrro ^+n-i. 2 , + „-i x (2' + - 2 t),p 2 , + „- lx 3 . 2 , + „- lx (2' + "- 2 t)) 

n — >oo 4 » 4 4 i 4 

, T(p 2i+n -i x 3i+ ,-i, (2'+- 2 t), p 2<+ „- lx g . 2<+ »-i g (2 l+ - 2 t))]) = 1 (2.21) 

4 ' 4 4 ' 4 

and 

lim p 2 " :E ,2"j / (2 n t) = 1 (2.22) 

n — >oo 

for all x, y G X and all t > 0, then there exists a unique additive mapping A : X — > Y such 
that 

HA(x)-f(x)(t) > Tgi(T[T(p 2 ,-i x 2 »-i„ (2'~ t),p 2i -i x 3 . 2 .-i x (2'~ i)) 

4 ' 4 4 ' 4 

,r(p 3 «-i. 2 i ^(2^ 2 t),p 21 -^ 5 . 2 ,-i x (2'- 2 t))]), (2.23) 

4 J 4 4 ' 4 

/or all x £ X and all t > 0. 

Proof. By letting j/ = a; in (2.20), we get 

/ i /(4i)-2/(3a;)+2/(i)(i) > Px,x{t) (2.24) 

for all a; G X. If we let y = 3a; in (2.20), we get by the oddness of /, 

Vf(6x)-2f(3x)-f(4x)+2f(x)+f(2x){t) > px,3x{t) (2.25) 

for all x € X. It follows from (2.24) and (2.25) that 

Hf(6x)-2f(4x)+f(2x)(t) > T (px,x(^),px,3x(^)) (2.26) 

for all x G X. Once again, by letting y = 5a; in (2.20), we get by the oddness of /, 

P-f(8x)-f(.2x)-f(6x)+f(4x)-2f(3x)+2f(x)(t) > px,5x(t) (2.27) 
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for all x £ X. By (2.24) and using (2.26) and (2.27), we obtain 

Vf(8x)-2f(4x)(t) > T[T(p x , x (-), p x , 3x (-)),'. 
for all x £ X. If we replace x by | in (2.28), we get that 



**/(8-)- 2 /(4x)(t) > T[T(p x , x (±),p x , 3x (l)),T(P*Al),P*Ml))] (2-28) 



M/(2,)-2/(,)(i) > T[T(p f , f (|),p f m (j)),T(Pf , f (|),P f m (j))] (2.29) 

for all a; £ X. Let 

0-.-(t) = T[r(p s , s (^) ) p s , ¥ (^)),r(p f , s (^) )Pf> 5.(|))] (2.30) 

for all x £ X and all t > 0. Hence, 

Hf (2x)-2 f( x )(t) > <f>x,x{t) (2.31) 

for all x £ X and £ > 0. Thus, we have 

M/(2.) /(j) (t)>^,.(2t) (2.32) 



for all a; £ X. This implies that 



A t /(2fc + lx) /(gfcgj ft) > 02fc Z ,2fca:(2 *) (2.33) 

2 fc + l 2 fc 

for all x £ X and all k £ N. Thus we have 

M/(2"x) ,, ,ft) > T^T (M /(2<= + 1x) /(2*s) ft)) > ^=0 (^2 fc :E ,2 fe l(2 *)) 

2 " J ^ ' 2^ + 1 2* 

= ^=1(02-^,2-^(2^)) (2.34) 

for all x £ X and £ > 0. In order to prove the convergence of the sequence { 2 " }' we 
replace x with 2 m x in (2.34) to find that 

M /(2«+m x) /(2m„) ft) > T^ (0 2 , +m -i :c . 2s+m - 1 ^ (2* +m i)) . (2.35) 

2 „+ m 2™ 

Since the right hand side of the inequality tends to 1 as m and n tend to infinity, the 
sequence { 2 „ } ' s a Cauchy sequence. Therefore, we may define v4(a?) = linin^oo ^ ' 
for all x £ X. Now, we show that A is a additive map. Replacing x,y with 2 n x and 2™y 
respectively in (2.20), it follows that 

/i /(3.2"x + 2"y) . /(3.2"T-2"i/) /(2"x + 2"j,) /(2"x-2"b) „ f (3.2"x) - /(2"x) ft) > P2™x,2™y (2 £). 
2 ti -T 2 n 2 n 2 n 2 n ~*~ 2 n 

(2.36) 
Taking the limit as n — > oo, we find that A satisfies (1.4) for all x,y £ X. Therefore the 
mapping A : X — > Y" is additive (see [5]). To prove (2.23), take the limit as n — > oo in 
(2.34) and by (2.30). Finally, to prove the uniqueness of the additive function A subject to 
(2.23), let us assume that there exists a additive function A' which satisfies (2.23). Since 
A(2 n x) = 2 n A(x) and A'(2 n x) = 2"A'(x) for all x £ X and n £ N, from (2.23) it follows 
that 

PA(x)-A'(x){2t) = PA(2"x)-A> (2™x)(2 t) 

> T(p,A(2™x)-f(2™x)(2 n t),Pf(2™x)-A'(2™x)(2 n t)) 

>T(Tr =1 (^- ll , 2i+ „- ll (2 i+ "t)),^ 1 (^ + „. ll , 2i+ „- ll (2 i+ ' 1 t))) (2.37) 
for all x £ X and all t > 0. By letting n — » oo in (2.37), we find that ^ = A'. □ 
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Theorem 2.3. Let f : X — » Y be a function with /(0) = for which there is p : XxX — > D + 
( p(x,y) is denoted by p x<y ) with the property: 

P'f(3x+y)+f(3x-y)-f(x+y)-f(x-y)-2f(3x)+2f(x){t) > Px,y{t) (2.38) 

for all x, y £ X and all t > and 

r,2(i-l), o2(.-l), 

lim T^(T\T{T{p 2i - lx 2i _ 1( ,(__5), p _ ill _ liD _ a4 _ 1(p (__?)) 

n^oo 4 7 4 4 4 j 4 4 

2 2( l -i) i 2 2(i ~ 1) £ 

,T(p 2 i-l x 2 i-l x ( 1 )>P -2i-lx -2--l, ( "j )) 

4 > 4 4 4 . J 4 

2 2(»-l)f 2 2(i_1) t 
,T(p 2 i-l x 5 . 2 .-l x ( ),P -2«-l» -5.2*-l« ( 1 )) 

4 ' 4 4 4 i 4 4 

,T(p a .-i. -3.^-1, (^-^)^-^-1. 3 . 2I -i,(^ J )))]) = l 

4 . 4 4 4 > 4 4 

= lim U~i7Si(T[T(r(p a «-i. 2 i-i.(^),p_ 2 i-i. _ a i-i.(^)) 

n^oo 4 ' 4 4 4 > 4 4 

2 i t 2 i t 

,T(p 2i -i x 3.2»-ix (-r)'P-2--ix -3.2--1, (~r)) 

4 • 4 4 J . J 4 

2*i 2*i 

,T(p 2 i-i x 2 <-i» (- r ),P -2i-i» -2<-lx (-j~)) 

4 • 4 4 4 i J 4 

,r(p 3 «-i. .. a «-i.(^),P- 3 «-i, -.. 3 «-i. (^)))]) (2-39) 

4 ' 4 4 J > J 4 

and 

lim T{p 2 n Xt2 n y (2 n t),p 2 n x ^ y (2 n t)) = 1 = lim T(p 2re;c , 2 ^(2 2n t), p 2 ^, 2 ^(2 2n t)) (2.40) 

ro — *oo n — >oo 

/or aM x, y £ X and all t > 0, i/ien i/iere exist a unique additive mapping A : X — > V and a 
unique quadratic mapping Q : X — > y suc/i i/iai 

2 2(i-i) f 2 2(l_1) i 
M/W-AfxJ-QwW > T{T^= 1 (T[T(T(p 2i -i x 2 <-ix ( 1 ),P -2i-i* -2--ix ( -j )) 

4 ' 4 4 4 i 4 4 

2 2(i-i) t 2 2(l_1) i 

,T(p 2 i-l x 2 .-l, ( "j ),P -2i-lx -2<-lx ( , )) 

4 ' 4 4 4 i 4 4 

2 2(i-i) t 2 2(i_1) t 

,T(p 2 i-l x 6 .2<-lx ( "j ).P -2i-lx -5.2--lx ( 1 )) 

4 ' 4 4 4 > 4 4 

2 2(i-i) f 2 2(l_1) t 

,T{p 2 i-l x -3.2--1, ( "j ).P -2l Z lx 3.2'-lx ( , )))]) 

4 i 4 4 4 i 4 4 

^(TPXTO^-i, 3 i-i.(^),P_ 3 i-i. _ 3 i-i.(^)) 

4 ' 4 4 4 i 4 4 

2*t 2't 

,T(p 2 i-l x 3.2i-l* (-r),P -2i-la: - 3 .2'- 1 x ( ^ ) ) 
4 i 4 4 4 . 4 4 

,T(P2±zix 2»-lx (-j-)'P -2'-lx -2i Z lx (-r)) 

4 ' 4 4 J > J 4 

,T(p 3 «-i. ,. 3 i-i. &),P-*-i. -,. 3 «-i. (^)))])} (2-41) 

4 ' 4 4 4 . j 4 

/or all x £ X and all t > 0. 



144 



8 M. Eshaghi Gordji, M. B. Savadkouhi and S. M. Vaezpour 

Proof. Let 

Mx) = ±[f(x) + f(-x)] 

for all x G X. Then / e (0) = 0, f e (-x) = f e (x), and 

Vf e (3x+y)+fe(3x-y)-f e (x+y)-f e (x-y)-2f e (.3x)+2f e (x)(t) > T(p x ,y{t), f>-x,-y{t)) (2.42) 

for all x,y G X. Hence, in view of Theorem 2.1, there exists a unique quadratic function 
Q : X -> Y such that 

2 2(*-i) i 2 2(i_1) t 
l»/,(.)-8(«)M >7gi(T[T(T(p 2 ,-i x 2 ,-i x ( ),P _2-ix -2-i, ( 1 )) 

4 ' 4 4 4 > 4 4 

2 2(«-i)j 2 2(i_1) t 

,T(p ^-i :c 2 .-i, ( - ),P -2'-lx -ai-i, ( ;. )) 

4 ' 4 4 J > 4 4 

,T{p 2 i-l x 5. 2 i-l a . ( "j ),P -2<-l a! -5.2i-lx ( 1 )) 

4 i 4 4 J . 4 4 

2 2(i-i) t 2 2(l ~ 1) i 

,T(p 2 ,-l !c -3.2-lx ( "j ),P -2i-l* 3.2<-lx ( 1 )))])• 

4 i 4 4 4 i 4 4 

(2.43) 
Let 

fo(x) = \[f(x)-f(-x)] 
for all x G X. Then / o (0) = 0, / (-x) = -/„(«), and 

M/o(3a:+i,)+/ (3a;-w)-/ (a:+y)-/ (a:-»)-2/ (3a)+2/o(a:)(*) > T{Px,y{t) , P-x,-y{t)) (2.44) 

for all x, y G X. From Theorem 2.2, it follows that there exist a unique additive mapping 
A : X -> y such that 

2*i 2*i 

M/oCxJ-a^W > 7j=i(r[T(r(p 2 i-i a 2 »-i a , (- r ),p _ 2 i-i„ - 2 .-i, ( T )) 

4 ' 4 4 4 i J 4 

,T(p 2 i-l x 3 .2i-l x (-r)'P^2lzlg -3.2<-lx (~j-)) 

4 ' 4 4 J > 4 4 

2*i 2*i 

,T(p 2 i-i x 2<-ix (-q-).P -2<-ix -2<-ix (^r)) 

4 ' 4 4 4 i i 4 

2*t 2*t 

,T{p 2 i-l 7s 5-2'-lx (~r).P -gi-lg -5.2-1, ( — )))])• 
4 ' 4 4 J > 4 4 

(2.45) 

Now it is obvious that (2.41) holds true for all x G A, and the proof of theorem is complete. 

□ 
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ON NEW CLASSES OF DOUBLE SEQUENCE SPACES DEFINED 

BY ORLICZ FUNCTION 

AYHAN ESI 



Abstract. In this paper we introduce new double sequence spaces via Orlicz 
function and examine some properties of the resulting these spaces. 



1. INTRODUCTION 

Before we enter the motivation for this paper and the presentation of the 
main results we give some preliminaries. 

Recall in [11] that an Orlicz function M is continuous, convex, nondecreasing 
function define for x > such that M(0) = and M(x) > 0. If convexity of Orlicz 
function is replaced by M(x + y) < M (x) + M (y) then this function is called 
the modulus function and characterized by Ruckle [16] .An Orlicz function M is 
said to satisfy A 2 — condition for all values u, if there exists K > such that 
M(2u) < KM(u),u> 0. 

Remark. An Orlicz function satisfies the inequality M (Xx) < AM (x) for 
all A with < A < 1. 

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to construct 
the sequence space 

Im = I (xi) : ^T M ( ^ J < oo, for some r > > , 

which is a Banach space normed by 

||(xi)|| =inf|r>0:f;M(M) < l| . 

The space Im is closely related to the space l p , which is an Orlicz sequence space 
with M (x) = \x\ p , for 1 < p < oo. 

In the later stage different Orlicz sequence spaces were introduced and stud- 
ied by Tripathy and Mahanta [5] , Esi [1 — 2] , Esi and Et [3] , Parashar and Choud- 
hary [12] and many others. 

By the convergence of a double sequence we mean the convergence on the 
Pringsheim sense that is, a double sequence x — (xjj) has Pringsheim limit L 
(denoted by P — lim x — L) provided that given e > there exists n£N such that 
\xij — L\ < e whenever i, j > n, [4] . We shall write more briefly as " P— convergent" . 

The initial works on double sequences is found in Bromwich [14] . Later on 
it was studied by Hardy [8] , Moricz [6] , Moricz and Rhoades [7] and many others. 
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Hardy [8] introduced the notion of regular convergence for double sequences. The 
concept of paranormed sequences was studied by Nakano [9] and Simons [13] at the 
initial stage. Later on it was studied by many others. 

The double sequence x = (x^) is bounded if there exists a positive number 
M such that \xij\ < M for all i,j <G N. Let l 2 ^ the space of all bounded double such 
that 

11^11(00,2) =SUp\x tj \ < CO. 

Throughout the paper, w 2 (X) denotes the spaces of all double sequences in 
X, where (X, q) denotes a seminormed space, seminormed by q. The zero double 
sequence is denoted by in X. 

2.DEFINITI0NS AND BACKGROUND 

Let P s denotes the class of all subsets of N, those do not contain more than s 
elements and {4> n } represents a non-decreasing sequence of real numbers such that 
n4> n +i < (n + 1) <j> n for all n € N. 

The sequence space to (0) introduced by Sargent [15] is defined as follows: 



, (<f>) = ) x = (x k ) : \\x k \\ mW = sup — Y^ 



Xi\ < oo 

8>l,ff6P, 

and studied some of its properties and obtained its relationship with the space l p . 

A double sequence space E is said to be solid or normal if [a^Xij) <G E, 
whenever (xij) € E for all double sequences (a,j) of scalars such that |ajj| < 1 for 
all i,j e N. 

A double sequence space E is said to be symmetric if (x^) G E implies 
( x 7r(i)7r(j)) € E> where 7r is a permutation of the elements of N. 

Let K = {(i„,jk) ■ n, k e N; i\ < i 2 < h < ••■• and j x < j 2 < j 3 < ...} C 
N x N and E be a double sequence space. A K — step space of E is a sequence 
space 

*f = {(3i„jJ : (»«)€£}• 

A canonical pre-image of a sequence (xi n j k ) € E is a sequence (t/ij) G i? 
defined as follows: 

= r ay, if (i,j) e K 
y%3 "■ 0, otherwise 

A canonical pre-image of a step space A^ is a set of canonical pre-images of 
all elements in Aj|. 

A double sequence space E is said to be monotone if E contains the canonical 
pre-images of all its step spaces. 

Lemma. A double sequence space E is solid implies E is monotone. 

Let P s t denotes the class of all subsets of N x N, those do not contain 
more that sxt elements. Throughout the paper {4> n ,m} represent a non-decreasing 
double sequence of real numbers such that n</>„+i )m < (n + 1) 4> n ,m and m(j) n>m j r \ < 
(to + 1) 4> n ,m- In this paper we introduce the following double sequence spaces: Let 
M be an Orlicz function and a, p = (p t j) be a bounded double sequence of positive 
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real numbers such that < H = infjjPy < p^j < sup^-py = H < oo, then 

Pij 

< oo, for some r > 



ll (M, q,p) = L = ( Xij ) € w 2 (X) : sup [m (q (^)) 

OO 

Z 2 (Af,g) = <{.x = (:^)e W 2 pO: Y. [ M {l{ 



*,j=i>i 



r 



PU 



< oo, for some r > 



m (M, cj>,q,p) — -^ x — (Xij) € w (X) : sup 

s,t>l,aeP st fs,t 



e t L 



M g 



Pij 



< oo, for some r > 



(«>J)Scr 



The following inequality will be used throughout the paper 

lay +M P « < max (1,2 s - 1 ) flayf' + |6y|^) 

where ay and 6y are complex numbers and H = sup^-py < oo. 

It is easy to see that the double sequence space I 2 (M, q) is a seminormed 
space, seminormed by 



g((x ij ))=m{\r P -¥>0: J2 M 



< 1 > , where J = 



(1,2 s - 1 ) 



i,J = l,l 



3.MAT/V RESULTS 

In this section we prove some results involving the double sequence spaces 
m 2 (M, 0, g, p) , Z 2 (M, g) and £, (Af , g, p) . 

Theorem 3.1. m 2 (M,<f),q,p) and l 2 ^ (Af, g,p) are linear spaces. 

Proof. Let (xy) , (j/y) G m 2 (M,<f),q,p) and a,/3 e C. Then there exists 
positive numbers ri and r 2 such that 

Pij 



and 



1 

SU P T~~ 

s,t>l,a£P Bt <Ps,t 



SU P X~ 

s,t>l,a£P, t "Ps,* 



E 

(*,i)eo- 



E 

(*»j)6o- 



M g 



M g 



?'i 



r 2 



< oo 



p.., 



< 00. 



Let r3 = max (2 |a| r\, 2 |/3| r 2 ) . Since M is non-decreasing convex function 
and q is a seminorm, we have 



E 

(«J)e<T 



M g 



axy + f3yi 



r-3 



* E 



M ( g ( =^ 



V r 3 



P.J 



<max(l,2 H " 1 ) ^ 

('j')eo- 



Af g 



n 



p.j 



+ max (l,2 H_1 ) 



Af g 



''2 



Pij 
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So, 



SUP A~ E 

(*.j)e<r 



M q 



axjj + Pyij 

T3 



- su p x~ 

s,i>l,ueP,i <Ps,t 
< 00, 



E 

(«,i)ecr 



M? 



sup x~ e 

(*,j)ec 



M g 



r 2 



therefore (aiy + /3j/ij) G to 2 (M, 0, g,p) . Hence m 2 (M, <f>, q,p) is a linear space. 

The proof for the case l 2 ^ (M, q, p) is a routine work in view of the above 
proof. 

Theorem 3.2. The space m 2 (M,(j>,q,p) is a seminormed space, semi- 
normed by 



hT," 



hdxij)) = inf { r^r > : sup - — > M [q -^ < 1 >, where J = max (1, 2 

1 «,t>i,<TeP.t <P«,t ,.~r' v v r 



H-l\ 



Proof. Clearly h((x tJ )) > for all (x tj ) e m 2 (M,(f>,q,p) and /i(0) = 0. 
Let ri > and r 2 > be such that 

sup — - V" M 

s,t>i,aeP, t 4>s,t ,r-ri. 
- (»,j)e<r 



,1-11 -. I 



and 



l-.T," 



sup > U ( yl ^ 1 ) '• 1. 

.,t>i^P. t 4>,,t^ a \ \r 2 



Let r = ?"i + r 2 . Then we have 



sup 
s,t>i,o-eP st ^s,* 



sup 

s,t>l,aeP 3t fs.t 



- E m 



Vij 



(*,i)6cr 



^ sup j- E l^ M (n- 

s ,t>i, CT ep st <p s ,t ,. z r' L r i + r 2 V V n 



*£ij i Vij 

r\ +r 2 

'''2 



— m q m 

ri+r 2 V V r 2 



< 



+ 



n 



r\+r 2 J s ,t>i,o£P st <Ps,t 



r 2 



) su p x- E M 

^P., XT E M (<? 



^1 +r 2 / s ,t>l, ff £P, f a , t 



< 1. 



(*,i)6cr 



y^ 

r2 



Since the r's are nonnegative, so we have 

{ Pi . ^ 

r^ > : sup — V M 

s,t>l,a£P st q>s,t ,.~_ 
(»,j)6<T 



Vij 



< 1 
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< inf { 7Y 7 > 



inf < r 2 J > 



SU P T~~ 



1 



(i,j)£c 



E« - !? M 1 



n 



sup V M g( — I 1 " I 

s,t>l,adP st <Ps,t ,_^!-_ \ \ r 2 



(«j')e<r 

= M(»«)) + M(l'y))- 

Next for A <G C, without loss of generality, let A 7^ 0, then 



h((\x l j)) =inf < r J > : 



sup 

s,t>l,a£P st 9s,t 



X:> 



< 1 



sup 

s,t>l,tr£P st <Ps,t 



- y m 



(J,j)6o- 



|A| 



= infU|A|p)^>0 

Hence we get 

h {(Xxij)) < max (1, |A|) h ((xij)) . 
This completes the proof of the theorem. 

The proof of the following result is a consequence of the above theorem. 

Proposition 3.3. The double sequence space l 2 ^ (M, q,p) is a seminormed 
space, seminormed by 



f((x ij ))=mf\r— >0: supM (q 



<1 , where J = max (l, 2 H ~ 1 ) 



Theorem 3.4. m 2 (M, <j>, q,p) C m 2 (M, tp, q,p) if and only if sup s 
Proof. Let sup s t tf 21 < 00 and (xij) G m 2 (M, </>, g,p) . Then 



< 



sup 

s,t>l,a£P 3t <Ps,t 



h S ["('(?) 



P.j 



< 00, for some r > 0. 



(i,j)ec 



So, 



sup T~~ 5Z 

s,t>l,o-eP s t Va.i ,rTt L 



(J,j)6o- 



M ( g ' y 
1 ' r 



~ ) su p ^ — yi 

;/ s,t>l,crGPst 08, * ,.TT 



< ( sup — — I sup 

,t V's,*/ s,t>l,crS-Ps( 9s, * 



M« 



Therefore (a;y) € m 2 (M,ip,q,p) . Hence to 2 (M,<f),q,p) C m 2 (M,ip,q,p) . 

Conversely, let m? (M,4>,q,p) C m 2 (M,ip,q,p) . Suppose that sup st < ^ L 

00. Then there exists a sequence of natural numbers (sij) such that P— linij j , s " J 
00. Let (£ij) € to 2 (M, 0, g,p) . Then there exists r > such that 



sup 

s,t>l,a£P st 9s,t 



ST.. L 



Mlq 



Pij 



(i,j)ec 



Now, we have 



sup 

,t>l,a£P st Ws,t 



hZ\ 



Mlq 



(i,i)6o- 



> I sup 



Ips 



< 00. 



sup 



*,3 YSi,tj J i,j>l,creP 3itj 



Therefore (x^j) (fc m 2 (M,tp,q,p) . This is a contradiction. Hence sup s 



" h (»,j)e<r 



p.j 



< 00. 



M g 
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The following result is a consequence of Theorem 3.4. 

Corollary 3.5. Let M be an Orlicz function. Then m 2 (M,<fi,q,p) — 
m 2 (M,ip,q,p) if and only if sup s 1 1^- < oo and sup s t t^ 1 < oo for alls, t — 1,2, .... 

Theorem 3.6. Let M, Mi, M 2 be Orlicz functions satisfying A2— condition. 
Then 

(i) m 2 (Mi , <P, q, p) C m 2 {MoM 1 ,<j>,q,p), 

(ii) m 2 (Mi ,<f>, q, p) n m 2 (M 2 ,</>,q,p) C m 2 (Mi + M 2 ,cj),q,p) . 

Proof, (i) Let (xij) € m 2 (Ml, 0, <j,p) . Then there exists r > such that 



sup 

S,t>l,(TgP, f <^S,t 



L E [ Ml 



(ij)eo- 



< CO. 



Let < e < 1 and <5 with < S < 1 such that M (t) < e for < t < S. Let 
y tj = Mi (3 (^)) and for any a e P st , let 

2 [m { Vij )r = e t M (f«)] Pw + E t M fo«)n 

(i,j)ea 1 2 

where the first summation is over y,j < 5 and the second is over y^ > S. By the 

remark we have 

(3.1) 

E M (y tf ) < max (l, [M (l)] ff ) E (»«)*" < max (l, [M (2)] ff ) E (Vij)^ 
1 1 1 

For yij > S 

y%3 < ytj^ 1 < l + yijS' 1 , 

since M is non-decreasing and convex, so 

M ( Vij ) < M (1 + yyS- 1 ) < \m (2) + l -M (2y ij S- 1 ) . 
Since M satisfies A2 — condition, so 



Hence, 

(3.2) 



M ( yij ) < ytfy^M (2) + ^-yijS-'M (2) = Ky^M (2) . 



E [M (tf«)] Pw < max (l, [tf^M (2)]") E (»«)* 



By (3.1) and (3.2) we have (x i3 ) € m 2 (MoM 1 ,<f>,q,p) . Thus m 2 (Mx,(j>,q,p) C 
m 2 (MoMi,0,g,p). 

(ii) Let (iy) e m 2 (Mi, 0, g,p) n to 2 (M 2 , </>, <?,p) . Then there exists r > 
such that 



sup 

s,t>i,o-eP 3t 9s,* 



l e h 



(ij)eo- 



and 



sup 

s,t>l,a£P st Ps.t 



h s M»(* 

(«,i)ecr 
The rest of the proof follows from the equality 



E [(^1 



+ M 2 ) g 



(*j)6cr 



P.J 



< OO 



< 00. 
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^max(l,2 H " 1 ) Y^ [ M 2 



< max (l, 2 JT_1 ) ^ \m 1 

(«,i)ecr ('j')e<r 

This completes the proof. 

Taking Mi (x) = x in above theorem, we have the following result. 

Corollary 3.7. Let M be an Orlicz function satisfying A2 — condition, 
then m 2 ((/), q, p) c m 2 (M, <j>, q, p) . 

From Theorem 3.4. and Corollary 3.7., we have: 

Corollary 3.8. Let M be an Orlicz function satisfying A 2 — condition, 
then m 2 (4>, q,p) C m 2 (M, ip, q,p) if and only if sup s 1 1^- < 00. 

Theorem 3.9. The double space m 2 (M,cf),q,p) is solid and symmetric. 

Proof. Let (i tJ ) <E m 2 (M,<f>,q,p) . Then 

(3.3) sup — ^['' 



sup 

s,t>l,a£P st <Ps,t 



(i,j)£<? 



v ( 'i ( v 



p.j 



< 00. 



Let (Ajj) be a double sequence of scalars with |Ajj| < 1 for all i, j € N. Then the 
result follows from (3.3) and the following inequality 

Pa 



E 



M[q 



Aij Xij 



< 



E [i^-i m (<7 



(by the Remark) 



(i,j)£a 



(«,i)eo- 
The symmetricity of the space follows from the definition of the double space 
to 2 (M, <f>, q,p) and symmetric double sequence space. 

The following result follows from Theorem 3.9 and the Lemma. 

Corollary 3.10. The double space m 2 (M,(j>,q,p) is monotone. 

The proof of the following result is a routine work. 

Proposition 3.11. The double spaces I 2 (M,q) and l 2 ^ (M,q,p) are solid 
and as such are monotone. 

Theorem 3.12. l 2 p (M, q) C m 2 (M, 0, q,p) C 1%, (M, q,p) . 

Proof. Let (s tJ ) e I 2 (M,q) . Then we have 



\M[ q (J 



(3-4) E [ 

Since {<^„, m } is monotonic increasing, so we have 



< 00, for some r > 0. 



£,.? [ 



M« 



/'.j 



< 



(Jj')6o- 



L £ [« 

1 1 — L 

1 ' J " f-' -"\C/T 



M g 



Pij 



< 00. 



(i,j)£<r 



Hence 



sup 

S,t>l,(TgP,t <Ps,t 



hx.\ 



Mlq 



Pi.) 



< 00. 



(*,J)Scr 



Thus (iy) e to 2 (M, </>, g,p) . Therefore l 2 v (M, g) C m 2 (M, </>, g,p) . Next let (x„) e 
m 2 (M, </>, g,p) . Then we have 



sup 

s,t>l,aEP st Vs,t 



« T L 



Mlq 



< 00, for some r > 0. 



(j,j)ec 
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So, 

Pij 

< oo, for some r > (on taking cardinality of a to be 1) 

Therefore (jcy) € ^ (M, g,p) . Hence m 2 (M, cj>, q,p) C l 2 ^ (M, g,p) . This completes 
the proof. 

Theorem 3.13.(i) in 2 (M, <f>, q,p) — I 2 (M, q) if and only if sup s t>1 <fi s .t < 
oo. 

(ii) to 2 (M, 0, g,p) = ^ (M, q,p) if and only if sup S)t >j ^ < oo. 

Proof.(i) It is clear that m 2 (M,ip,q,p) — l 2 (M,q) when ip 8>t = 1 for 
all s,t £ N. By Theorem 3.4., m 2 (M,<f>,q,p) C m 2 (M,tp,q,p) if and only if 
sup,. t 4^ < oo i.e. sup st (j> St t < oo. By Theorem 3.11., m 2 (M, 0, g,p) = Z 2 (M, q) 
if and only if sup s t 4> s ,t < oo. 

(ii) We have m 2 (M,tp,q,p) = Zj^ (M,g) if V> s ,t = st for all s,t ? N. By 
Theorem 3.4. and Theorem 3.11., it follows that m 2 (M,(j>,q,p) = Z 2 ^ (M, q,p) if 
and only if sup Sit >! ^ < oo. 

This completes the proof. 

The proof of the following result is routine work. 

Proposition 3.14. Let M be an Orlicz function, qi and q 2 be seminorms. 
Then 

(i) m 2 {M,(j),q u p)r\m 2 (M,</>,q 2 ,p) C m 2 (M, 0, Ql + q 2 ,p) , 
(ii) If qi is stronger than q 2 , then m 2 (M, (p, q\,p) C m 2 (M, <fi, q 2 ,p) , 

(iii) ^ (M, ?1 ,p) n I 2 , (M,(fe,p) C Z 2 , (M, qi +q 2 ,p) , 
(iv) If q 1 is stronger than g 2 , then Z^ (M, tfi,p) C Zj^ (M, q 2 ,p) , 

(v) Z 2 (M, qi ) n Z 2 (M, q 2 ) c Z 2 (M, ft + q 2 ) , 
(vi) If (71 is stronger than g 2 , then I 2 (M, q\) C I 2 (M, q 2 ) . 

A.P ARTICULAR CASES 

If one considers a normed linear space {X, ||.||) instead of a seminormed 
space (X, q) , then one will get m 2 (M, </>, |.| ,p) , which will be a normed linear 
space, normed by 



sup X M ( ~ ) - X ( ' wherG J = maa; ( 1 ' 2 ^ _1 ) 



1(^)11 =inf { r J > : sup 

S,t>l,0 

The double space m 2 (M, </>, ||.|| ,p) will be a solid, monotone and symmetric space. 
Further most of the results proved in the previous section will be true for this space 
too. 
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partial differential equations of 
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Abstract 

The variational iteration method has been widely used to handle the 
linear and nonlinear problems. The main property of this method is its 
flexibility and ability to solve nonlinear equations accurately and conve- 
niently. In this paper, we present an alternative approach of the method, 
then we study the convergence analysis for nonlinear partial differential 
equations with fractional derivative in the Caputo's sense. Our emphasis 
is to address the sufficient condition for convergence and the error esti- 
mate. Illustrative experiments are investigated to verify the convergency 
of the results and to show the efficiency of the method. 

Keywords: Variational iteration method; Fractional partial differential equations; 
Caputo's derivative; Nonlinear model; Convergence analysis; Error estimate. 

2010 Mathematics Subject Classification: 35A15; 35R11; 70K75; 65M12; 
65M15. 

1 Introduction 

The variational iteration method(VIM)was developed in 1999 by He[I-8]. This 
method is now widely used by many researchers to study linear and nonlinear prob- 
lems. The method introduces a reliable and efficient process for a wide variety of 
scientific and engineering applications. It is based on Lagrange multiplier and it has 
the merits of simplicity and easy execution. It was shown by many researchers [9- 
17] that this method is more powerful than existing techniques such as the Adomian 
decomposition method, perturbation method, and etc. The VIM gives rapidly conver- 
gent successive approximations of the exact solution if such a solution exists; otherwise 
a few approximations can be used for numerical purposes. The Adomian decomposi- 
tion method suffers from the complicated computational work that is needed for the 
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derivation of Adomian polynomials for nonlinear terms. The VIM has no specific re- 
quirements, such as linearization, small parameters, and etc. for nonlinear operators. 
Therefore, the VIM can overcome the foregoing restrictions and limitations of per- 
turbation techniques, such that it provides us with a possibility to analyze strongly 
nonlinear problems. 

On the other hand, the VIM is capable of greatly reducing the size of calculation 
while still maintaining high accuracy of the numerical solution[12-16]. Moreover, the 
power of the method gives it a wider applicability in handling a huge number of ana- 
lytical and numerical applications. The VIM was successfully applied to, for example, 
wave equations[17-23], fractional differential equations[2, 24-34], nonlinear problems 
arising in engineering[l, 35-40] and other autonomous ordinary and partial differential 
equations. 

The VIM, which is thoroughly used by many researchers, gives rapidly convergent 
successive approximations and handles the linear and nonlinear problems in a similar 
manner. In the present work, we aim to study the convergence of the method for 
nonlinear partial differential equations of fractional order. The convergence of the 
method for nonlinear problems with derivative of integer order and to address the 
sufficient condition is presented in [41]. 

The paper is organized as follows: Section 2 gives the notation and basic definitions 
of the fractional calculus. In section 3, an alternative approach of the VIM for solving 
nonlinear partial differential equations of fractional order is discussssed. In section 
4, convergence analysis of the VIM is presented. In section 5, convergence results 
for solving nonlinear partial differential equations of fractional order is introduced. 
Illustrative experiments are given in section 6 with a conclusion in section 7. 

2 Basic definitions of the fractional calculus 

For the concept of fractional derivative we will adopt Caputo's definition which is 
a modification of the Riemann-Liouville definition and has the advantage of dealing 
properly with initial value problems in which the initial conditions are given in terms of 
the field variables and their integer order which is the case in most physical processes. 

Definition 1. A real function f(x), x > 0, is said to be in the space C M , n £ K if 
there exists a real number p(> /i), such that f(x) = x p f\(x), where fi(x) £ C[0,oo], 
and it is said to be in the space C™ iff f m £ C M , m £ N. 

Definition 2. The Riemann-Liouville fractional integral operator of order a > 0, of 
a function f £ C M , (X > — 1, is defined as: 

ffW = rk) Jo> - *r"V(t)#, * > °> 

Properties of the operator I a can be found in [42, 43]. We mention only the fol- 
lowing: For f £ C M , /i > and 7 > — 1: 

i. ri^f(x) = r +s f{x), 
a. ri fj f(x) = i fj r.f(x), 

iii /"i 7 = r ^ 7+1 - > x a+1 

r(a+7 + l) 
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The Riemann-Liouville derivative has certain disadvantages when trying to model 
real-world phenomena with fractional differential equations. Therefore, we shall intro- 
duce a modified fractional differential operator D a proposed by Caputo in his work on 
the theory of viscoelastictty[44]- 

Definition 3. The fractional derivative of f(x) in the Caputo 's sense is defined as 

D a f(x) = I m - a D m f(x) = p^, /„-(* - t) m — V ro (*)*, 

for m — 1 < a < m, m £ N, x > 0, and f £ CHi . 
Also, we need here two of its basic properties. 
Lemma 1. If m — 1 < a < m, m £ N and f £ C™ , fi > — 1, then 

i. D a I«f(x) = f{x), 

a. i a D°f(x) = f{x) - Er^ 1 / (fc) (o + )^, x > o. 
3 An alternative approach of the VIM 

The VIM, which provides an approximate solution, is applied to various nonlinear 
problems[17-40, 45]. In this section, we present an alternative approach of VIM. This 
approach can be implemented, in a reliable and efficient way, to handle the nonlinear 
partial differential equations of fractional order in the following form: 

Lu{x,t) + Nu(x,t) = g(x,t), t > 0, (1) 

where the linear operator L is defined as L = 4r&, is the Caputo fractional derivative 
operator of order a, m — 1 < a < m, m £ N. N is a nonlinear operator and g(x,t) is a 
known analytic function, subject to the initial conditions: 

u {k) ix,0) = f k (x), fc = 0, l,--- ,m-l. 

According to variational iteration method, we construct the correction functional 
approximately for equation (1) as, 



Uk+l(x,t) = Uk{x,t) + 



A ( r ) ( -Q-^ u k{x,r) + Nu k ix,T) - g(x,r) 



dr, (2) 



where A is a general Lagrange multiplier, which can be identified optimally via vari- 
ational theory. Here, we apply restricted variations to nonlinear term Nu. In this 
case, we can easily determine the multiplier. Making the above functional stationary, 
noticing that Su^ = 0, 

Suk+\{x,t) = 6uk(x,i) + 6 J* |A(T)(^fttfc(aj,T) - gix,t))\ dr, 

yields the following Lagrange multipliers, 

A = —1 , for m=l, 
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\ — T — t, for m=2, 
and in general, 



\=^—(T-tr-\ for m>l. 



(3) 



Therefore, substituting equation (3) into functional (2), we obtain the following iter- 
ation formula: 



rt i_]\mi _ +yn-i 

u k +i(x,t) = u k (x,t) + I ± >—± — -f (Luk(x,t) + Nu k {x,t)-g{x,t))dT. (4) 

' (m — 1)! 



Now, define the operator A[u] as 

rt r (_^m 



A[u] 







(m- 1)! 



(r — t) m (Lu(x, t) + Nu(x, t) — g(x,r)) 



dr. 



(5) 



and define the components Vk, k — 0, 1, • • • , as 



i/ = Mo, 
v x = A[u ], 

V 2 = A[l> + J/i], 



(6) 



, ^ fe+ i = ^4[i/o + v\ H + i/fc], 



then, consequently, we have u(x,t) — \\ra k ^ocU k {x,t) = JZfeLo v k{ x ,t). Therefore, as 
a result, the solution of problem (1) can be derived, using equations (5) and (6), in 
the series form, 



i(x,t) = y^f fc (x,t). 



(7) 



The zeroth(initial) approximation v$ = uo can be freely chosen if it satisfies the initial 
conditions of the problem. The success of the method depends on the proper selec- 
tion of the initial approximation Vq. However, using the initial values u^ k '(x,0) — 
fk(x), k — 0, 1, • • • , m — 1; are preferably used for the selective zeroth approximation 
uo as will be seen later. In our alternative approach we select the initial approximation 
uq as: 



va 



= £ 



fk(x) k 

k\ ' 



(8) 



For the approximation purposes, we approximate the solution u(x, t) = X^fcLo u k{x, t), 
by the nth-order truncated series X]fe=o v k(x,t). 
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4 Convergence analysis 

In this section, we study the convergence of the variational iteration method, according 
to the alternative approach of the VIM presented in the previous section, when applied 
to problem (1). The sufficient conditions for convergence and the error estimate are 
presented. The main results are proposed in the following theorems. 



Theorem 1. Let A[u], defined in equation (5), be an operator from a Hilbert space 
H to H. The series solution u(x,t) — JZtLo v k{x,t), defined in (7), converges if there 
exist < 7 < 1 such that 

|| A[v + fi + • • • + fk+i] ||< 7 II A[u + v 1 + ... + v k ]\\, 

(that is || v k+1 ||< 7 || v k \\), Vfc G N U {0}. 

Theorem 1 is a special case of Banach fixed point theorem which is used in [46], as 
a sufficient condition, to study the convergence of VIM for some partial differential 
equations. 

Proof. See [41]. □ 

Theorem 2. If the series solution u(x,t) = '}2 k x L Vk(x,t), defined in (7) converges, 
then it is an exact solution of the nonlinear problem (1). 

Proof. Suppose that the series solution (7) converges, say $(ai, t) = YlkLo u k{x,t), 
then we have: 



lim Vj — 0, 

n 

y^j+i - vj\ = v n+1 - v a , 

3=0 

and so, 



y^Wj+i - Vj] = lim Vj - Vo = —u . (9) 

* — ^ 7 — >oo 

3=0 

Applying the operator L — $^ , m - 1 < a < m, m 6 N, to both sides of equation 
(9), then from equation (8), we obtain: 



J2 ih+i - vj] = -L[vo] = 0. (10) 

3=0 

On the other hand, from definition (6), we have: 

L[v j+ i - Vj] — L (A[i>a H + v 3 ] - A[v -\ + Vj-i]), 



161 



ZANDY, AMINATAEI: PDE OF FRACTIONAL ORDER 



when j > 1, and so, using definition (5), we get: 



L[u j+1 - Vi ) - L{ [A—L—(r-t) m - 1 (L[ MB + ... + i/ i ]-L[ MB + ... + i/,-_i] 



/o V-l)! 
+ iV[i/ + i/i + • • • + vj] - N[v + vi + ■ ■ ■ + Vj-i})}dT}, j > 1. 



According to definition of operator L — J^, then the above equation becomes as, 

Jto+i - "ii - r^ /o(* - yr- a - 1 ^{/o"[^r(r - r-'(ih] 



+AT[j/ + «>i H h «<j] - N[v +i/H h Vj-i])]dr}dy. 



(11) 



Now, the operator A[u], defined in (6), gives the mth-fold integral of Lu(x,t)+Nu(x,t)- 
g(x,t). Since the differential operator L' = -j-=; of order m is left inverse to mth-fold 
integral operator, then equation (11) becomes as: 



L[v j+1 - Vj] = -— / (t - y) m a 1 (L[v j ] + N[v + ■ ■ ■ + v,\ - N[v + ■■■ + Vj-i])dy 



T(m - a) J 
- I m - a {L[vj} + N[v + ... + Vj ]- N[v + ■■■ + ^_i] 



Consequently, we have: 



E L I^+i - vj] = r 



3=0 



Y,( l Wj] + N Wo + ■ • • + Vj\ - N[v + ■■■ + vj-i]) 

.3=0 



(12) 



Now, applying the operator L" = ^ _ Q , m — 1 < a < m, m G N, which is frac- 
tional derivative operator in the Caputo's sense of order (m — a), and is left inverse 
to Riemann-Liouville fractional integral operator of order (m — a), to both sides of 
equation (12), then equation (12) becomes as: 



\3=0 



= {L[v ]+N[v }-g(x,t) 

+ L[vi] + N\v + i/i] - N[v ] 

+ L[v 2 ] + N[v + ;/! + v 2 ] - N[v + i/i] 



+ L[v n ] + N[is () + ... + J/„]_ 7V[t/ + ■ ■ ■ + fn-l])- 



Consequently, we have: 



l" Yl L ^+± -",])= L E v i\ + ^E v i\ - »(*.*)■ ( 13 ) 

\i=o / j=o j=o 
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From equations (10) and (13), we can observe that Q(x,t) — YlkLo v k{%,t) is an 
exact solution of problem (1). This completes the proof of theorem 2. □ 

Theorem 3. Assume that the series solution X^felo v k(x,t), defined in (7), is con- 
vergent to the solution u(x,t). If the truncated series ^2' k=0 i / k(x,t) is used as an ap- 
proximation to the solution u(x,t) of problem (1), then the maximum error, Ej(x,t) is 
estimated as, 

£,-(M) < i^V' +1 II wo II- 

Proof. See [41]. □ 

In summary, theorems 1 and 2 state that the variational iteration solution of non- 
linear problem (1), obtained using the iteration formula's (4) or (6), converge to an 
exact solution under the condition that there exist < 7 < 1 such that 

|| A[u +!/! + ... + v k+1 ] ||< 7 || A[u +v 1 + ... + v k \\\, 

(that is || i/fc+i ||< 7 || u k ||), Vfc G N U {0}. 

In other words, If we define for every i G N U {0}, the parameters, 



II "j+i II 



A = 



"ill^O, 



0, ll^||=o, 



then the series solution XfcLo v k{x,t) of problem (1) converges to the exact solution 
u(x,t), when < /3; < 1, Vfc 6 N U {0}. Moreover, as stated in theorem 3, the maxi- 
mum absolute truncation error is estimated to be 

II «(*,*) -£Lo^(M) II < tV j+1 II "o II, 

where (3 — max{/3i; i — 0, 1, • • • ,j}. 

Remark: 

If the first finite /%; i = 0, 1, • • • , I, are not less than one and /3; < 1 for 
i > I, then, of course, the series solution XfcLo y k{x,t) of problem (1) con- 
verges to the exact solution. In other words, the first finite terms do not 
affect the convergence of series solution. This is because that, following the 
theorem 1, we have: 

II S n - Sj ||= ±=£=iy-'+i || *, +1 ||, 

and since < 7 < 1, for n > j and fixed I, we get: 
limnj^oo || S n - Sj ||= 0. 
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In this case, the convergence of VIM approach depends on f3i, for i > I. 

5 Convergence results 

Consider the nonlinear partial differential equation of fractional order, 

— u(x,t) + Nu(x,t)=g(x,t), t>0, (14) 

where m — 1 < a < m, m G N, N is a nonlinear operator, g(x,t) is a known 
analytic function and J^ is the Caputo's fractional derivative of order a. 
The initial conditions of problem (14) are given in terms of the field vari- 
able with their integer order as, 

u (fc) (:r,0) = f k (x), fc = 0,l,--- ,m-l. 

Following the same analysis presented in the previous section, we can 
show that the variational iteration solution u(x,t) — ~}2^L Vk(x,t) obtained 
using the iteration formula, 



fc=0 

"fc+i =/o i ~ 1) 7^T~ 1 (^(^ + ■■■ + "k)(x, r) + N{v + ■■■ + v k ){x, t) - g(x, r))dr, 

converges to the solution of problem (14) if there exist < 7 < 1 such that 

II ^fc+i ||<7ll "k ||, VfcGNU{0}. 



6 Illustrative experiments 



In this section, we apply the proposed alternative approach of VIM to solve 
two nonlinear problems. Then we examine the convergence condition for 
each of them. 

Experiment 1. Consider the nonlinear partial differential equation of frac- 
tional order in the Caputo's sense as follows: 



(x,t) = -H- (u(x,t) du { X '^ \ t>0, i£l, 1<q<2, (16) 

ox \ ox J 



subject to the initial conditions: 

u(x,0) = x 2 , u t (x,0) — — 2x 2 . 
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In view of equations (15), the iteration formula of problem (16) can be 
constructed as: 

v = x 2 (l-2t), 

v k+i =/ '(t - t){-§^{v + ■■■ + v k )(x,r) - £[(vo + ■■■+ is k )(x,T)£(vo + ■■■+ u k )(x,r)])dT 

Using the above iteration formula, we obtain the following successive ap- 
proximat ions : 

vi{x,t) =x 2 {2t 4 -4t 3 +3t 2 ), 

u 2 (x,t) = x 2 ±[(-f a 2 - 675 + *fa) t^ a + (540 - 90a)i 5 - Q - 180t 6 -" 

+ (-^ t 7 - 5t 9 + t 10 - 15i 3 + ft 6 + f i 4 - ft 5 + ft 2 + ft 8 ) T(7 - a)]/r(7 - a), 

Ki(x,t) = 6:r 2 (-32r(12 - a)t (7 - 2a) + 56r(12 - a)t (6 ^ 2a) + 161280r(9 - 2a)t (11 - a) 
+5512320r(9 - 2a)t (r - a) - 8316000r(9 - 2a)i (4 " a) + 8I\12 - a)i (8 ~ 2a) 
+8r(12 - a)t (7 - 2a) a + 4r(12 - a)t (6 ^ 2Q) a 2 - 26448r(9 - 2a)t (7 ~ a) a 3 
+24r(9 - 2a)t (5_a) a 6 + 4044032r(9 - 2a)t (& - a) a + 6650r(9 - 2a)t (4 " a) a 5 
+20160r(9 - 2a)f (9_a) a 2 + 696r(9 - 2a)* (7_a) a 4 + 375144r(9 - 2a)t (7 ~ a) a 2 
-5880096r(9 - 2a)£ (5 ~ Q) a - 5760r(9 - 2a)i (6_Q,) a 4 - 1224r(9 - 2a)£ (5 ~ Q) a 5 
+1788576r(9 - 2a)£ (5 ~ Q) a 2 - 287640r(9 - 2a)t (5 " Q) a 3 + 672245r(9 - 2a)t (4_a) a 3 
-423360r(9 - 2a)t (9 ~ a) a + 128r(9 - 2a)£ (6_a) a 5 - 280r(9 - 2a)i (4 ^ a) a 6 
+3840r(9 - 2a)t (& - a) a i - 3088120r(9 - 2a)i (4 ~ a) a 2 + 1148160r(9 - 2a)t (8_a) 
-115200r(9 - 2a)t (8 ~ a) a 2 + 103040r(9 - 2a)t (6 ~ a) a 3 - 915840r(9 - 2a)t (6 ~ a) a 2 
+5r(9 - 2a)£ (4 ~ a) a 7 + 7788300r(9 - 2a)f (4 ~ a) a - 2353872I\9 - 2a)£ (7 ~ Q) a 
+25800r(9 - 2a)t (5 - a) a 4 - 86800r(9 - 2a)i (4 " a) a 4 + 80640r(9 - 2a)i (10_a) a 
-30r(12 - a)t {fi - 2a) a - 7096320r(9 - 2a)£ (6 ~ Q) + 2217600r(9 - 2a)i (9 ~ a) 
-3801600r(9 - 2a)£ (8 ~ Q) - 887040r(9 - 2a)i (10_a) + 7983360r(9 - 2a)i (5 " a) ) 
/(T(12 - a)I\9 - 2a)), 

By computing /3;'s for this experiment, when < t < 1, < :r < 1 and 
0.5 < a < 1, we have: 

ft=^f<l, i>0. 

This confirms that the variational approach of problem (16), converges 

to the exact solution. 

For the other values of x and t, convergence approach is the same. 

Experiment 2. Consider the nonlinear advection partial differential equa- 
tion of fractional order in the Caputo's sense as follows: 

^—u{x,t)+(u{x,t) du ^ ,t ' \ =x + xt 2 , t>0, x£R, 0<a<l, (17) 

subject to the initial condition: 

u(x,0) = 0. 

In view of equations (15), the iteration formula of problem (17) can be 

constructed as: 
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u = 0, 

"fe+i = -/oC^C^o H hffc)(x,T) + [{vq H bt)(i,T)|(i/ H hffc)(a!,T)] -«- xT 2 )dr. 

Using the above iteration formula, we obtain the following successive ap- 
proximations: 

vi(x,t) = x(t+ ^-), 

/ \ I t — a Of — a t it 

V2[X, t) — — X ( r(3 _ a) + r(5-a) + 63 + ~L5~ _ ^ 



r(3-a) T r(5-a) T 63 n 15 

!*(*, t) = -^[-^((a - 3)(a - 5) 2 (-6 + a) 2 (a - 7) 2 (a - 8) 2 (a - 4) 2 r(7 - 2a) 
-8(a - f )r(9 - a) 2 )(a - 10) (a - 3) (a - 12)(a - §)(a - f )£ (5 ~ 2q) + (a - f ) 
(-119070r(7 - 2a) (a - 10)(a - 8) 2 (a - 3)(a - 7) 2 (a - 12) (a - §)(a - 4) (a - 5) 2 
(a - 6) 2 i (7 ~ 2a) + (-U9070r(7 - 2a) (a - 10) (a - 12)(a - 5) 2 (a - 6) 2 (a - 7) 2 (a - 8) 2 
t (9 - 2a) + (119070r(7-2a)(a-12)(a-3)(a-4)(a-5)(a-6)(a-7)(a-8)(a-10)t (2 - a) 
-1890r(7 - 2a) (a - 8)(a - 7)(a - 12)(a 2 -7a+ ±f){a - 5)(a - 6)t (1 °- Q) 
238140(a - f )r(7 - 2a) (a - 8) (a - 7) (a - 12)(a - 5) (a - 6)£ (4 ~ a) 
+39690r(7 - 2a) (a - 12)(a - 7)(a - 8)(a 3 - 12a + 59a - 144)£ (6 ~ a) 
-15876r(7 - 2a) (a - 12)(a 5 - 25a 4 + 240a 3 - 1085a 2 + 2219a - 1170)i (8 ~ a) 
-3780r(7-2a)(a-5)(a-6)(a-7)(a-8)i (12 " a) + (476280(a-|)(a-3)(a-2)t (3 - 2a) 
+r(7 - 2a)t(i 14 + ^f i 12 + 15876* 4 + '^t 10 - 1008t 8 - 3591t 6 + 59535t 2 - 59535)) 
T(9 - a)(a - 12))(a - 10))r(9 - a)(a - f ))(a - |))]/ 
((a - 10)(a - 12)r(9 - a) 2 (2a + 5) (2a - 9) (2a - 7)I\7 - 2a)), 



By computing /3;'s for this experiment, when < t < 1, < X < 1 and 

0.5 < a < 1, we have: 

This confirms that the variational approach of problem (17), converges 

to the exact solution. 

For the other values of x and t, convergence approach is the same. 

7 Conclusion 

There are two main goals that we aimed in this paper. The first is 
presenting an alternative approach of the variational iteration method to 
handle nonlinear partial differential equations with fractional derivative in 
the Caputo's sense. The second is studying the convergence analysis and 
addressing the sufficient condition for convergence. These two goals are 
achieved. We have studied the convergence of the presented approach and 
the main results are given in theorems 1-3. Furthermore, we have exam- 
ined the convergence condition of VIM solution for the nonlinear problems. 
The VIM gives several successive approximations through using the iter- 
ation of the correction functional without any restrictive assumptions or 
transformation and hence the procedure is direct and straightforward. The 
VIM proved to be easy to use and provides an efficient method for handling 
nonlinear problems, where a few approximation can be used to achieve the 
higher order accuracy. Moreover, VIM reduces the size of calculations and 
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facilitates the computational work when compared with Adomian decom- 
position method or perturbation techniques. 
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LATTICTIC RANDOM STABILITY OF AN ADDITIVE-QUADRATIC 
FUNCTIONAL EQUATION BY FIXED POINT METHOD 

CHOONKIL PARK AND REZA SAADATI* 



Abstract. In [39], Th.M. Rassias proved that the norm defined over a real vector space 
V is induced by an inner product if and only if for a fixed positive integer I 
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holds for all xi, ■ • ■ ,X2i £ V. For the above equality, we can define the following func- 
tional equation 



/ 1 21 \ 21 / 21 \ 21 
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/(**)■ (1) 



Using the fixed point method, we prove the generalized Hyers-Ulam stability of the 
functional equation (1) in complete lattictic random normed spaces. 

1. Introduction 

Probability theory is a powerful hand set for modeling uncertainty and vagueness in 
various problems arising in the field of science and engineering. It has also very useful 
applications in various fields, e.g. population dynamics, chaos control, computer program- 
ming, nonlinear dynamical systems, nonlinear operators, statistical convergence, etc. The 
random topology proves to be a very useful tool to deal with such situations where the use 
of classical theories breaks down. The usual uncertainty principle of Werner Heisenberg 
leads to a generalized uncertainty principle, which has been motivated by string theory 
and non-commutative geometry. In strong quantum gravity regime space-time points 
are determined in a random manner. Thus impossibility of determining the position of 
particles gives the space-time a random structure. Because of this random structure, posi- 
tion space representation of quantum mechanics breaks down and therefore a generalized 
normed space of quasi-position eigenfunction is required. Hence, one needs to discuss on 
a new family of random norms. There are many situations where the norm of a vector is 
not possible to be found and the concept of random norm seems to be more suitable in 
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such cases, that is, we can deal with such situations by modeling the inexactness through 
the random norm. 

The stability problem of functional equations was originated from a question of Ulam 
[52] concerning the stability of group homomorphisms. Hyers [15] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was generalized 
by Aoki [2] for additive mappings and by Th.M. Rassias [38] for linear mappings by con- 
sidering an unbounded Cauchy difference. The paper of Th.M. Rassias [38] has provided 
a lot of influence in the development of what we call the generalized Hyers- Ulam stabil- 
ity or the Hyers- Ulam- Rassias stability of functional equations. A generalization of the 
Th.M. Rassias theorem was obtained by Gavruta [14] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of the Th.M. Rassias' approach. 

The functional equation 

f( x + y ) + f( x -y)=2f(x)+2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic 
functional equation is said to be a quadratic mapping. A generalized Hyers-Ulam stabil- 
ity problem for the quadratic functional equation was proved by Skof [51] for mappings 
/ : X —> Y, where X is a normed space and Y is a Banach space. Cholewa [9] no- 
ticed that the theorem of Skof is still true if the relevant domain X is replaced by an 
Abelian group. Czerwik [10] proved the generalized Hyers-Ulam stability of the quadratic 
functional equation. The stability problems of several functional equations have been 
extensively investigated by a number of authors and there are many interesting results 
concerning this problem (see [16], [18], [19], [35]-[37], [40]-[47]). 

In [?], Park, Lee and Shin proved that an even mapping / : V — > W satisfies the 
functional equation (1) if and only if the even mapping / : V — ► W is quadratic. Moreover, 
they proved the generalized Hyers-Ulam stability of the quadratic functional equation (1) 
in real Banach spaces. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = if and only if x = y; 

(2) d(x, y) = d(y, x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y, z £ X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [4, 12] Let (X, d) be a complete generalized metric space and let J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given 
element x £ X, either 

d(J n x, J n+l x) = oo 
for all nonnegative integers n or there exists a positive integer uq such that 
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(1) d{ J n x, J n+1 x) < oo, Vra > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x,y) < oo}; (4) 
d(y, y*) < ihz d (y, Jy) for all y eY. 

In 1996, G. Isac and Th.M. Rassias [17] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. 
By using fixed point methods, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [5] , [6] , [30] , [32] , [33] , [34] ) . 

2. Preliminaries 

The theory of random normed spaces (RN-spaces) is important as a generalization of 
deterministic result of linear normed spaces and also in the study of random operator 
equations. The RN-spaces may also provide us the appropriate tools to study the ge- 
ometry of nuclear physics and have important application in quantum particle physics. 
The generalized Hyers-Ulam stability of different functional equations in random normed 
spaces, RN-spaces and fuzzy normed spaces has been recently studied by Alsina [1], Mir- 
mostafaee, Mirzavaziri and Moslehian [29, 30], Mihel; and Radu [23], Mihe^, Saadati and 
Vaezpour [24, 25], Baktash et. al [3] and Saadati et. al. [48]. 

Let C = (L,>l) be a complete lattice, i.e., a partially ordered set in which every 
nonempty subset admits supremum and infimum, and 0c = inf L, lc = supL. The space 
of latticetic random distribution functions, denoted by A~£, is defined as the set of all 
mappings F : R U {— oo, +00} — > L such that F is left continuous and non-decreasing on 
M, F(0) = C , F(+oo) = l c . 

F>\ C A£ is defined as D\ = {F G A^ : l~F (+00) = l c }, where l~f(x) denotes the 
left limit of the function / at the point x. The space A^ is partially ordered by the usual 
point-wise ordering of functions, i.e., F > G if and only if F(t) >l G{t) for all t in R. The 
maximal element for A^ in this order is the distribution function given by 

, 0c, tf*<0, 
eo(*) 

l c , if t > 0. 

Definition 2.1. ([8]) A triangular norm (t-norm) on L is a mapping T : (L) 2 — ► L 
satisfying the following conditions: 

(a) (Vx G L)(T(x, lc) = x) (boundary condition); 

(b) (\/(x,y) G (L) 2 )(T(x,y) = T(y,x)) (commutativity); 

(c) (\/(x,y,z) G (L) 3 )(T(x,T(y,z)) =T(T(x,y),z)) (associativity); 

(d) (y(x,x',y,y') G (L) A )(x < L x' and y < L y' =$■ T(x,y) < L T(x',y')) (monotonic- 

ity). 
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Let {x n } be a sequence in L converges to x E L (equipped order topology). The t-norm 
T is said to be a continuous t-norm if 

lim T(x n ,y) = T(x,y), 

for each y G L. 

Definition 2.2. ([8]) A continuous t-norm T on L = [0,1] 2 is said to be continuous t- 
representable if there exist a continuous t-norm * and a continuous t-conorm o on [0, 1] 
such that, for all x = (x\,X2),y = (2/1,2/2) S L, 



For example, 



T(x,y) = (xi *yi,x 2 oy2)- 
T(a,b) = (oi6i,min{a2 + 6 2 , 1}) 



and 



M(o, b) = (minjai, 61}, max{ 02,62}) 
for all a = (01, 02), 6 = (fei, 62) £ [0, l] 2 are continuous t-representable. 
Define the mapping T A from I? to L by: 

«- / s \ x, tfy> L x, 

T A (x,y) = < 

{ y, if x > L y- 

Recall (see [20], [21]) that if {x n } is a given sequence in L, (7^)" =1 Xj is defined recurrently 
by (%\)i=i^i = xi and (T A )" =1 Xj = T A ((7^)™T 1 1 x i ,x n ) for n > 2. 

A negation on C is any decreasing mapping J\f : L — > L satisfying J\f(0c) = lc and 
A/"(l,c) = 0£. If J\f(M(x)) = x, for all x £ L, then AA is called an involutive negation. In 
the following £ is endowed with a (fixed) negation M. 

Definition 2.3. A latticetic random normed space is a triple (X,fj,,T A ), where A is a 
vector space and \i is a mapping from X into D^ such that the following conditions hold: 

(LRN1) fi x (t) = e (t) for all t > if and only if x = 0; 

(LRN2) /i QX (t) = Ma=(ra) for a11 a: in I, a / and t > 0; 

(LRN3) Hx+y(t + •?) >l T/\{Hx{t)i %(#)) for all x,y £ X and t, s > 0. 

We note that from (LRN2) it follows /i_ x (t) = /x x .(t) (x G A, i > 0). 

Example 2.4. Let L = [0, 1] x [0, 1] and operation <l be defined by: 

L = {(01, 02) : (01,02) E [0, 1] x [0, 1] and a\ + a 2 < 1}, 

(01, o 2 ) <l (h, 62) «=>- oi < 61, a 2 > 62, Va = (ai, a 2 ), 6 = (61, 62) G £■ 

Then (L,<l) is a complete lattice (see [8]). In this complete lattice, we denote its 
units by 0^ = (0,1) and 1^ = (1,0). Let (A, || • ||) be a normed space. Let T(a,b) = 
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(minjai, 6i},max{a2, 62}) for all a = (01,02), b = (61,62) G [0,1] x [0,1] and fi be a 
mapping denned by 

/^(*)=(i3^»iJnnr)» vteM + ,. 

Vt + ||x|| £ + ||x||/ 
Then (X,fi,T) is a latticetic random normed spaces. 

If (X,/j,,T/\) is a latticetic random normed space, then 

V = {V(e, A) : e > L C , A e L \ {0 £ , 1 £ }, F( £ , A) = {x e X : F x {e) > L M(X)} 

is a complete system of neighborhoods of null vector for a linear topology on X generated 
by the norm F. 

Definition 2.5. Let (X,(j,,T/\) be a latticetic random normed spaces. 

(1) A sequence {x n } in X is said to be convergent to x in X if, for every t > and 
e G L \ {0,c}, there exists a positive integer A such that /j, Xn - x (t) >l A/"(e) whenever 
n > N. 

(2) A sequence {x n } in X is called Cauchy sequence if, for every t > and e G L\ {0^}, 
there exists a positive integer A such that fJ. x „-x m (t) >l M(e) whenever n > m > N. 

(3) A latticetic random normed spaces (A, //,7a) is said to be complete if and only if 
every Cauchy sequence in X is convergent to a point in X. 

Theorem 2.6. If (X, /it, 7a) is a latticetic random normed space and {x n } is a sequence 
such that x n — ► x, then lim n _K X j fi Xn {t) = fJ, x (t). 

Proof. The proof is the same as classical random normed spaces, see [49]. □ 

3. Generalized Hyers-Ulam stability of the functional equation (1): an odd 

case 

For a given mapping / : X —> Y, we define 

( 1 2/ \ 21 ( 21 \ 2/ 

21 1> +£/ U-o/E^- -£/o*) 
i=i / t=i V j=i y t=i 

for all xi, • • • ,X2/ G A. 

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the 
functional equation Cf(xi, ■ ■ ■ ,X2i) = in complete LRN-space: an odd case. 

Theorem 3.1. Let X be a linear space, (Y, /i, 7a) a complete LRN-space and $ a mapping 
from X 21 to Z?£ ($(xi,...,X2i) is denoted by <& Xl ,...,x 2 i) an d 



**:=$ 



x, ■ ■ ■ ,x,0, • • • ,0 

I times I times 
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be functions such that there exists an R < 1 with 

®x u -,x 2l l-^A > L $2 X1 ,..,2x 2l {t) 

for all x±, ■ • ■ , X21 G X. Let f : X — > Y be an odd mapping satisfying 

MC/(xi,..- ,*«)(*) >i**i,- ,««(*) (2) 

for all x\,--- ,X2i G X and all t > 0. TTien -A(x) := lini n _^ 00 2™/ (^) exists for each 
x €z X and defines an additive mapping A : X — > Y stzc/i i/iai 

M/(*)-i(*)W>l*«(('-W)t) (3) 

/or all x £ X and all t > 0. 

Proof. Letting xi = • • • = x/ = x and x; + i = • • • = x^i = in (2), we get 

/%/(!)-;/(*)(*) >i $ x, • • • , x,0, ■ ■ ■ , (*) = **(*) (4) 

Z times I times 

for all x £ X. 
Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

d(g,h) = inf{r G R+ : /^-/^(rt) >L **(*), Vx G X,Vt > 0}, 

where, as usual, inf = +oo. It is easy to show that (S,d) is complete. (See the proof of 
Lemma 2.1 of [23].) 

Now we consider the linear mapping J : 5 — ► S such that 

Jg(x) := 2g (|) 

for all x E X. 

Let g, h G S be given such that o!(g, /i) = e. Then 

Vg(x)-h(x)(£t) >L ^x(t) 
for all x G X and all t > 0. Hence 



l*Jg(x)-Jh(x)(REt) ~ / i 2g(f)-2/ l (|)( jRet ) 



T (Rt\ T /itt\ 

= «,(() 

for all x G X and all £ > 0. So o!(g, h) = e implies that d(Jg, Jh) < -Re. This means that 

d( J#, J7i) < Rd(g, h) 
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for all g,h G S. 

It follows from (4) that d(f, Jf)<\- 

By Theorem 1.1, there exists a mapping A : X —> Y satisfying the following: 

(i) A is a fixed point of J, i.e., 

*® = \m w 

for all x £ X. Since / : X — ► Y is odd, A : X — ► Y" is an odd mapping. The mapping A is 
a unique fixed point of J in the set 

M = {g€S:d(f,g)<^}. 

This implies that A is a unique mapping satisfying (5) such that there exists a r G (0, oo) 
satisfying 

for all i£l; 

(ii) d(J n f,A) — > as n — v oo. This implies the equality 

lrm 2™/ (^) = A(x) 

for all i£l; 

(iii) d(f,A) < Y~nd(f,Jf), which implies the inequality 

This implies that the inequality (2) holds. 

By (i), 

L l on r <f( x i x 2i \ (2 n t) >l 3> x i x 2i{t) 
for all xi, • • • , X2; G X, all t > and all n G N. So 

for all xi, • • • , X2i G X, all t > and all n G N. Since 

lim $ T1 ... T „, f — - 
for all xi, • • • , X21 G X and all £ > 0, 

fJ-CAixi,- ,x 2 i)(t) = l£ 

for all xi, • • • , X21 G X and all t > 0. Thus CA(xi, • • • , X2O = 0. Since A is odd, it follows 
from Lemma 2.1 of [?] that the mapping A : X — > Y is additive, as desired. □ 
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Corollary 3.2. Let 9 > and let p be a real number with p > 1. Let X be a normed 
vector space with norm || • || and let (X, /i,min) be a a complete LRN-space in which u is 
a distribution function on D"t 1 , = D + i.e., L = [0, 1] {see [49]). Let f : X — > X 6e an odd 
mapping satisfying 

1 "T V 2-UJ=l \\ x j\\ 

for all xi,'" ,X2i G X and a// £ > 0. TTien -A(x) := linijj^oo 2™/ (^) exists /or eac/i 
x € X and defines an additive mapping A : X ^ Y such that 

(2P - 2)t 
A*/(*)-X(*)(tJ > ( 2 P_2)t + 2P^||x||P 

/or all x ^ X and all t > 0. 

Proof. The proof follows from Theorem 3.1 by taking 






p 



for all x\, ■ ■ ■ , X21 G X. Then we can choose i? = 2 1 p and we get the desired result. □ 

Theorem 3.3. Let X be a linear space, (Y, n,%\) a complete LRN-space and $ a mapping 
from X to Z?£ ($(xi, ...,X2i) ^ denoted by & xi ,...,x 2 i) an -d 

^ :=$ x,--- ,x,0,--- ,0 

I times I times 

be functions such that there exists an R < 1 with 

$ Xl ,.., X2l (2Rt) >L^^,...,£|i(i) 
for all x±, ■ ■ ■ , X21 G X. Let f : X — > Y be an odd mapping satisfying 

VCf{xi,-,x 2l ){t) >L $ xl ,.., X2l {t) (7) 

for all xi,--- ,X2i G X and all t > 0. Then A(x) := lirrij^oo ^f(2 n x) exists for each 
x G X and defines an additive mapping A : X — > Y snc/i f/iai 

A*/(*)-A(*)(t) >£ ^ ^ l ~R R) t ) (8) 

/or all x ^ X and all t > 0. 

Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 3.1. 
Consider the linear mapping J : S — > S" such that 

for all x G X. 

It follows from (7) that 

l l 2lf{x)-lf(2x){ t ) >L ^2x{t) 
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for all x £ X and all t > 0. Thus 



^m-lm X ) (-2T*) ^ **(*) 



for all x 6 X and all £ > 0. So d(/, J/) < f . 

The rest of the proof is similar to the proof of Theorem 3.1. □ 

Corollary 3.4. Let 8 > and Zei p be a real number with < p < 1. Lei X ie a normed 
vector space with norm \\ ■ \\ and let (X, /^,min) be a a complete LRN-space m which /i is 
a distribution function on -Djtji = D + i.e., L = [0,1] (see [49]). Let f : X ^ X be an 
odd mapping satisfying (6). TTien A(x) := linv^oo ^f(2 n x) exists for each x £ X and 
defines an additive mapping A : X — > X suc/i t/iat 

(2 - 2P)t 
M/(x)-i4(*)(*J > ( 2 _2P)t + 2P^||x||P 

for all x £ X and all t > 0. 

Proof. The proof follows from Theorem 3.3 by taking 

t 

t + QT. j= i\\xj\\ p 

for all xi, ■ ■ ■ , X21 G X. Then we can choose R = 2 P_1 and we get the desired result. □ 

4. Generalized Hyers-Ulam stability of the functional equation (1): an even 

case 

In this section, using the fixed point method, we prove the generalized Hyers-Ulam 
stability of the functional equation Cf(xi, • • • , X21) = in complete LRN-spaces: an even 
case. 

Theorem 4.1. Let X be a linear space, (Y, fi,%\) a complete LRN-space and <& a mapping 
from X 21 to -D^ ($(xi, —,X2i) is denoted by $ Xl ,...,x 2 i) an d 

** :=$ x,--- ,x,0,--- ,0 

I times I times 

be functions such that there exists an R < 1 with 



**!,-,*« f J*) >L^2 Xl ,-,2xJt) 



for all xi, ■ ■ ■ ,X2i € X. Let f : X — > y be an even mapping satisfying /(0) = and (2). 
T/jen <2(x) := lim n _ ) . 0O 4 n / (^) exists /or eac/i x G X and defines a quadratic mapping 
Q : X — ► Y such that 

Vf(x)-Q(x)(t)>LVx((l-lR)t) (9) 

for all x £ X and all t > 0. 
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Proof. Letting x\ = • • • = x\ = x and rc; +1 = • • • = x 2 « = in (2), we get 

**4J/(f )-!/(«)(*) >L®x,--- , X,0, ■ ■ ■ , (*) = M*) ( 10 ) 

Z times Z times 

for all x & X. 

Let (iS, d) be the generalized metric space defined in the proof of Theorem 3.1. 
Now we consider the linear mapping J : 5 — ► S such that 

'X s 



Jg(x) := 4g ^ } 

for all x E X. 

Let g, h € S be given such that d(g, h) = e. Then 

Vg(x)-h(x)( e t) >L V x (t) 
for all x £ X and all £ > 0. Hence 



Hjg(x)-Jh{x){R£t) = /i 4g (!)_ 4h (!)CR^) 



= / Vf)-»(!) (l et ) ^ *i (t) 

for all x S X and all £ > 0. So d(g, h) = e implies that d(Jg, Jh) < ite. This means that 

d( J#, J7i) < JRd(s, /i) 

for all g,h £ S. 

It follows from (10) that d(f, J '/) < }. 

By Theorem 1.1, there exists a mapping Q : X —> Y satisfying the following: 

(i) Q is a fixed point of J, i.e., 

q(1) = \q{*) (ii) 

for all x € X. Since / : X — > Y is even, Q : X — ► Y is an even mapping. The mapping Q 
is a unique fixed point of J in the set 

M = { 5 e5:d(/,<7)<oo}. 

This implies that Q is a unique mapping satisfying (11) such that there exists a r £ (0, oo) 
satisfying 

Vf{x)-Q(x)(rt) > L ^ x (t) 

for all i£l; 

(ii) d(J n f, Q) — ► as n — ► oo. This implies the equality 



for all i£l; 



nm4-/(^)-0(,) 
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(iii) d(f,Q) < jzrftd(f, Jf), which implies the inequality 

This implies that the inequality (9) holds. 

The rest of the proof is similar to the proof of Theorem 3.1. □ 

Corollary 4.2. Let 9 > and let p be a real number with p > 2. Let Y be a normed 
vector space with norm || • || and let (X, /i,min) be a a complete LRN-space in which p, is 
a distribution function on DTZy, = D + i.e., L = [0,1] (see [49]). Let f : X — > Y be an 
even mapping satisfying /(0) = and (6). Then Q{x) := liim^oo 4 n / (^) exists for each 
x G X and defines a quadratic mapping Q : X — > Y such that 

(2P - 4)t 
Vf(x)-Q(x){t) > ( 2 P-4)t + 2P0||x||P 

for all x £ X and all t > 0. 

Proof. The proof follows from Theorem 4.1 by taking 

t 
®xi,- ,x 2l {t) ■- 2l - — 

* + #E J= ilNl p 

for all xi, • • • , X21 € X. Then we can choose R = 2 2_p and we get the desired result. □ 
Similarly, we can obtain the following. We will omit the proof. 

Theorem 4.3. Let X be a linear space, (Y, /it, 7^) a complete LRN-space and $ a mapping 
from X 21 to Z?£ ($(xi,...,X2i) is denoted by & Xl ,...,x 2 i) an -d 

^ :=$ x,--- ,x,0,--- ,0 

I times I times 

be functions such that there exists an R < 1 with 

$ Xl ,.., X2l {4Rt)> L <S>E±...^{t) 

for all xi, ■ ■ ■ ,xii G X. Let f : X — > Y be an even mapping satisfying /(0) = and (2). 
Then Q(x) : = linin^oo -^f (2 n x) exists for each x G X and defines a quadratic mapping 
Q : X —> Y such that 

»f(x)-Q(x)(t) >L V x ((l ~ lR)t) 

for all x G X and all t > 0. 

Corollary 4.4. Let 9 > and let p be a real number with < p < 2. Let Y be a normed 
vector space with norm \\ ■ \\ and let (X, /i, min) be a a complete LRN-space in which \x 
is a distribution function on D~t ,, = D + i.e., L = [0,1] (see [49]). Lei / : X — > K 6e 
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an even mapping satisfying /(O) = and (6). Then Q(x) := lirrin^oo i/ (2 n x) exists for 
each x £ X and defines a quadratic mapping Q : X — > 1" suc/i £/m£ 

(4 - 2P)t 
»f( x )-Q(x){t) > ( 4 _2P)t + 2P0||x||P 

/or all x £ X and all t > 0. 

Proof. The proof follows from Theorem 4.3 by taking 

i 

for all xi, • • • , X2i € X. Then we can choose R = 2 P ~ 2 and we get the desired result. □ 

5. Conclusion 

Remark 5.1. Let / : X —> Y be an odd mapping for which there exists a function 
(p : X 2n — ► [0, oo) satisfying (2) in which 

f 



and 



^Xl,— ,X2„\t) '■ — 
fJ-x(t) 



t + ip(xi,--' ,X2n) 
t 



t+ \\x\\ 

By a similar method to the proof of Theorem 3.3, one can show that if there exists an 
R < 1 such that 

/ \ 

if(x, ■ ■ ■ ,x,0,--- ,0) < 2Rip 

n times n times 



x ,--- , x ,o,--- ,0 

2 2 



n times 



\ 

\ n times 

for all x 6 X, then there exists a unique Jensen additive mapping A : X — > Y satisfying 



[|/(x)-A(x)[|< 



i? 



n — nR 



(fi(x,--- ,x,0,--- ,0) 



n times n times 



for all x £ X. 



Remark 5.2. Let / : X — ► Y be an even mapping for which there exists a function 
93 : X 2n — ► [0, 00) satisfying (2) in which 

**i,~,*a»(*) : = 



£ + <p(xi,--- ,x 2n ) 



t+ a; 



and /(0) = such that 



00 ^ 



X 



i=0 
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for all xi, ■ ■ ■ , X2n £ X. By a similar method to the proof of Theorem 4.3, one can show 
that if there exists an R < 1 such that 

/ \ 

(p(x, • • • , x, 0, • • • ,0) < ARif 

n times n times 

for all x £ X, then there exists a unique Jensen type quadratic mapping Q : X —* Y 
satisfying 

\\f(*)-Q(*)\\< n _ nR <P(xr" ,x,0,--- ,0) 

n times n times 

for all iEX 
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ON mI s -NORMAL SPACES 



HAINING LI AND ZHAOWEN LI 

Abstract. In this paper, characterizations and properties of mX g -normal 
space are given. Moreover, Urysohn's Lemma on mX 9 -normal spaces is proved. 



1. Introduction and preliminaries 

Ideals were studied by Kuratowski [6] and Vaidyanathaswamy [15]. Their appli- 
cations have been researched intensively (see [2], [4]). 

The concept of minimal spaces was introduced by Popa and Noiri [13], which 
is a generalization of topological spaces. They given some characterizations and 
properties of m-regular spaces and m-normal spaces. The concept of ideal minimal 
spaces was studied by Ozbakir and Yildirim [9]. They introduced m2~ 9 -closed sets 
in ideal minimal spaces and investigated some basic properties. 

The purpose of this paper is to study separation properties in ideal minimal 
spaces. We introduce the concept of mZ g -normal spaces and give their character- 
izations and properties. In addition, we prove Urysohn's lemma on mX^-normal 
spaces. 

Throughout this paper, spaces always mean minimal spaces or ideal minimal 
spaces on which no separation axiom is assumed, and maps are onto. N denotes 
the set of all natural integers. 2 X denotes the power set of A". If U C 2 X , Y C X 
and x e X, U Y denotes {Uf]Y : U e U}, U(x) denotes {U e U : x e U}, U c 
denotes {X - U : U e 14} . 

2. Preliminaries 

Let X be a set and 1, M. C 2 X . 1 is called an ideal on X if 1 satisfies the 
following conditions: 

(1) A g X and B a A implies Bel; 
(2)ieIandBeI implies AUB el. 
M. is called a minimal structure on X if $,X e A4. By (X, A4), we denote 
a set X with a minimal structure A1 on X. Simply we call (X,Ai) a minimal 
space (briefly ra-space) [13]. Elements in M. are called m-open subsets and the 
complements are called m-closed subsets. 

Let (A", M.) be a m-space. For A C X, the m-closure of A and the m-interior of 
A are defined as the following [6]: 

int m (A) = \J{U :U CA,U e M}, 



2000 Mathematics Subject Classification. 54A05, 54C08. 

Key words and phrases. Ideal m-spaccs; m,X 9 -closed sets; mX 9 -normal spaces; Urysohn's 
lemma. 

This work is supported by the National Natural Science Foundation of China (No. 11061004), 
the Natural Science Foundation of Guangxi Province in China (No.2011GXNSFA018125) and the 
Science Research Project of Guangxi University for Nationalities (No.2010ZD009). 

1 



185 



2 HAINING LI AND ZHAOWEN LI 

d m (A) = f]{F :FDA,X-Fe M}. 

Definition 2.1 ([3]). A m-space (X, M) is called having property [U] if the union 
of every subfamily of M. belongs to M. . 

If X is an ideal on X and M. is a minimal structure on X, then (X, M.,T) is 
called an ideal m-space. 

Let (X, M.,T) be an ideal m-space. A set operator (.)* : 2 X — ► 2 X , called a 
local map [1] of A with respect to M. and X, is denned as follows: for any A C X, 

A*(1,M) = {xeX : V C\A^1 for every V £ M(x)}. 

For A C X, the m-closure of A and the m-interior of A in X are defined as the 
following [6]: 

cl* m (A) = AuA*(l,M), 
int* m {A)=X-ci; n {X-A). 
When there is no chance for confusion, we will simply write i m A for int m (A), 
c m A for cl m (A), A* for A*(X,M), i* m A for int* m {A) and c* n A for cl^A), respec- 
tively. 

Lemma 2.2 ([3], [12]). Let (X, M.) be a m-space andA,B C X. Then the following 
properties hold. 

(1) If Ad B, then c m A C c m B and i m A C i m B. 

(2) c m = 0, c m X = X, i„$ = and i m X = X. 

(3) If Ae M, then i m A C A; if A e M c , then A C c m A. 
yQj % m % m /\ z rn /\ and c m c nl /\ c nl /\. 

(5) X — c m A = i m (X — A) and X — i m A = c m (X — A). 

(6) i m (A C\B) = i m A n i m B and i m (A U B) D i m A U i m B. 

(7) c m {A \JB) = c m A U c m B and c m (A flB)c c m A n c m B. 

(8) x £ cl m (A) if and only if U (1 A ^ for every U G M(x). 

Lemma 2.3 ([14]). Let (X,M) be a m-space and A C X, where (X, M.) has the 
property [U] . Then the following properties hold. 

(1) i m A = A if and only if A G M. 

(2) c m A = A if and only if A G 7W C . 

(3) i m A G Al anrf c m A G A^ c . 

Definition 2.4 ([9]). Lei (X, A4) &e a m-space and Ac X. Then A is called 

(1) mg-closed in X if c m A C U whenever U is m-open and A C U. 

(2) mg-open in X if X — A is mg-closed in X. 

Definition 2.5 ([9]). Let (X,M.,T) be an ideal m-space and A C X. Then A is 
called 

(1) m*-closed in X if c* m A = A, and m*-open in X if X — A is m*-closed in X. 

(2) mTg-closed in X if A* m C U whenever U is m-open and A C U, and rrH g - 
open in X if X — A is mT g -closed in X. 

Obviously m-closed sets => m*-closed sets and 

m-closed sets =>■ mg-closed sets =>■ ml^-closed sets -4= m*-closed sets. 

Definition 2.6. A function f : (X, M) — » {Y,Af) is called 

(1) m-continuous [7] if f~ l {V) is m-open in X for each V G N '. 

(2) m-closed [11] if f(F) is m-closed in Y for any X — F G M. 
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Definition 2.7 ([11]). A m-space (X, M.) is called m-normal (resp. mg-normal) 
if for each pair consisting of disjoint m-closed subsets (resp. mg-closed subsets) A 
and B , there exist disjoint m-open subsets U and V such that A C U and B <zV . 

3. On mI 9 -NORMAL SPACES 

Definition 3.1. A ideal m-space (X,M,X) is called mlg-normal, if for each pair 
consisting of disjoint mX g -closed subsets A and B, there exist disjoint m-open sub- 
sets U and V such that A C U and B C V . 

Clearly, if X = {0}. then rnX g - normal spaces and mg-normal spaces coincide. 
Every mZg-normal space is m-normal. But the following Example 3.2 illustrates 
that m-normal spaces need not be mZ 9 -normal. 

Example 3.2. Let X = {a,b,c,d}, M = {0, {b}, {a, 6}, {a,c, d},X} and 1 = 
{0, {a}, {c}, {a, c}}. Then M c = {0, {6}, {c, d}, {a, c, d}, X}. 

Pick A = {b} and B — {c, d} (resp. A = {&} and B = {a, c, d}), then there exist 
disjoint m-open subsets U = {a, b} and V = {a, c, d} such that A C U and B <zV . 
Hence X be m-normal space. 

Put C = {b, c} and D = {a, d}, then we have C^ = {b} and D* n = {c, d}. This 
implies that C and D are disjoint mT g -closed subsets of X . But there not exists 
m-open subset containing C. Hence X be not mT g -normal space. 

The following Theorem 3.3 gives some characterizations of mZ 9 -normal spaces. 

Theorem 3.3. Let (X 1 M.,T) be an ideal m-space. Then the following are equiva- 
lent. 

(1) X is mlg-normal; 

(2) For each mT g -closed subset A and mT g -open subset U containing A, there 
exists m-open subset V containing A such that A C V C c m V C U ; 

(3) For each pair consisting of disjoint mT g -closed subsets A and B, there exists 
m-open subsets U containing A such that c m U ("I B = 0; 

(4) For each pair consisting of disjoint mI g -closed subsets A and B, there exist 
a m-open subset U containing A and a m-open subset V containing B such that 

c m unc m v = ®. 

Proof (1)=> (2). Let A be a mX g -closed set and U be a mT g -open set containing 
A. Then we have X — U is mT g -closed set and A n (X — U) = 0. Since X is a 
mZg-normal space, then there exist disjoint m-open subsets U± and V\ such that 
A C U\ and X - U C V\. This implies that X - Vi C U. Since U\ ("1 Vi = 0, then 
we obtain c m U\ C X - V\. Set V = U\, then c m V C X - V\ C U. Therefore, 
AcV c c m V cX-VxCU. 

(2)=4> (3). Let A and B are disjoint m.X 9 -closed subsets of X. Then we have 
A C X — B and X~ B is mX 9 -open. By (2), there exists m-open subset U containing 
A such that A C U C c m U C X - B. Therefore, c m U C\B = $. 

(3)=> (4). Let A and B are disjoint mX g -closed subsets of X. By (3), there 
exists m-open subset U containing A such that c m UnB = 0. Since c m U is m-closed 
in X, then c m U is mZg-closed. By (3), there exists m-open subsets V containing 
B such that c m U n c m V = 0. 

(4)=^> (1). This is obvious. □ 

If X = {0} in Theorem 3.3, then we have the following Corollary 3.4. 
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Corollary 3.4. Let (X, M.) be a m-space. Then the following are equivalent. 

(1) X is mg-normal; 

(2) For each mg-closed subset A and mg-open subset U containing A, there exists 
m-open subset V containing A such that A d V d c m V C U ; 

(3) For each pair consisting of disjoint mg-closed subsets A and B , there exists 
m-open subsets U containing A such that c m U ("1 B — $; 

(4) For each pair consisting of disjoint mg-closed subsets A and B, there exist 
a m-open subset U containing A and a m-open subset V containing B such that 
c m Ur\c m V = 0. 

Lemma 3.5. Let (X,A4,X) be a mT g -normal space. For each pair consisting of 
disjoint mX g -closed subsets A and B, there exist disjoint m-open subsets U and V 
such that c* m A c U and c* m B c V. 

Proof. Let A and B are disjoint mX 9 -closed subsets of X. By Theorem 3.3, there 
exist a m-open subsets U containing A and a m-open subsets V containing B such 
that c m U n c m V = 0. Since A is mX s -closed, then we have A* n C U. Hence 

A* m U A = c* m A C U. Similarly c* m B cU. □ 

Theorem 3.6. Let (X,M.,X) be a mX g -normal space. For each mX g -closed subset 
A and mX g -open subset U containing A, there exists m-open subset V such that 
A C c* m A C V C i* m U C U. 

Proof. Let A be a mX 3 -closed and U be a mX 9 -opcn containing A in X. Then 
A and X — U are disjoint mZ g -closed in X. By Lemma 3.5, there exist disjoint 
m-open subsets V\ and Vi such that c* m A C V\ and c* m {X — U)cV2- Thus we have 
X - i*JJ = c* m {X -U) C V 2 . Hence X - V 2 C i* m U . Since V x n V 2 = 0, then we 
obtain Vi C X - V 2 . Therefore, A C c^A cVid-^C i^t/ C U. □ 

If T = {0} in Theorem 3.6, then we have the following Corollary 3.7. 

Corollary 3.7. Let (X, M.) be a mg-normal space. For each mg-closed subset 
A and mg-open subset U containing A, there exists m-open subset V such that 
A C c m A C V C i m U C U. 

4. Properties of mI 9 -NORMAL spaces 

Recall that if X is an ideal of (X, M.) and Y C X, then ly is an ideal of (Y,A4y) 
(see [8]). So (Y,A4y,^y) is also an ideal m-space. Thus, (Y, A4y,%y) is called a 
subspacc of (X, A4,l). 

Lemma 4.1. Let (X,A4,2) be an ideal m-space and A <zY <Z X . Then 

A* m (l Y ,M Y ) = A* m (l,M)nY 

Proof. Let y e A* m (I,M) fl Y, for every V e My(v)- Then there exists U e M 
such that l/ = l/ny. Thus we have U G M{y). This implies that £/ n A £ T. 
Since X Y C X and C7 n Y n A = [7 n A, then we obtain 7nA= [/nrni^Iy. 
Hence y e A* m (I Y ,M Y ) and A* m (X,M) C\Y C A* m {X Yl M Y ). 

Conversely. Since A* m {X Y , My) = {y E Y : V D A ^ X Y for every V <G My(y)}, 
then A* m (X Yl T Y ) C F. Let j/ e A* m (X Y ,M Y ), for every [7 G A4(y). Then (/nr"e 
My(y). This implies that (7/ n Y) n A ^ Xy . Since ([/ny)ni=C/ni, then we 
have UC\ A <£X. Hence y e A^(X,A1) and A* m {X Y , My) C A^(X, Al) flF. □ 
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Lemma 4.2. Let (X,A4,I) be an ideal m-space and A C F C X. If A is a 
m{Iy) g -closed subset of (F, My ,1y) an d Y is m*-closed in X, then A is a rril g - 
closed subset of (X,M.,I). 

Proof. Let A C U e M, then A C U n Y e My. Since A is m(I Y ) g -closcd in Y, 
then A* m (l Y ,My) C U C\Y. By Lemma 4.1, we have A r *„(X, Al) n F C 17 n Y. 
Since icF and F is m*-closed in X, then A* m {I,M) C c^A C c*„F = Y. Thus 
we obtain A* m (I,M) d U C\Y . Therefore A* m (I,M.) C U and A is m2" g -closed in 

X. "' ' ' D 

Theorem 4.3. Let (X,A4,T) be a mI g -normal space and Y C X. If Y be a 

m*-closed subset of X, then (Y, M.y,Iy) is a m(Iy) g -normal space. 

Proof. Let A and B are disjoint m(Iy) g -c\osed subsets of Y. Since Y be a m*-closed 
in X, then A and B are disjoint m2" 9 -closed subsets of X by Lemma 4.2. Since 
(X, Ai,T) is mX g -normal space, then there exist disjoint m-open subsets U and V 
such that A C t/ and B C V. Hence, A C 17 n F G My and B C V n F e Air- 
Note that (17nF)n(VnF) = 0. Therefore (F, My, J) is m(Zy) g -normal space. □ 

Lemma 4.4. Lei {X, M.,1) be an ideal m-space satisfying the property [Li] and 
B, Y C X . If B is a mX g -closed in X and Y is m-open and m-closed in X, then 
B C\Y is a m{Xy) g -closed subset of (Y,My,Iy). 

Proof. Let B n F C U e My, then B C U U (X - F). U £ My and F e At 
imply U € M.. Since F is also a m-closed in X, then 17 U (X — F) <G Af. Since 
X has property [£/] and B is a mZ 9 -closed in X, then B^(X, At) C 17 U (X — F). 
By Lemma 4.1, (B n F)^(7y,M y ) = (B n F)^(J, At) n F C B;(l,M)nF C 
(17 U (X - F)) n F = 17. Therefore B n F is m(Z y ) g -closed in F. □ 

Lemma 4.5 ([5]). 7/ e?;er?/ 7 a is an ideal of X a , then { [J I a : I a G 2 a } is an 

ideal of [J X a . 

Let {(X a , M. a ) : a € A} be a family of pairwise disjoint m-space, i.e., X a nX a i = 
for a ^ a'. Put X = [j X a , M = { [j A a : A a e M a }. Obviously, %,X e M. 

a£A a£A 

So M. is a minimal structure on X. 

For A C X, we claim ^4 e Al if and only if An X a e M a for each a e f\. 
In fact. Suppose A e M. Then A = [j A fh where Ap e Mp (j3 € A). So 

/36A 

for each a e A. ^ n ^ = ( U -4/3) n ^<* = U i A P H X a ). If /? ^ a, then 

/3eA /3eA 

^nl a Cl p n X Q = 0. Thus An X a = A a n X a = A a e M a . On the other 
hand. A = Anx = An(\J x a ) = \J (An X a ). Byinl a e M a , A e M . 

aeA aeA 

Thus, the m-space (X,Ai) is called the mini sum of {(X a ,A4 a ) : a E A}. We 
denote (I,M) by I a . 

It is easy to prove that every X a are both m-open and m-closed in @ X a . 

aeA 
Obviously, if every m-space (X a ,A4 a ) satisfies the property [U], then (J) X a 

aeA 
also satisfies the property [U]. 
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Let {{X a ,M. ai X a ) : a G /\} be a family of pairwise disjoint ideal m-spaces, 
i.e., X a n X a , = for a ± a 1 . Put X = (J X a , M = { \J A a : A a G M a }, 

X = { 1J I a : I a G la]. By Lemma 4.5, (X,M,2^) is a ideal m-space. For Acl, 

^4 e jM if and only if An X a e M a for each a € f\. Thus, (X, M,l) is called the 
ideal mini sum of {(X a ,A4 a ,T a ) : a G A}. We also denote (X,M,X) by (J) X a . 

aeA 

Theorem 4.6. Lei {(X a , M. a ,I a ) : a G A} be a family of pairwise disjoint ideal 
m-spaces satisfying the property [U] and let T = { [J I a : I a G I a }- Then Q} X a 

is a mTg-normal space if and only if every X a is a m{T a ) g -normal space. 

Proof. The proof of Necessity follows from Theorem 4.3. 

Sufficiency Denote X = (J) X a . 

aeA 

Let A and B be disjoint mX s -closed subsets of X. Then for any a G A, A n X a 
and B n X Q are disjoint m2g-closed subsets of X a by Lemma 4.4. Since X a is 
m(2" Q ) g -normal, then there exist disjoint m-open subsets U a and V a of X a such 
that AC\X a <zU a and B(lI a C V a . 

Clearly, 

^ = Af|( U 4)cf/= U u a , 

aeA "eA 

B = 5fl( U X a )cV= U V^. 
aeA "eA 

If a ^ /?, then [7 a n Vg C X a n X^ = 0. Thus for any a, /? G A, U a (~]Vp = 0. 
Hence U f]V = f| (^a H T/g) = 0. 

a, /3eA 

Since every X a is m-open in X and X has property [U], then [/ and V are 
m-open in X. Therefore X is mI g -normal. D 

Lemma 4.7 ([10]). If f :X ->Y is a map, Ac X and B cY, then / _1 (B) C A 
i/ and on/y ifBcY- f(X - A) . 

Lemma 4.8. Let f : (X,M,T) -> (Y,Af,J) be a map with f~ l {J) C X. TTien 

(1) If f is a m-continuous map, then f~ 1 (B)* m (I,A4) C f~ x (B* m (jJ , A/")) /or 
any Bcl^. 

(2) If f is a m-continuous and m-closed map and B is a mJ g -closed subset of 
Y, then f~ l (B) is a mlg -closed subset of X. 

Proof. (1) Suppose that f(/- 1 (B)^(:r,.M)) - B* m {J,N) ± 0, pick 
y & f{f-\B)* m {l,M)) ~ B* m {J,N). 

Thus we have y G /(/ 1 {B)* m (T, M)). This implies that y = f(x) for some 
x G /- 1 (B)^ l (I, J M). Since y £ B* m {J,N), then FnBeJ for some V G 
A/"(y). Since / is m-continuous, then / _1 (F) G W». Thus /^(V) n r x {B) <£1. 
But, FflBeJ implies that f~ x (V) n / _1 (-B) = / _1 (V n B) G / _1 (^) <= X. 
This is a contradiction. Hence f{f- 1 {B)* m {l,M)) - B* m {J,M) = 0. Therefore, 
f(f- l (B); n (l,M)) C B* m (J,AT) and f-\By m (I,M) C f-\B* m {J^)- 

(2) Let / _1 (B) Cf/eM, then B <zY - f{X - U) by Lemma 4.7. Since / is 
m-closed, then Y - f(X - U) G TV. Since B is mjg-closed in Y, then B^(J,J\f) C 
y - /(X - U). By Lemma 4.7, f'^B^J^)) C £/. By (1), f-\B)* m {l,M) C 
/- 1 (B;( l 7,^)). Hence /^(B^X,^) C C7. Therefore, / _1 (^) is mX g -closed in 
X. □ 
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Theorem 4.9. Let f : (X, M.,1) — ► (Y,M,J') be a m-continuous and m-closed 
map with / _1 (c7) Cl. If X is mI g -normal, then Y is mJ g -normal. 

Proof. Let A and B are disjoint m^-closed subsets of Y, then f~ 1 (A) and f' 1 (B) 
are disjoint mTg-closed subsets of X by Lemma 4.8. Since X is m2g-normal, then 
exist disjoint m-open subsets U and V of X such that f~ 1 (A) C £7 and f~ 1 (B) C V. 
By Lemma 4.7, Ac Y-/(X-£T) and B CY-f(X-V). Note that Y-f(X-U) 
and y — /(X — V) are disjoint m-open subsets of Y. Hence Y is m J g -normal. D 

If I = {0} in Theorem 4.9, then we have the following Corollary 4.10. 

Corollary 4.10. If X is mg-normal and f : (X, M.) — ► (Y^jV) is a m-continuous 
and m-closed map, then Y is mg-normal. 

5. URYSOHN'S LEMMA ON mI 9 -NORMAL SPACES. 

Below we give Urysohn's lemma on m2g-normal spaces. 

Theorem 5.1. An ideal m-space (X,A4,2) is mX g -normal if and only if for each 
pair of disjoint mX g -closed subsets A and B of X , there exists a m-continuous 
mapping f : X -> [0, 1] such that f(A) = {0} and f(B) = {1}. 

Proof. Sufficiency. Suppose for each pair of disjoint mZg-closed subsets A and B of 
X, there exists a m-continuous mapping / : X — ► [0, 1] such that f(A) = {0} and 
f(B) = {1}. Put U = / _1 ([0, 1/2)), V = f- l ((l/2, 1]), thcn ^ and V ar e disjoint 
m-open subsets of X such that A C U and BcF. Hence X is mlg-normal. 

Necessity. Suppose X is mZg-normal. For each pair of disjoint mZg-closed 
subsets A and 5 of 1, A C X — B, where A is mX s -closed and X — B in X is 
mlg-open in X. By Theorem 3.3, there exists an m-open subset Ui/ 2 of X such 
that 

A c t/1/2 C c m U 1/2 CX-B. 

Since A C Ui/ 2 , A is mX g -closed in X and E/1/2 is mI ff -opcn in X, then there 
exists an m-open subset U\u of X such that A C U1/4 C c m Uiu C f/i/2 by 
Theorem 3.3. Since c m Ui/ 2 C X — B, c m U\i 2 is ml 9 -closed in X and X — B is 
mlg-open in X, then there exists an m-open subset C/3/4 of X such that c m TJ\i 2 C 
f/3/4 C c m U^/4 a X — B by Theorem 3.3. Thus, there exist two m-open subsets 
U1/2 and Us/4 of X such that 

A C f/i/4 C CmU-i/i C t/1/2 C C m t/i/ 2 C t/3/4 C c m J7 3/4 <Z X - B. 

We get a family {C/ m /2« : 1 < m < 2", n € N} of m-open subsets of X, denotes 
{U m / 2 n : 1 < m < 2", n G N} by {£/« : a G L}. {C/ Q : a G T} satisfies the following 
condition: 

(1) AcU a C c m U a CX-B, 

(2) if a < a', then c m U a C U a i . 
We define / : X -► [0, 1] as follows: 

inf{a G L : x G C/ Q }, if a; G f/ a for some a G L, 
if x G - C/ a for any a G L. 

For each x G A, x G U a for any a G T by (1), so /(x) = inf{a G T : x G ?7 a } = 
mjT = 0. Thus, f(A) = {0}. 

For each x E B, x ^ X — B implies x ^ U a for any a G T by (1), so f(x) = 1. 
Thus, /(B) = {1}. 

We have to show / is m-continuous. 



/(*)= 1 
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For x G X and a G T, we have the following Claim: 
Claim 1: if f(x) < a , then x G U a . 

Suppose f{x) < a, then inf{a G T : x G C/ Q } < a, so there exists ai € {a G 
r : x G ?7 a } such that a\ < a. By (2), c m U ai C t/ Q . Notice that x G C/ Ql . Hence 

Claim 2: if /(x) > a , then x ^ c m U a . 

Suppose /(x) > a, then there exists a.\ G T such that a < ai < /(#)• Notice 
that «i G {a G r : x G £/ Q } implies ct\ > inf{a G T : x G £/ a } = /(x). Thus, 
ai G" {a G r : x G U a }. So x G" L7 ai . By (2), c m U a C £/ ai . Hence x G" c. m U a . 

Claim 3: if x G" c m U a , then /(x) > a. 

Suppose x G" c m U a , we claim that a < [3 for any /3 G {a G T : x G L^q-}. 
Otherwise, there exists (3 G {a G T : x G ?7 Q } such that a > (3. x G" c m U a 
implies a £ {a G T : x G C/ a }. So a ^ /?. Thus a > (3. By (2), clip C C/ Q . So 
x G" /?, contridiction. Therefore a < /3 for any /J € {a G T : i € (/„}. Hence 
a < inf{a G T : x G t/ a } = f(x). 

For x G X, if /(x ) G (0, 1), suppose V is an m-open neighborhood of .f(x ) 
in [0, 1], then there exists e > such that (,/(x ) - e, /(x ) + e) C ^fl(0; !)• Pic k 
a', a" G r such that 

< f(x ) - e < a' < /(x ) < a" < /(x ) + e < 1. 

By Claim 1 and Claim 2, x G U a " , x ^ c m U' a . Put [/ = f/ a " — c m U' a , then 
[7 is an m-open neighborhood of x in X. 

We will prove that f(U) C (/(x ) - e,/(x ) + e). if y G f(U), then y - /(x) 
for some x G £/. x G f implies that x G IV and x G" c m U' a . Since x G C/ Q ", then 
a" G {a G T : x G C/ Q }. Thus, a" > m/{a G T : x G t/ a } = /(x). Notice that 
a" < /(xo) + e. Therefore /(x) < /(x ) + e. Since x $■ c m U' a , then /(x) > a' 
by Claim 3. Notice that /(xo) — e < a'. Therefore /(x) > /(x ) — e. Hence, 
/(t/)G(/(x )-e,/(x ) + 6). 

Therefore, /(C/) C V. This implies / is ?7i-continuous at Xq. 

if f(xo) = 0,or 1, the proof that / is m-continuous at xo is similar. D 

If X = {0} in Theorem 5.1, then we have the following Corollary 5.2. 

Corollary 5.2. A m-space [X, M.) is rag-normal if and only if for each pair of 
disjoint mg-closed subsets A and B of X , there exists a m-continuous mapping 
f : X -► [0, 1] such that f(A) = {0} and f(B) = {1}. 
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Impact of (E. A.) Property on Common Fixed Point Theorems in Fuzzy Metric Spaces 

Jong Kyu Kim, M. S. Khan, M. Imdad and D. Gopal 

Abstract: In this paper, it is observed that the property (E.A.) relatively relaxes the required containment of 
range of one mapping into the range of other which is utilized to construct the sequence of joint iterates to 
prove common fixed point theorems. As a consequence, several previously known fixed point theorems in 
fuzzy metric spaces are generalized and improved. 

AMS Mathematics Subject Classification: 47H10, 54H25. 

Key words and phrases: Fuzzy metric space, (E. A.) property, common fixed point, fuzzy contraction, fuzzy k- 
contraction, generalized fuzzy contraction. 

1. Introduction and Preliminaries 

It was proved to be a turning point not only for mathematics but also for applications of mathematics in 
diverse real world problems when notion of fuzzy set was introduced by Zadeh [23] with a view to represent 
the vagueness in everyday life. By now the fuzzy sets are generalized in several ways which includes 
intutionistic fuzzy set, soft fuzzy sets and most probably some more in years to come. In mathematical 
programming problems are expressed as optimizing some goal function given certain constraints suggested 
by some concrete practical situation. There do exist real life problems that consider multiple objectives. 
Generally, it is very difficult to get a feasible solution that brings us to the optimum of all objective functions. 
A possible method of resolution that is quite useful is the one using fuzzy sets [20]. In fact the richness of 
applications of fuzzy mathematics has engineered the all round development of fuzzy mathematics. The 
study of fuzzy metric space has also been carried out in several ways (see [5] and [10]). George and 
Veeramani [7] modified the concept of fuzzy metric space introduced by Kramosil and Michalek [11] with a 
view to obtain a Hausdorff topology on fuzzy metric space which has found very fruitful applications in 
quantum particle physics, particularly in connection with both string and s°° theory (see [6] and references 
cited therein). Many authors have proved fixed point and common fixed point theorems in fuzzy metric 
spaces. To mention a few, we cite [2], [4], [14], [17], [18], [19], [21] and [22]. 

As patterned by Jungck [8], a metrical common fixed point theorem is comprised of conditions on 
completeness, continuity, commutability and suitable containment of ranges of the involved mappings 
besides an appropriate contraction condition. In the process of improving an existing common fixed point 
theorem, the researchers of this domain are required to improve to one or more of these constituent 
conditions. 
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In this paper, we observe that the property (E. A.) relatively relaxes the containment of range of one 
mapping into the range of other required to construct the sequence of joint iterates to prove common fixed 
point theorems. As a consequence, several previously known fixed point theorems in fuzzy metric spaces are 
generalized and improved (e.g. [3, 14, 19, 21]). 

Definitionl.l. ([23]) Let X be any set. A fuzzy set G in X is a function with domain X and values in [0, 1]. 

Definitionl.2. ([11]) A binary operation *: [0, 1] x [0, 1] — >■ [0, 1] is a continuous t- norm if it satisfies the 
following conditions: 

(I) * is associative and commutative, 

(II) * is continuous, 

(III) a * l = aforeveryae[0, 1], 

(IV) a *b<c*difa<candb<d for all a,b,c,d e[0, 1]. 

Definitionl.3. ([7]) A triplet (X, M, *) is a fuzzy metric space whenever X is an arbitrary set, * is a continuous 
t- norm and M is a fuzzy set on XxXx (0, +co) satisfying ( for every x, y, z e X and s, t > 0) the following 
conditions: 

(I) M(x, y, t) > 

(II) M(x,y,t) = liffx = y, 

(III) M(x, y, t) = M(y, x, t), 

(IV) M(x, y, t) * M(y, z, t) < M(x, z, t+s), 

(V) M(x, y, .) : (0, oo) ->• [0, 1] is continuous. 

Note that, M (x, y, t) can be realized as the measure of nearness between x and y with respect to t. It is 
known that M(x, y, .) is nondecreasing for all x, y e X. 

Let (X, M,*) is a fuzzy metric space. For t > 0, the open ball B(x, r, t) with centre xeX and radius < r < 1 is 
defined by B(x, r, t) = {y e X: M(x, y, t) > 1 - r}. The collection {B(x, r, t): xe X, < r < 1, t > 0} is a 
neighbourhood system for a topology x on X induced by fuzzy metric M. This topology is Hausdorff and first 
countable. 

Definitionl.4. ([7]) A sequence {x n } in X converges to x if and only if for each s > and each t > there exists 
n g N, M (x n , x, t) > 1 - s for all n > n . 
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Remark 1.1. ([7]). Let (X, d) be a metric space. If we define a*b = ab for all a, b e [0, 1] and M d (x, y, t) = t /(t + 
d(x,y)) for every (x, y, t) e XxXx (0, +<x>), then (X, M d , *) is a fuzzy metric. The fuzzy metric space (X, M d ,*) is 
complete iff the metric space (X, d) is complete. 

Definitionl.5. ([18]) A pair of self-mappings (f, g) defined on a fuzzy metric space (X, M,*) is said to be 
compatible (or asymptotically commuting) if for all r > 0, 

lim „_>«, M(fgx„, gfx n , t) = 1, whenever {x„} is sequence in X such that lim n ->oo/x n = lim „^ gx n = z, for some z 
eX. 

Definitionl.6. The pair (f, g) is called non-compatible, if there exists a sequence {x„} in X such that lim n -^ x fx n 
= lim n ^ gx n = z, but either lim „_>«, M (fgx n , gfx n , t) * 1 or the limit does not exists. 

Definitionl.7. ([2]) A pair of self-mappings (f, g) defined on a fuzzy metric pace (X, M,*) is said to satisfy the 
property (E. A) if there exists a sequence {x n } in X such that lim n ^» fx n = lim „_>«, gx n = z for some z in X. 

It is clear from the above definitions that a compatible as well as non-compatible pair satisfies the property 
(E.A.). 

For further details on the property (E. A.), one can consult [1]. 

Definitionl.8. {[9]) A pair of self mappings (f, g) defined on a fuzzy metric space (X, M, *) is called weakly 
compatible if they commute at their coincidence point i.e. fx = gx implies that fgx = gfx. 

The following definitions will be utilized to state various results in Section 2. 

Definitionl.9. {[4]) Let (X, M,*) be a fuzzy metric space and/, g: X — >X be a pair of maps. The map /is called 
a fuzzy contraction with respect to map g if there exists an upper semi continuous function <j> : [0,co) — >■ [0,co) 
with (j> (x) < x for every x > such that 



M( 



i(fx,fy,t) ~ ^\m(f,g,x,y,t) J 

for every x, y e X and each t > 0, where m(f, g, x, y, t) = min{ M(gx, gy, t), M(fx, gx, t), M(fy, gy, t) }. 

Definitionl.10. {[4]) Let (X, M,*) be a fuzzy metric space and f, g: X — » X be a pair of maps. The map f is called 
a fuzzy k-contraction with respect to g if there exists ke (0, 1), such that 



~ 1</C( ; 1 -l) 

fx,fy,t) \m(f,g,x,y,t) / 



M(fx 

for every x, y e X and each t > 0, where m(f, g, x, y, t) = min{ M(gx, gy, t), M(fx, gx, t), M(fy, gy, t) }. 
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Definition 1.11. Let f, g, S and T be four self mappings of a fuzzy metric space (X, M,*). Then the mappings f 
and g are called a generalized fuzzy contraction with respect to S and T if there exists an upper semi 
continuous function r: (0,co) — >(0,go), with r (x) < x for every x > 0, such that 



1 



M(fx,gy,t) 



\<r 



1 



nm{M(Sx,Ty,t),M(fx,Sx,t),M(gy,Ty,t)} 



-(1.11.1.) 



for each x, y e X and t > 0. 
2. Results 

Using the property (E. A.), we prove the following theorem for two pairs of mappings under relatively lighter 
conditions. 

Theorem 2.1. Let f, g, S and T be four self mappings of a fuzzy metric space(X, M, *). Suppose that 

(I) the pair (f, S) (or (g, T)) satisfies the property (E. A.), 

(ll)/(X)c = T(X)(org(X)( = S(X)), 

(III) S(X) (orT(X)) is a closed subset of X and 

(IV) /and g are the generalized fuzzy contraction with respect to S and T. 

Then 

(a) the pairs (/, S) and (g, T) have a point of coincidence, whereas 

(b) /, g, S, and T have a unique common fixed point provided both the pairs (f, S) and (g, T) are weakly 
compatible. 

Proof: If the pair (/, S) enjoys the property (E.A.), there exists a sequence { x n } in X such that 



limfx n - \imSx n - z, for some zeX. 



n— >co n— »co 



Since f(X) cz T(X), hence for every { x n } there exists { y n } in X such that fx n = Ty n . Therefore, 
\m\fx n = lim7y n = z ■ Thus, in all we have lim fx n ->z, \imSx n ->z and \imTy n — > z ■ Now, we assert that 

n— »oo n— ho x— >cc x— >co x— >co 

lim gy n — > z- If not, then using (1.11.1), we have 



1 



M(fx n ,gy n ,t) 



\<r 



1 



mm{M(Sx n ,Ty n ,t),M(fx n ,Sx n ,t),M(gy n ,Ty n ,t)} 
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which on making n->°°, reduces to 



1 



M(z,gy n ,t) 



\<r 



1 



M(z,gy n ,t) 



< 



1 



M(z,gy n ,t) 



a contradiction. Hence limgy n — » z which implies that 

n— >co 

lim fx„ = lim &*;„ = lim gy n = lim 7> n = z e X 

n— >CO H— >co «— >O0 H— >co 

Since S(X) is a closed subspace of X, therefore lim 5x„ = z e S(X) and henceforth there exists a point 
wel such that Su = z. Now we assert that fu = Su. If not, then using (1.11.1), we have 



1 



M(fu,gy n ,t) 



\<r 



1 



mm{ M(Su,Ty n ,t),M(fu,Su,t),M(gy n ,Ty n ,t)} 



•1 



which on makings— >oo, reduces to 

1 



\<r 



M(fu,z,t) \M(fu,z,t) 

for every f>0 which is a contradiction yielding thereby fu=Su. Therefore, u is a coincidence point of the pair (/, 
S). 

Since f(X) cT(X) and fu e f(X), there exists w eX such that fu = Tw. Now, we assert that gw = Tw. If not, 
then again using (1.11.1) we have 



1 



1 


= 


f 


J 




V 



1 



M(Tw,gw,t) J \M(fu,gw,t) 



<r 



1 



mm{M(Su,Tw,t),M(fu,Su,t),M(gw,Tw,t)} 



< 



M(Tw,gw,t) 



for every f>0 which is again a contradiction as earlier. Thus, it follows that gw = Tw which shows that w is a 
coincidence point of the pair (g, T). Since the pair (/, S) is weakly compatible and/u=Su, hence /z=/Su=S/u=Sz. 
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Now, we assert that z is a common fixed point of the pair (f, S). Suppose that fz^ z, then using (1.11.1) we 
have 



1 



M(fz,z,t) J [M(fz,gw,t) 



1 



-1 



<r 



1 



min{M (Sz, Tw, t), M (fz, Sz, t), M (gw, Tw, t)} 



< 



1 



M(fz,z,t) 



for all t > implying thereby fz=gw=z. Now, using the weak compatibility of the pair (g, T) together with 
contractive condition (1.11.1), we get gz=z=Tz. Hence, z is a common fixed point of both the pairs (/, S) and 
(g, T). Uniqueness of the common fixed point z is a consequence of contractive condition (1.11.1.). 

By setting/= g and S = T, we deduces the following corollary for a pair of mappings. 

Corollary 2.1. Let (/, S) be a pair of self mapping of a fuzzy metric space (X, M, *), such that 

(I) the pair (/, S) satisfies the property (E.A.), 

(M)/(X)c=S(X), 

(III) S(X) is a closed subset of X and 

(IV) / is the fuzzy contraction with respect to S. 
Then 

(a) the pair (/, S) has a point of coincidence, whereas 

(b)/and S has a unique common fixed point provided that the pair (/, S) is weakly compatible 

However, on the lines of Imdad and Ali [13], we can prove a more natural theorem for a pair of mappings 
which runs as follows. Notice that this theorem cannot be derived from Theorem 2.1. 

Theorem 2.2. Let (f, S) be a pair of self-mappings of a fuzzy metric space (X, M, *) (where * is any 
continuous t-norm) such that 

(I) (f, S) satisfies the property (E. A.), 
(II)/is a fuzzy contraction with respect to S, 
(III) /(X) is a closed subspace of X. 
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Then 



(a) the pair (f, S) has a point of coincidence, whereas 



(b) the pair (f, S) has a unique common fixed point provided it is weakly compatible. 
Proof: In view of the condition (I), there exists a sequence {x n } in X such that 



lim fx n = \im Sx n = z, for same zeX. 



n— >co n— >co 



Suppose /(X) is a closed subspace of X, then every convergent sequence of points in/(X) finds a limit in/(X). 
Therefore 

lim fx n = z -fa = lim Sx n ; for some a eX, 

n— >co n— >co 

which in turn yields that z = /oe S(X). Now we assert that /a =So. Otherwise fa * So implies M (fa, So, t) < 1. 
Using, (11) for large value of n, V t > 0, we have 



1 



M{fa,fx n ,t) 



\<<l> 



1 



\ 



m(f,S,a,x n ,t) 



Now, (by corollary 7 of Grabiec, M. [3]) lim M (fa, fx n ,t) = M (fa,Sa,t) 



and consequently, we get 

1 



( 



M{fa,Sa,t) 



l = lim 



1 



M(fa,fx n ,t) 



( 



<lim^ 

n— >co 
f 



< 



< 



(P 



mm{M(Sa,Sx n ,t),M(fa,Sa,t),M(fx n ,Sx n ,t)} 



1 



M(fa,Sa,t) 



1 



M(fa,Sa,t) 



a contradiction. Hence fa = So = z which shows that a is a coincidence point of the pair (f, S). Since the pair (f, 
S) is weakly compatible, therefore fz = fSa = Sfa = Sz. 

Now, we assert that/z = z. If not, then M (fz, z, t) < 1. On using (11), we have 
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1 



1 



— 1 = - 

M(fz,z,t) M(fz,fa,t) 



< 



< 



< 



(p 



1 



(p 



min {M(Sz,Sa,t),M(fz,Sz,t),M (fa, Sa,t)} 
1 



M(fz,z,t) 

M(fz,z,t) 



1 



for every t > 0, it follows that/z = z which shows that z is common fixed point of /and S. 

The uniqueness of the common fixed point is an easy consequence of fuzzy contraction condition (II). 

Example2.1: Let X = [-1, 1] and a * b = ab V a, b e [0, 1]. For x, y e X and t > 0, let 



M(x, y, t) = 



t 



t + d(x, y) 



, then (X, M,*) is a fuzzy metric space. Define mappings/, S: X — » X by 



m= 



i 



if x = -1 



10 

if-\<x<\ 
1 



and S(x) = 



11 



if x = \ 



— if x- -1 

2 

if-\<x<\ 

— if x = 1 



Then the pair if, S) satisfies all the conditions of Theorem 2.2 with § (x) = kx, where k =1/2 and has a unique 
common fixed point x = which also remains a point of discontinuity for component maps. It may be noted 
that in this example neither f(X) is contained in S(X) nor S(X) is contained in /(X). Thus, this example highlights 
the utility of the property (E. A.) in common fixed point considerations in completely relaxing the condition 
on containment of range of one mapping into the range of other up to a pair of mappings. 

Setting i|) (x) = kx, in Theorem 2.2, with k e (0, 1) , we get the following: 

Corollary 2.2 Let if, S) be a pair of self mappings of a fuzzy metric space (X, M,*) (where * is any continuous 
t-norm) such that, 

(I) the pair if, S) satisfies the property (E. A.), 

(Il)/is a fuzzy k- contraction with respect to S and 



(lll)/(X) is a closed subspace of X. Then 
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(a) the pair (/, S) has a point of coincidence, whereas 

(b) the pair (/, S) has a unique common fixed point provided it is weakly compatible. 
Further, if we set 

M(x,y,t) = and nm{M(Sx,Sy,t),M(fx,Sx,t),M(jy,Sy,t)} = M(Sx,Sy,t) 

t + d(x,y) 

in Corollary 2.2, then we deduce the following result which is an improvement over a classical result 
contained in Jungck [8]. A multitude of such metrical fixed point theorems is available in Imdad and Ali [14]. 

Corollary 2.3. Let f and S be self mappings of a metric space(X, d) such that, 

(I) the pair (f, S) satisfies the property (E. A.), 

(ll)d(fx,fy)<fcd(Sx,Sy), fce(0,l), 

(III) f(X) is a closed subspace of X. 

Then 

(a) the pair (f, S) has a point of coincidence, whereas 

(b) the pair (f, S) has a unique common fixed point provided it is weakly compatible. 

3. Common Fixed Point Theorems via Implicit Functions 

We recall the following implicit function was defined and studied by Imdad and Ali [14] and the same was 
further utilized to prove some common fixed point theorems. In order to describe this implicit function, let 
*F denote the family of all continuous functions F: [0, l] 4 — » R satisfying the following conditions: 

F x : For every u > 0, v > with F(u, v, u, v) > or F(u, v, v, u) > 0, we have u > v. 

F 2 : F(u, u, 1, 1)< 0, V u > 0. 

Example 3.1: Define F: [0, l] 4 ->• R as F(ti, t 2 , t 3 , t 4 ) = V <t>(min{ t 2 , t 3 , t 4 }). where <\>:[0, 1] ->[0, 1] is a 
continuous function such that §(s) > s for < s < 1. Then Fe^F. 

Example 3.2: Define F(ti, t 2 , t 3 , t 4 ): [0, l] 4 ->• R as F(ti, t 2 , t 3 , t 4 )= U -k min{t 2 , t 3 , t 4 }, where k > 1. 

Example 3.3: Define F(ti, t 2 , t 3 , t 4 ): [0, l] 4 ->• R as F(t 1( t 2 , t 3 , t 4 )= t x -k t 2 - min{t 3 , t 4 }, where k > 0. 

Example 3.4: Define F(t 1( t 2 , t 3 , t 4 ): [0, l] 4 ->• R as F(t 1( t 2 , t 3 , t 4 )= t : -a t 2 -bt 3 -c t 4 where a>l and b, c > (#1). 
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Example 3.5: Define F(t 1( t 2 , t 3/ 1 4 ): [0, l] 4 ->R as F(ti, t 2 , t 3/ 1 4 )= ti -a t 2 -b(t 3 + t 4 ) where a>l and b > (*1). 

Example 3.6: Define F(ti, t 2 , t 3 , t 4 ): [0, l] 4 -> R as F(ti, t 2/ 1 3/ 1 4 )= tf — kt 2 t 3 t 4 where k > 1. 

With a view to generalize some common fixed point theorems contained in Imdad and Ali [12] , we prove 
the following fixed point theorem which in turn generalizes several previously known results due to Chugh 
and Kumar [3], Vasuki [22] , Turkoglu et al. [20], U. Mishra et al [21] and some others. 

Theorem 3.1. Let/, g, S and T be self mapping of a fuzzy metric space(X, M, *). Suppose that 

(I) the pair (/, S) (or (g, T)) satisfies the properly (E. A.), 

(ll)f(X)<=T(X)(org(X)cS(X)), 

(III) S(X) (orT(X)) is a closed subset of X and 

(IV) F(M(fx,gy,t),M(Sx,Ty,t),M(Sx,fx,t),M(gy,Ty,t)) > (3.1.1) 

for all distinct x, ye Xand t >0, where F e *P . 

Then 

(a) the pair (/, S) as well as (g, T) have a point of coincidence each, whereas 

(b) f, g, S, and T have a unique common fixed point provided both the pairs (/, S) and (g, T) are weakly 
compatible. 

Proof. If the pair (/, S) enjoys the property (E.A.), then there exists a sequence { x n } in X such that 
\imfx n - Ym\Sx n - z, for some zeX. 



n— >co n— »co 



Since f(X) cz T(X), hence for each {x n } there exists a {y n } in X such that fx n =Ty n . Therefore, 
\m\fx n = limiy n = z ■ Thus, in all we have fx n ->z, Sx n ->z and Ty n — > z ■ Now, we assert that gy n -^ z ■ 



n— >oo n— >oo 



If not, then using (3.1.1), we have 

F(M(fx n ,gy n ,t),M(Sx n Ty n ,t),M(fx n ,Sx n ,t),M(gy n ,Ty n ,t))>0, 
which on making n->°°, reduces to 

F(]imM(z,gy n ,t),l,l,limM(gy n , Z ,t))>0. 
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Implying thereby lim M(z,gy n ,t)>l, a contradiction. Hence lim gy n = z and in all 

n— >oo n— >oo 

lim/x„ = limSx n = lim gy n = \\mTy n =z^X. 

If S(X) is a closed subspace of X, then lim Sx = z e S(X) . Therefore, there exists a point ug X such that Su 
= z. Now we assert that /u = Su. If not, then using (3.1.1), we have 

F(M(fu,gy n ,t),M(Su,Ty n ,t),M(fu,Su,t),M(gy n ,Ty n ,t))>0 

which on making n — >oo reduces to 

F(M(fu,z,t),M(Su,z,t),M(fu,Su,t),M(z,z,t)) > 
F(M (/«, z,t),\,M (fu, Su, 0,1) > 

a contradiction to F 1 . Hence fu=Su. Therefore, u is a coincidence point of the pair (/, S). Since f(X) a T(X) and 
fu g f(X), there exists w eX such that fu = Tw. 

Now, we assert that gw = Tw. If not, then again using (3.1.1), we have 

F(M(Ju,gw,t),M(Su,Tw,t),M(Ju,Su,t),M(gw,Tw,t))>0 

i.e. 

F(M(Tw,gw,t),l,\,M(gw,Tw,t))>0. 

Implying thereby, M(Tw, gw, t)>l, a contradiction. Hence Tw=gw, which shows that w is a coincidence point 
of the pair (g, T). Since the pair (/, S) is weakly compatible and/u=Su, hence /z=/Su=S/u=Sz. 

Now, we assert that z is a common fixed point of the pair (f, S). Suppose /z^z. Then using (3.1.1.), 

we have 

F(M(/z, gw, t),M(Sz, Tw, t),M(/z, Sz, r),M(gw, Tw, t)) >0 

or 

F(M(/z, z, t),M(fz, z, r),l,l)>0 

which contradict ( F 2 ). Hence fz=z. Now, using the notion of the weak compatibility of the pair (g, T) and 
inequality (3.1.1), we get gz=z=Tz. Hence z is a common fixed point of both the pairs (/, S) and (g, T). 
Uniqueness of z is an easy consequence of contractive condition (3.1.1). 

Example 3.7: Let (X, M,*) be a fuzzy metric space as defined in the example 2.1 (above) where X = [2, 20]. 
Now, define mappings f, g, S and T by putting 
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f 2 = 2, fx = 3, if x > 2, S2 = 2, Sx = 6, if x > 2 

gx = 2, if x = 2 orx> 5, gx = 5, if2<x<5 and 

T2 = 2, Tx = 12, if 2 < x < 5, Tx = (x+l)/3, if x > 5. 

We also define F(ti, t 2 , t 3 , t 4 ) = ti- i))(min{ t 2 , t 3 , t 4 }) with §{a) = (7a/3a+4) > a where a = d ^ Ty) . Then/, g, S 
and T satisfy all the conditions of the theorem 3.1 and have a unique common fixed point x = 2. 

Here it is worth noting that none of the theorems contained in (Chugh and Kumar [3], Vasuki [22] , Turkoglu 
et. al [20], U. Mishra et. al [21], Imdad and Ali [12] ) can be used in the context of this example as Theorem 
3.1 never require containment condition in respect of ranges ( g(X) cS(X) ) of the involved mappings. 

Remark 3.1. The conclusion of theorem 3.1 remains true if for all distinct x,ye X, condition (3.1.1) is replaced 
by one of the followings conditions: 

(I) M(Ax,By,t) > 0(min{M(Sx,Ty,t),M(Sx,Ax,t),M(By,Ty,t)}), 

where <f> : [0,1] — »■ [0,1] is a continuous function such that </>{s) > s for all < s < 1 . 

(II) M(Ax,Byj)>k(mm{M(Sx,Ty,t),M(Sx,Ax,t),M(By,Ty,t)}), where k> 1. 

(III) M(Ax,Byj)>kM(Sx,Ty,t) + naa{M(Sx,Ax,t),M(By,Ty,t)}, where k>0. 
(W)M(Ax,By,t)>aM(Sx,Ty,t) + bM(Sx,Ax,t) + cM(By,Ty,t), where a> 1 and b,c>0(*l). 

(V) M(Ax,By,t) > aM(Sx,Ty,t) + b[M(Sx,Ax,t) + M(By,Ty,t)],whQTea> 1 and b > 0(* 1) . 

(VI) M(Ax,By,t)>kM(Sx,Ty,t)M(Sx,Ax,t)M(By,Ty,t), where k>l. 

Proof: The proof of the corollaries corresponding to contraction conditions (I)-(VI) follows from 
Theorem 3.1 and Examples 3.1-3.6. 

Remark 3.2: The version of Theorem 3.1 corresponding to condition (I) is a result due to Imdad and 
Ali [12] whereas results corresponding to various conditions (II - VI) presents a sharpened form of 
Corollary2 of Imdad and Ali [13]. Similarly, from these conditions, we can also deduce generalized 
versions of certain results contained in [3, 18, 21, 22]. 
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On the other hand, Singh and Jain [19] also utilized similar implicit function to prove some fixed point 
theorems in fuzzy metric spaces. In order to describe such implicit function, let O be the set of all real 
continuous function §: [0, l] 4 — » R, non decreasing in first argument and satisfying the following conditions: 

<f) x : For u, v > 0, §(u, v, u, v) > or §(u, v, v, u) > implies that u > v. 
<j) 2 : <j>(u, u, 1, 1) > implies that u > 1. 

Example 3.8: Define ^(t lt t 2 , t 3 , t 4 ) = 15ti - 13t 2 + 5t 3 - 7t 4 . Then, ())eO. 

Before stating our next result, it may be pointed out that above mentioned two classes of functions O and 
*¥ are independent classes. To substantiate this claim, note that implicit function F(ti, t 2 , t 3 , t 4 )= ti- k min{t 2 , 
t3, t 4 }, where k> 1 (belonging to *¥ ) does not belongs to $ as F (u,u,l,l) < implies u > whereas implicit 
function (|)(ti, t 2 , t 3 , t 4 ) = 15ti - 13t 2 + 5t 3 - 7t 4 (belonging to O) does not belongs to *P as F(u, v, u, v)=0 implies 
u=v instead of u > v. 

The following theorem is a substantial improvement over Theorem 3.1 contained in Singh and Jain [19]. 

Theorem 3.2. Let f, g, S and T be self mappings of a fuzzy metric space (X, M, *) which satisfies the 
inequalities 

</>(M(fa,gy,kt),M(Sx,Ty,t),M(fa,Sx,t),M(gy,Ty,kt))ZO 

and 

0(M(fx,gy,ki),M(Sx,Ty,t),M(fx,Sx,kt),M(gy,Ty,t))>O 
for all distinct x, ye X and t > 0, k e (0,1) where ^e O . 
Suppose that 

(I) the pair (/, S) (or (g, T)) satisfies the properly (E.A.), 
(ll)/(X)c:T(X)(org(X)c:S(X)), 
(III) S(X) (orT(X)) is a closed subset of X and 

(a) Then the pairs (/, S) and (g, T) have a point coincidence each, whereas 

(b) /, g, S and T have a unique common fixed point provided both the pairs (/, S) and (g, T) are weakly 
compatible. 
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Proof: The proof can be completed on the lines of Theorem 3.1 (above), hence details are omitted. 

Corollary 3.1: Let/, g, S and T be four self mappings of a fuzzy metric space (X, M, *) such that f m ,g",S p 
and T q satisfy the condition (3.1.1). If the pairs (f m ,S p )and (g n ,T q ) share the common properly (E.A.) 
and S P (X) as well as T q (X) are a closed subspaces of X, then f, g, S and T have a unique common fixed 
point provided the pairs (f' n ,S p )ar\d (g n ,T q ) commute. 

Remark.3.3. Results similar to Corollary 3.1 can be outlined in the context of Theorem 3.2. 
Acknowledgement: The authors thank the referee for suggestions to improve upon the original typescript. 
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Abstract 

Let X be a Banach space and G be a closed subspacc of X. Let 
us denote L p (n,X) , 1 < p < oo, the Banach space of all X— valued 
strongly measurable functions / on a measure space (Q, E, /i) such that 
J \\f (s)\\ p dfi < oo. In this paper we show that if G is separable and 
o 

(Q, E, /i) is a— fintc complete measure space, then L p (fi, G) is simultane- 
ously proximinal in L p (/i, X) if and only if G is simultaneously proximinal 
inX 

Math. Subject Classification : 41A28 

Keywords : Simultaneous approximation, Banach spaces 

1 Introduction 

Let X be a Banach space, G a closed subspace of X, and (O, S, n) be a measure 
space. 

Definition 1.1 Let (M, d) be a metric space. A Borel measurable function 

from fi to M is called strongly measurable if it is the pointwise limit of a 

sequence of simple Borel measurable functions from J7 to M . 

For 1 < p < oo, L p ([i, X) is the Banach space consisting of (equivalent 

classes of ) strongly measurable functions / : O — > X such that J \\ f (s)\\ p d/d is 

o 
finite, with the usual norm 



l/ll p = I l\\f{s)\\ P dn 
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If X is the Banach space of real numbers, we simply write LP (jx) . For 4eE 
and a strongly measurable function / : O — > X, we write Xa f° r the charater- 
istic function of A and \a! denotes the function \a! ( s ) — Xa ( s ) f ( s ) • I n 
particular, for x € X, x^a; (s) = x^ (s) a;. 

For a finite number of elements X\, Xi-> •••, ^m m X, we set 



dp ({xi : 1 < i < to} , G) = inf ^ ||xj - #|| p 

G is said to be simultaneously proximinal under L p — norm if for any finite 
number of elements x\,X2, ■■■,x m in X there exists at least y G G such that 

= dp ({xi : 1 < i < to} , G) . 

The element y is called a best simultaneous approximation of xi,X2, ■■■,x m 
in G. Of course, for to, = 1 the preceding concepts are just best approximation 
and proximinality. 

The theory of best simultaneous approximation has been invistigated by 
many authors. Most of the work done has dealt with the space of continuous 
functions with values in a Bnach space e.g. [4, 8, 18]. Some recent results for 
best simultaneous approximation in L p (ii,X) have been obtained in [5 - 7,14, 
16, 19]. In [7], it is shown that if G is a reflexive subspace of a Banach space 
X, then LP {fi, G) is simultaneously proximinal in L p (/1, X) . In [5], it is shown 
that if G is L p — summand of a Banach space X, then LP (/i, G) is simultaneously 
proximinal in L p (/1, X) . It is the aim of this paper to show that if G is a closed 
separable subspace, then L p {jjl, G) is simultaneously proximinal in L p (/i, X) if 
and only if G is simultaneously proximinal in X. 

2 Preliminary Results 

Throughout this section X is a Banach space and G is a closed subspace of X. 
Let /1, /2, ..., fm be any finite number of elements in L p (/i, X) , 1 < p < 00, and 
set 

tf(«) = d P ({fi(s) : 1 < % < m} ,G) . 

In [16] , It is shown that if (f2, S, /i) is a finite measure space, then 4* £ L p (/z) 
and 

(J \<f>( S )\ p df?j " < d p ( {ft : 1 < i < to}, LP(li,X) )<^U \<Ka)\ P di?) ' , 

with equality of the first and second parts holds when /i,/2, •••, fm are simple 
fuctions. This inequality has been put in a better form in [5] : 

(J \<f>(s)\ p dii) " < d p ( {fi : 1 < i < to}, L p (li,X) ) < 2^ (J |^( S )| P ^) " , 
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with equality of the first and second parts holds when /i,/2, ••-, f m are simple 
fuctions or p = 1. 

The following Theorem gives much better formula that holds for any measure 
space (0,11, ^i) . 

Theorem 2.1 Let (Sl,£,/z) be a measure space, fi, f2, ■■■, fm be any finite 
number of elements in L p (fi, X) , and 4> (s) as defined above. Then, <j) € L p (/x) 
and 

d p ({fr.l<i<m}, L P (^G)) = j ' \<f> (s)\ p d^i 

Proof. Since /i,/2, ■ ■■,f m € L p (fj,,X), there exist sequences of simple func- 
tions 

{f(i,n))n=l> i = 1,2,...,™, 
such that 

lim||/(i,„) (s) -/i(s)|| =0, 

for i = 1,2, ..., to, and for almost all s. We may write 

k(n) 

f(i,n) = X! ^(«J) (") X (*.™j) ' * = !' 2 > "■> TO ' 
J=l 

fe(n) 

E XA(n,j) (') = !, and that /x (A (n,j)) > 0. Then 

fc(n) 

d p ({/(*,«) ( s ) : ! < * < TO } , G) = ^ XA(n, 3 ) d p {{x(i,n,j) : 1 < « < to} , G) 

i=i 

and by the continuity of d p 

limdp ({/(»,„) (s) : 1 < i < to} , G) = d p ({fi (s) : I < i < m} , G) , 

for almost all s. Thus is measurable and (j) G L p (/x). 
Now, for any ftei" (it, G) , 



dp({/i(a):l<*<m}, C?) p diU < / £ ||/i (*) - h(a)\\ p dn 

m 

= £n/i-/»ii; 



IIS 



Hence 



Jd p ({fi (s) : 1 < * < m}, Gfd M < d p ({/, : 1 < i < m} , J7 ( M ,G)) . 
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To prove the reverse inequality, let e > be given and u>i, i = 1, 2, ...,ra, be 
simple functions in L p (/i, X) such that 

\\fi-Wi\\ P < ~^r- 
3m? 

e i 

We may write Wi = £) fc=1 XA fc (0 x (i,fe): I] XA fc (') = 1> and tnat M (Afc) > °- 

fe=i 
Since Wj G £ p ([i,X) for all z, we have £(»,&) MC^fc) < oo for all k and i. If 
/x (-Afc) < oo, select hk G G so that 

m £ p 

X! IKa) ~ M" < d P ({ x (i,k) ■■l<i<m) , G) P + 

for all fc. If /u (^.fc) = oo, put hk = 0. 

Let g = X)fc=i XA fc (') hk- It is clear that g & L p (/j,, G) . Then 



d P ({/*:l<*<m}, i p (M,G)) < f^ll/i-flllJJ 

(m \ p 

(m \ p I m \ 

Eli/*- w € + Eik-< 
i=i / \»=i y 



vi=l 

(m £ N 

EE^(^ fc ) IK*.*) -h k \\ p 
i=l fc=l y 

(£ m N 

EE^(^ fc ) ll x wo ~ hk \\ p 
^=1 i=i > 






3 



c 



E^(^ fe )E \\ x (hk) ~h k \\ p 



\k=i 



• 3 + I E ^ ( Afc ) d P (l x (^fe) : 1 < * < ^} : G) P + — 
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< 



^2 A* ( A k) d p ({ x (i,k) ■ 1 < i < m] , G) p 



\k=l 



e p\ p 



< 



2e 
J 

2e 

y 

2e 






+ / d p {{wi {s):l<i<m}, Gf dji 



d P ({fi (a) : 1 < * < m} , G) + ( £ \\f t (s) - w t (s)\\ p 



dfi 



Using triangle inequality in IP (/z) so that the right hand side becomes 



< 



< 



2e 



2e 



2e 
< 
~ 3 



fdp({fi(s):l<i<m}, Gfdn 
n 

+ f/E^iii/i(«)-«'i(*)irdA* 

|d p ({/» (*) : 1 < i < m} , Gf d M j + [J2 U 
d P {{fi {s):l<i<m}, Gf dp 



Wi\ 



\i=l 



< e + / d p ({/, (a) : 1 < i < to} , Gf d M 



This ends the proof. 

Corollary 2.2 Let (Q, £,/z) be a measure space, /i,/2, •••, /m be any finite 
number of elements in L p (zz, X) . Let <? : 51 — > G be a measurable function 
such that g (s) is a best simultaneous approximation of /i (s) , fi (s) , ..., /„ (s) 
for almost all s. Then <? is a best simultaneous approximation of / 1; / 2 , ..., /„ in 
LP (/j, G) ( and therefore g e LP (zz, G)). 
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Proof. Assume that g (s) is a best simultaneous approximation of /i (s) , /^ (s) , ..., f m (s) 
for almost all s.Then 



J2\\fi(t)-9(t)\\ P ) < £ll/i(*)-*f 



for almost all s, and for all z G G. Then, set z = and use triangle inequality 
of LP — norm, 



\j2\\9(t)\\ p ] <2f^n/ l (t)irj , 

for almost all s, therefore g E L p (/x, G) . By Theorem 2.1, 
rf P ({/i:l<i<m}, W(n,G)y = [ d p ({fr (s) : I < i < m} , G) p d» 



= [Jt\\Ms)-9(8)\\ p dn 

m 



Therefore g is a best simultaneous approximation for /i , fi , . . , / m in L p (/x, G) . 

The condition in Corollary 2.2 is sufficient ; 5 (s) is a best simultaneous 
approximation of /1 (s) , fi (s) , ..., / m (s) for almost all s in G, implies 5 is a 
best simultaneous approximation of /1, /2, ..., / m in LP (/x, G) . In fact we have 
the following theorem : 

Theorem 2.3. Let (O, S, /x) be a measure space. Then, LP (/x, G) is simulta- 
neously proximinal in LP (/x, X) if and only if for any finite number of elements 
/i,/ 2 ,...,/ m in L p (p,,X), there exists g <G L p (fi,G) such that g (s) is a best 
simultaneous approximation of j\ (s) , f% (s) , ..., f n (s) for almost all s. 

Proof. Sufficiency of the condition is an immediate consequence of Corollary 
2.2. We will show the necessity. Assume that LP (/x, G) is simultaneously prox- 
iminal in LP{n,X) and let /1, J2, •••, /m be any finte number of elements in 
LP (/x, X) . Then, there exists g <G LP (/x, G) such that 

m 

EH* "Slip = d p ({fi--l<i<m}, LP{^G)f 
d p {{fi (a) : 1 < x < m} , Gf d/x, 
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hence 



/ ( E H/* W - 9 ( S )H P - d P «/* (*):!<<<"»}, Gf J d M = 0. 
Thus 

m 

E HZ* W - 3 (*)f = 4> ({.A (*) : 1 < i < m} , Gf , 
i=i 

for allmost all s. 

3 Main Result. 

Let (ft, S, /x) be a measure space and X be a Banach space. We say that / : 
ft — > X is measurable in the classical sense if J" 1 (O) is measurable for every 
open set O d X. 

The following lemmas will be used to prove our main result. 

Lemma 3.1 [21] . Let (ft, E,/x) be a complete measure space and X be a 
Banach space. If / is a strongly measurable functon from ft to X, then / is 
measurable in the classical sense. 



Lemma 3.2 [21] . Let (ft, S,/x) be a complete measure space and X be a 
Banach space. If / : ft — > X is measurable in the classical sense and has 
essetially seprable range, then / is srongly measurable. 

Let <I> be a set-valued mapping, taking each piont of a measurable space ft 
into a subset of a metric space X. We say that $ is weakly measurable if $~ 1 (O) 
is measurable in ft whenever O is open in X. Here we have put, for any Acl, 

<f>-\A) = {seSl: $(«) ni^}. 

The following theorem is due to Kuratowski [15], it is known as Measurable 
Selection Theorem. 

Theorem 3.3 [15] . Let $ be a weakly measurable set-valued map which 
carries each piont of a measurable space ft to a closed nonvoid subset of a 
complete seprable metric space X. Then $ has a measurable selection; i.e., 
there exists a function / : ft — > X such that f(s) £ $(s) for each seft and 
,/ _1 (0) is measurable in ft whenever O is open in X. 
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Theorem 3.4. Let X be a Banach space and G be a closed seprable subspace 
of X, and (£1, S, /i) is a— finite complete measure space. Then the following are 
equivalent : 

1. G is simultaneously proximinal in X. 

2. LP (/i, G) is simultaneously proximinal in LP (/i, X) . 

Proof. (2) =>• (1) : Let x\,X2, ■■■,x m be any finite number of elements in X. 
Since (fi, S, /i) is er— finite, we can assume that Q = U A n such that \x (A n ) < 

oo for all n E N. Then there must be ko £ N such that < /x (Afc ) < oo. Define 
f Xi -.n^X, * = l,2,...,ro, by 

/*< («) =M(-4fe ) i;_1 XA feo ( S )^: 

for all s € f2. Then / Xj € L p (m>^0 f° r an *■ By the assumption, there exists 
/ e LP (/x, G) such that * 



i/p 



(£n/*,-/oii? 

Then 

/ m 

£ll/*i-/o 



d P ({/*, : 1 < » < m} , L p (/x, G)) . 



Vp / m \ Vp 



M(^o) 1 " 1 




"XA fc0 3 


p 
p 


M(^feo)^ 1 


/ fen* 


-$H P> U 




U„ Ui 


/ 





l/p 



1/p 



■(40 i-1 (I>*-sll P 



i/p 



for all g € G. By Theorem 2.3 , /o (s) is a best simultaneous approximation 
°f /xi (s) , /x 2 ( s ) i •••) /x m (s) for almost all s. Then 

/ m \ 1 /P/m \ VP 

(Eii^( s )-/o( s )ii p ) ^ (£n/*»-M«)in - 

for almost all s and for any strongly measurable function /i : f2 — > G, hence 
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/o = Xa„Jo- Put xo = / /o 0) d/i- Th en 



E 



.T() 



M^ko)" 



P\ Vp 



■■(^fco) - ' E 



?=i 



P\ Vp 

/ x . (s) dn- I fo (a) d^ 

P\ Vp 



< M(^fco)"' E /ll/*«(*)-/o(*)ll<fc 



< M(^fco) F 



Vp 



E 



V 



ii/x.w-zowirdM (m(a )) 1_1/p 



«(^ ) 1_i En/^-/oiip^ 



1/p 



< 



En-. 



i/p 



Y 

) . 



I/,, 



for all g £ G. Hence T x o is a best simultaneous approximation of 

n{A ka )r 

x\,X2,--,x m in G. 

(1) =4> (2) : Let f\, / 2 , ..., f m be any finite number of elements in LP (/i, X) . 
For each s € £1 define 



*w4 eG: E"*( 



i/p 



«J - .911 



d p {{Si (s) : f < i < to} , G) } . 



si=l 



For each s <G O, $ (s) is closed, bounded, and nonvoid subset of G. We shall 
show that $ is weakly measurable. Let O be an open set in X, the set 

$- 1 (O) = { s eO:$(s)nO^0} 

can be also be described as 

/ m \ Vp / m \ Vp 

$- 1 (0) = {.seO:mf ; [^||/ l ( S )- 5 |rj =mf (^|j/ 4 (.s)- 5 |rj }. 

Since (f2, S, /z) is complete, Si is measurable in the classical sence for i = 
1, 2, ...,to by Lemma 3.1. Since subtraction in G, sum, and the norm in X are 
continuous, then the map 

/ m \ Vp 

S -inf^||.A( S )- 5 |rj 
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is measurable for any set A. It follows that <& -1 (0) is measurable. By 
Theorem 3.3, $ has a measurable selection; i.e., there exists a function / : 
O — > G such that f(s) € $(s) for each sefi and / is measurable in the classical 
sense. By Lemma 3.2, / is strongly measurable. Hence / is a best simultaneous 
approximation for / 1; / 2 , ..., f m in L p (/x, G) by Corollary 2.2. 
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WHEN AN EXPOSED POINT OF A CONVEX SET IS A 

REMOTAL POINT 

KHALIL, R. 1 AND AL-HAWAWSHA, L. 2 

Abstract. Let A be a Banach space and Y be a closed bounded subset of 
X. We call Y remotal in X if for every x <G X there exists some y € Y such 
that 1 1 x — y 1 1 > || x — z || Vz e Y. It is called uniquely remotal in X if for 
every x € X there is a unique y £ Y such that ||x — y\\ > \\x — z\\ Vz G Y. In 
this paper we study the remotality of exposed points of convex sets in Banach 
spaces. 



1. Introduction 
Let X be a Banach space and E be a closed bounded set of X. For x G X, let 

D(x, E) = sup \\x — e\\ . 

eeE 

This supremum need not be attained. If Vx G X, there exists some e G E such 
that D(x, E) = \\x — e\\ , then E is called remotal. For 
x G X, we set 

F(x, E) = {e G E : \\x - e\\ = D(x, E)} 

The point e is called a farthest point of E from x. The study of remotal 
sets goes back to the sixties. Edelstein (1966) showed that if X is a uniformly 
convex Banach space, then the set of points in X that has farthest points in E 
are dense in X. The importance of the study of remotal sets comes from its ties to 
geometry of Banach spaces. Such study is little difficult and less developed. On 
the contrary, closest points are well studied and well established. The problem of 
remotality in L P (I, X) 1 < p < oo, was initiated by Khalil and Al-Sharif [2]. Then 
it was developed by Sababhah and Khalil [5]. One of the standing conjectures 
in the theory of remotal sets is "Every uniquely remotal set in a Banach space 
is a singleton". So much work was done to solve such a conjecture, We refer 
to Astaneh [1], Narang [3], and Sababhah and Khalil [6,7] and , for more and 
references on such a problem. 

Another problem in the theory of remotal sets is" When is a boundary point 
of a set a farthest point from some point in X?" It is the object of this paper to 
study such a problem. 



2000 Mathematics Subject Classification. 41A65, 41A28. 
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2. Remotality Of Exposed Points 

In this section we introduce new results that partially answer the following 
primary question " when an exposed point must be a farthest point from some 
point in X ?". 

Lemma 2.1 : There exist convex sets with extreme points that are not remotal 
points. 
Proof : 

Let X = R 2 . Let S\ be the unit circle in X when endowed with the Euclidian 
norm and let 62 be the unit circle in X when endowed with the sup norm. Let E 
be the convex hull of the union of {(x, y) G Si : x > 0} and {(x,y) <E S 2 : x < 0}. 
It is clear that the point A(0, 1) is an extreme point of E. We assert that A is 
not a remotal point. That is, we show that A ^ F(x, E) for any x G X, X being 
endowed with the Euclidian norm. To do so, we use Lemma 2.1. Thus, suppose 
on the way of contrary that a circle x 2 + y 2 + ax + by + c = exists such that 
A belongs to the circle and such that E is inside the circle. For A to be on the 
circle, we need to have c = —b — 1. Hence, the equation of the circle becomes 
x 2 + y 2 + ax + by = b + 1. Since E lies inside the circle, B(—l, 1), C(— 1, —1) and 
D(l, 0) must be inside the circle. Now, for Bto be inside the circle we must have 
a > 1 and for D to be inside the circle we need to have a < b. Now let (x, y) 
be any point on the right half of the unit circle. That is x 2 + y 2 = 1 and x > 0. 
The question is "Does (x, y) lie inside the circle x 2 + y 2 + ax + by = b + l?That 
is Does (x, y) satisfy x 2 + y 2 + ax + by < b + 1?. Since x 2 + y 2 = 1, we need to 
check whether ax + by < b or not. Thus the question reduces to: What is the 
maximum value of ax + by subject to the conditions x 2 + y 2 = land x > 0? If we 
use the method of Lagrange multipliers we find that the point 

( 1 = ,, , 1 , b ■ , 9 ) is on the right half of the unit circle which lies outside the 

circle x 2 + y 2 + ax + by = b + l.This shows that no circle passing through A can 
satisfy the conditions of Lemma 2.1. Hence, A is not a remotal point of E. 

Definition 2.2 : an exposed point e of a convex set E is a boundary point of 
E such that a functional 

/ G X* exists with the properties /(e) = a and f(x) < aix G E\{e}. 

In other words, it means that a hyperplane H exists such that e is the only 
element of E that belongs to H , and E lies entirely on one side of H. 

Lemma 2.3 : There are closed bounded convex sets in Hilbert spaces whose 
exposed points are not necessarily remotal points. 

Proof : Let X be R 2 endowed with Euclidean norm and let 

£0 = {(±^) : n G N} 

If E is the closed convex hull of Eq, then clearly E lies above the x-axis which 
touches E uniquely at (0, 0). That is, (0, 0) is an exposed point of E. We assert 
that (0, 0) is not a remotal point for E. Observe that if (x, y) G X then 
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II (*, y) - (±i £) ll 2 = (* 2 + 1/ 2 ) + (£ + £) + (±£* - £v) 

Observe that neN can be chosen so that (\ — %y) > for a given y. As for 
(^e ± -x),one can manage to have the plus or the minus n, according to whether 
x is negative or positive, in order to make (-^ ± -x) > 0. These observations 
together tell us that 

|| (x, y) - (±1, £) || 2 > x 2 + y 2 =|| (x, i/) - (0,0) || . 

That is, (0,0) cannot be a farthest point in .E from (x,y). In other words, 
(0, 0) is not a remotal point of £". 

Definition 2.4 Let X be a normed space and E be a bounded closed subset 
of X. For e G <9.E(in spanE), we define C(E,e) = {X(x — e) : A > 0,x G X}. 
This is called the cone generated by with E vertex e. 

Example 2.5: Let £ = {(x,j/) : < x < 1, < y < 1}. Then C(£, (0,0)) is 
the first quadrant. 

Example 2.6: Let E = {(x, y) : x 2 + y 2 = 1}. Then C(E, (0, 0)) = R 2 . 

Remark 2. 7. We should remark that any two dimensional normed space X 
have an equivalent norm that makes it isometrically 

isomorphic to M 2 with the Euclidean norm. The angle between two rays in X, 
is the angle between them when X is mapped onto 

M 2 isometrically. 

Definition 2.8. Let X be a normed space and E be a bounded closed subset 
of X. If e is an exposed point of E define 

6(C(E, e),H) = inf {9(x, y) : x G H , y G C(E, e)} 

where H is the hyper plane exists by e, and 6(x,y) is the angle between the 
two segment [e,x, — ] and [e,y, —} as in Remark 4.3.. 

Definition 2.9: Let E be a closed convex bounded set of a Banach space X, 
and e be an exposed point of E. The point e is called cone remotal if and only 
if there is a subset B of E and x in E such that D(x, E) = D(x, B — ||x — e|| 
and0(C(£,e),if)>O. 

Remark 2.10: It is obvious from definition that if e is a cone remotal point 
then e is a remotal point. 

Theorem 2.11: Let E be a closed bounded convex set of a Banach space X. 
Assume that e is a remotal exposed point of E. Then e is cone remotal. 

Proof: 

Assume that e is a remotal exposed point of E. Thus there exits x in X 
such that D(x,E) = \\x — e\\ . Consider [x,e] fl E. Then B = [z,e] C E. Now, 
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any hyper plane supporting E at e has a positive angle with [z,e]. Hence 
8(C(B,e),H) > 0. Since D(x,E) = D(x,B) = \\x — e\\ , then e is cone remo- 
tal. This completes the proof. 

Lemma 2.12: Let X be a reflexive Banach space, and H — {z : f(z) — 0} 
for some / G X*. Then there exits anieX such that ||x|| = d(x, H). 

Proof. Let z be any element in X. Since X is reflexive, then H is proximinal. 
Hence there exists y G H such that ||z — y\\ < \\z — h\\ for all h G H. Now, let 
x = z — y. Since if is a subspace, then y + w E H for all w E H. hence 
||.x|| = \\z — y\\ < \\z — (y + w)\\ = \\x — w\\ for all w G H. Hence ||a;|| = d(x, H). 

Lemma 2.13 : Let X be any normed space, and T : X — * X be defined by 
T(x) = x + a for some fixed a in X. Then T preserves extreme and exposed 
points of convex sets of X. 

Proof. We prove the case of extreme points. So, let E be a closed convex set 
in a normed space X, and e be an extreme point of E. 

We claim that e + a is an extreme point of E + a = {x + a : x G -E}. Indeed, 
if possible, assume e + a is not an extreme point of i? + a. Then 

e + a = \[{x + a) + (y + a)] for some x,y G E. But that implies e = |(x + y), 
and e is not an extreme point. 

Theorem 2.14. Let X be a uniformly convex Banach space, and E be 
a closed bounded convex set of X. If e is an exposed point of E such that 
6(C(E, e),H) > 0, for some hyperplane supporting E at e, then e is a remotal 
point of E. 

Proof. Since e is an exposed point of E, there is at least one hyperplane H 
that supports E at e only. That is H (1 E — {e}. However, since X is reflexive, 
one can use Lemma 4.1, and Lemma 4.2 to assume without any loss of generality 
that e = 0. 

Again, since X is reflexive, then H is proximinal. Further, being a subspace, 
then for every point z G H, there exists a point rr G X 

such that ||a; — z\\ = d(x,H). Thus, there is some x G H such that ||x|| = 
d(x, H). Further, we can choose the x on the same side of the set E 

Now, ||x|| < \\x — z\\ for all z G H. But this implies that ||ix|| < \\tx — z\\ for 
all z G H and all t > 0. Indeed ||te|| = £ ||x|| < t \\x — z|| = \\tx — tz\\ for all 
zeH 

Since if is a subspace, then tz G if. Further, and w G if is of the form 
w — tj — tz for some z G H. Hence ||tx|| < \\tx — z\\ for all z G if. Now 
consider, f?[ta, ||fcc||]. These balls touches the hyperplane if at for all t > 0. 
Now, if for some t > 0, E C B[tx, \\tx\\], then E is remotal. 

If possible assume that there is no t > 0, such that E C B[tx, \\tx\\]. This 
implies there is a sequence t n such that for each n, there is 

some e n G -E and ||t n x — e n || > ||t n x|| . Further, since X is uniformly convex, 
d(e n , H) — > 0, for otherwise, some ball -B[te, \\tx\\\ (for some t, will contain all of 
the e^). But in this case, 0(C(E, e), H ) = 0. 

This contradicts the assumption. Hence E is remotal. 
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We end this paper with the following questions 

Questionl. Can one give a necessary and sufficient conditions for an exposed 
point in reflexive spaces to be remotal? 

Question 2. Can one prove Theorem 2.14 in general Banach spaces? 

Question 3. When a boundary point in a closed convex bounded set in a Banach 
space is a remotal point? 

Question 4. Can one improve Theorem 2.14? 
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DOUBLE MULTIPLIER SEQUENCE SPACES OF FUZZY NUMBERS 
DEFINED BY A SEQUENCE OF ORLICZ FUNCTION 

KULDIP RAJ, AJAY K. SHARMA, ANIL KUMAR AND SUNIL K. SHARMA 

Abstract. In this paper we introduce some double sequence spaces of Fuzzy numbers 
defined by a sequence of Orlicz function Ai = (M^i) and a multiplier function u = 
(Mfej). We also make an efforts to prove some topological properties and inclusion 
relations between these spaces. 



1. Introduction 

Fuzzy set theory, compared to other mathematical theories, is perhaps the most easily 
adaptable theory to practice. The main reason is that a Fuzzy set has the property of 
relativity, variability and inexactness in the definition of its elements. Instead of defining 
an entity in calculus by assuming that its role is exactly known, we can use Fuzzy sets 
to define the same entity by allowing possible deviations and inexactness in its role. This 
representation suits well the uncertainties encountered in practical life, which make Fuzzy 
sets a valuable mathematical tool. The concepts of Fuzzy sets and Fuzzy set operations 
were first introduced by Zadeh [7] and subsequently several authors have discussed vari- 
ous aspects of the theory and applications of Fuzzy sets such as Fuzzy topological spaces, 
similarity relations and Fuzzy ordcrings, Fuzzy measures of Fuzzy events, Fuzzy mathe- 
matical programming. Matloka [9] introduced bounded and convergent sequences of Fuzzy 
numbers and studied some of their properties. 

In particular the concept of Fuzzy topology has very important applications in quantum 
particle physics, especially in the connections with both string and e°° theory which were 
given and studied by El Naschie [8]. In [12], Nanda studied on sequences of Fuzzy numbers 
and showed that the set of all convergent sequences of Fuzzy numbers forms a complete 
metric space. 

The idea of statistical convergence of a sequence was introduced by Fast [5]. Statistical 
convergence was generalized by Buck [11] and studied by other authors, using a regular 
nonncgative summability matrix A in place of Cesaro matrix. The existing literature on 
statistical convergence appears to have been restricted to real or complex analysis, but 
at the first time Nurray and Savas [4] extended the idea to apply the sequences of Fuzzy 
numbers. For more details on Fuzzy sequence spaces see ([2], [3]) and references therein. 



2. Definitions and preliminaries 

An Orlicz function is a function M : [0, oo) — > [0, oo) which is continuous, non decreasing 
and convex with M(0) = 0, M(x) > for x > and M{x) — » oo as x — > oo. 
Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to define the following 
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sequence space. Let w be the space of all real or complex sequences x = (xfc), then 

fe=l p 

which is called as an Orlicz sequence space. Also Im is a Banach space with the norm 

oo i i 

\\x\\=mf{p>Q-.Y J M \—) ^ l }- 



k=\ 

Also, it was shown in [6] that every Orlicz sequence space Im contains a subspace iso- 
morphic to l p (p > 1). The A2-condition is equivalent to M(Lx) < LM(x), for all L with 
< L < 1. An Orlicz function M can always be represented in the following integral form 

M{x) = I r)(t)dt 
Jo 

where 77 is known as the kernel of M, is right differcntiablc for t > 0, 77(0) = 0, r/(t) > 0, 77 
is non-decreasing and 77 (t) — > 00 as t — > 00. 

A Fuzzy number is a Fuzzy set on the real axis, i.e., a mapping X : R" — > [0, 1] which 
satisfies the following four conditions : 

(1) X is normal, i.e., there exist an xo € R™ such that AT(xo) = 1; 

(2) X is Fuzzy convex, i.e., for x, y £ R n and < A < l,X(Xx + (1 - A)y) > 
min[A(x),A(y)]; 

(3) X is upper semi-continuous; 

(4) the closure of {x £ R n : X(x) > 0}, denoted by [X]°, is compact. 

The set of all upper-semi continuous, normal, convex Fuzzy real numbers is denoted by 
R(I). 

Let C(R n ) = {A C R n : A compact and convex }. The spaces C(R n ) has a linear 
structure induced by the operations 

A + B = {a + b,a£ A,b£ B} 

and 

\A = {\a,\£ A} 

for A, B £ C(R n ) and X £ R. The Hausdorff distance between A and B of C(R n ) is defined 
as 

£00 (-<4) B) = maxjsup inf ||a — 6||, sup inf ||a — 6||} 
aeAbes heB aGA 

where ||.|| denotes the usual Euclidean norm in R™. It is well known that (C(R n ), 5^) is a 
complete (not separable) metric space. 
For < a < 1, the a-level set 

X a = {x£R n : X(x) > a} 

is a nonempty compact convex, subset of R n , as is the support X°. Let L(M. n ) denote the 
set of all Fuzzy numbers. The linear structure of L(R n ) induces addition X + Y and scalar 
multiplication AX, A £ R, in terms of a-level sets, by 

[X + Y] a = [X] a + [Y] a 

and 

[\X] a = X[X] a 
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for each < a < 1. Define for each f < q < oo 

d q (X,Y) = {J S 00 (X a ,Y a )"d a y 
and d^iX.Y) = sup ^fl"^ ). Clearly d TO (X,y) = lim eL(A,Y) with d„ < d r if 

0<a<l <^°° 

q < r. Moreover d q is a complete, separable and locally compact metric space [10]. 
In this paper, d will denote d q with 1 < q < oo. 

A Fuzzy double sequence is a double infinite array of Fuzzy numbers. We denote a Fuzzy 
double sequence by (A m „), where A m „'s are Fuzzy numbers for each m,neN. By s"(F) 
we denote the set of all double sequences of Fuzzy numbers. 

Definition ([1]) A double sequence X = (Xki) of Fuzzy numbers is said to be convergent 
in the Pringshcim's sense or P-convergent to a Fuzzy number Ao, if for every e > there 
exists JVeN such that 

d(A fe; ,A )<e for k, I > N, 

where N is the set of natural numbers, and we denote by P — lim A = Xq. The number 
X is called the Pringshcim limit of X k i . 

More exactly we say that a double sequence (Xki) converges to a finite number Ao if X^i 
tend to Ao as both k and I tends to oo independently of one another. 

Let M — (Mki) be a sequence of Orlicz function, p = (pki) be a factorable double se- 
quence of strictly positive real numbers and u = (uu) be any double sequence of positive 
real numbers. We now define the following classes of sequences in this paper: 



W 



'(M,u,p,F) = \x = {X kl )Gs"{F):P-lim V u kl (M kl 

I m,n rnn * — ' V 



1 ^ / f d(X kl ,X )^y*i 



m,n ran 

fc,J=i,i 



for some p > and Aq € R(I) \, 



1 1 1 . n 



WZ(M,u,p,F) = \x = (X kl )£s"(F):P-]im— V u kl (M kl ( d{XkU 0) )) P " = 0, 
I m,n rnn z — ' V \ p / / 

k, l=i,i r 

for some p > > 
and 

WZ (M,u,p,F) = {x=(X kl )€s"(F): sup— V u kl (mJ ^^ ))"" < oo, 
^ m,n mn V v p / / 

for some p > >. 

where 

(1, if t = 0, 
8(t) = <^ 

[ 0, otherwise 

If A e W"(A4,u,p,F) we say that A is double strongly convergent with respect to the 
sequences of Orlicz function M.. In this case we write X k i — > Xo(W"(A4,u,p, F)). When 
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Ai(X) = X, then the family of sequences defined above become W"[u,p, F], 
Wq[u,p,F] and W^,[u,p, F] respectively, which are presented as follows: 



W 



and 

W; 



"[u,p,F] = {x = (X kl )€s"(F):P-lnn^- £ vJ &hM )™ = , 

L m,n rnn ' — ' V p J 

k, 1=1,1 ' 

for some p > and X € R(I) \, 
W>>[u,p,F) = {x = (X kl )€s"(F):P-lhn±- V tU^i^)™ = 0) 

for some p > > 

>,p,F] = {x = (X w )e 5 %F):sup^- £ UfcI (^°)) P "<oo, 

for some p > >. 

(z) If p fc / = 1 for all k, I e N, then 

W"(A<f,u,p,F) = W"(A<i,u,.F),W2 / (.M,u,p,F) = Wg(M,u,F), and W^,(M,«,p,F) = 

W£(M,u,F), 

(ii) \i M = Mhi(x) = x for all k, I and pki = 1 for all k,l £N, then 
W // (^, U ,p,F)=W''( U ,F),T^'(^, U ,p,F) = ^'( U ,^),and^(>(,w,p,F)=^( W ,F), 

(m) If p^ = 1 for all k, I € N, and u^; = 1 for all fc, £ then 

W(M,«,p,F) = W"(M,F),Wg(M,u,p,F) = Wg(M,F), and W^(M,u,p,F) = 

W£(M,F). 

In this paper we introduce some double multiplier sequence spaces of Fuzzy numbers 
defined by a sequence of Orlicz function. 

3. Main Results 
Theorem 3.1. Let the sequence (pki) be bounded, then 

Wg{M,u,p,F) C W"(M,u,p,F) c W^(M,u,p,F). 

Proof. The inclusion Wq(A4,u,p,F) C W"(A4,u,p, F) is easy and is therefore omitted. 
Let X e W"(M,u,p,F). Then we have 



inn 



fe,;=i,i F k,i=i,i ' 

D X^ l Cat (d{X ,d)\y«' 



+ — V —-UkdMki 

m.n *-^ OPki V 



< 



ran z -^ 2P fci V V p 
k.i=i,i F 

mn z — ' V V p 

fc,/=i,i ' 

L>maxl l,supwfej( M H I 
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where suppfc; = H and D = max(l, 2 H 1 ). Thus we have X <G W£ (M. , u,p, F). 

Theorem 3.2. If p k i > and X is double strongly convergent to Xq, with respect 
to the sequence of Orlicz function M, that is X k i —¥ X (W"(M,u,p 7 F)) 7 then Xq is 
unique. 

Proof. Let \imp k i = / > and suppose that Xki —¥ Xq(W"(A4,u,p,F)), and X k i — > 
Xi(W"(A4,u,p,F)). Then there exists p\ and p-2 such that 

m r> mn ' * \ 

and 



m,n mn * — ' \ \ pi 

k, 1=1,1 r 



P-limJ- £ uJM ki m^) PM = Q 

mn mn £ — ' \ \ n™ / / 



m,n mn * — ' \ \ On 

k,l = l,l 



Let p = max(2pi, 2p2). Then we have 

1 V^ (*, (d{X u X Q )\yu ^ D ^ / f d(X kl ,X ] 



£ «« M H ^I^Z ""' < — E „„ M H 
mn *— ' V V p / / mn *— ' V v pi 

fe,i=i,i K fe,;=i,i ' i 



?nn A — ' v v pi 



— )• 0, (m,n — *• oo) 
where suppj.; = iJ and I? = max(l, 2 H ~ 1 ). Thus 



in .n 



m.n rrm. -*- — ' \ V. n / / 



fej=l,l 



Also, since clearly 



we have 

Uki[M k i{ J J =0. 

Finally, we get Xq = X±. This completes the proof. 

Theorem 3.3. (i) If < infp w <p kl <l, then W"(M,u,p,F) C W"(.M,w,P). 

(ii) If 1 < p fe; < supp fe; < oo, then W"(M,u, F) C W"(.M, u,p, P). 
fe,/ 

Proof, (i) Let X e W"(M,u,p, F). Since < inf p k i < 1, we obtain the following: 

^ E „ K (W*<*^))<J- e ^(M H (^-^l)) Pfcl . 

mn * — ' V V p / / mn z — ' \ \ p / / 

fe,i=i,i ' fe,i=i,i r 

Thus 1 e W"(M,u,F). 

(ii) Let Pfci > 1 for each (k, I) and supp^ < oo. Also let X £ W"(A4,u, F), then for each 

k,l 

< e < 1 there exists a positive integer TV such that 



V" u k i(M k i 

mn * — ' V 

k.l=l,l 



d(X k i,X ) 



<£< 1 
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for all m,n > N. This implies that 

mn z — ' V V p / / mn * — ' \ \ p 

k,l=i,i ' fc,*=i,i r 

Thus we have X e W"(M,u,p, F). 

Theorem 3.4. If < infp fe; < p u < supp fe; < oo, then W"(M,u,p,F) = W"(M,u,F). 

k,l 

Proof. The proof is trivial. 

Theorem 3.5. Let < pu < qu and let — be bounded. Then 

W"(M, u, q, F) C W"(M, u,p, F). 

Proof. It is easy to prove so we omit the details. 

4. Statistical convergence. 

Let K C N x N be a two dimensional set of positive integers and let K m ^ n be the 
numbers of (i,j) in K such that i < n and j < m. Then the lower asymptotic density of 
K is defined as 

P-limmf K ^=5 2 (K). 
m,n mn 

In the case the double sequence ( m ' n )m'nLi l nas a limit in the Pringsheim's sense then 
we say that K has a double natural density as 

K„ 



m, n mn 
2 „-2\ 



S 2 (K). 



For example, let K = {(i ,j ) :i,j € N}. Then 

5 2 (K) = P - Hm ^^ < P - lim ^^ = 
m, n mn m,n mn 

(i.e. the set K has double natural density zero). 

In [3] Savas and Mursalccn defined the statistical analogue for double sequences X = (Xki) 

of Fuzzy numbers as follows: 

Definition A double sequence X = (Xki) of Fuzzy numbers is said to be statistically 
convergent to Xq provided that for each e > 

P-lim \{(j,k);j<m and k < n : d(X M ,X ) > e}\ = 0. 

m,n nm 

In this case, we write st 2 — linifc.j Xki = Xq and we denote the set of all double statistically 
convergent sequences of Fuzzy numbers by st 2 {F) and denote the set of P-statistically 
null sequence by (st 2 )o(F). 

Theorem 4.1. If M is a sequence of Orlicz function then W"(A4,u, F) C (st 2 )(F). 

Proof. Suppose X € W"(A4,u,F) and e > 0, then for every n and m, we obtain the 
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following inequality: 



E uJmJ*****)) > g uJmJ« x »> x *' 



k,l=l,l r d(X fcl ,X )>e&fe,i=l,l r 

> M(e)\{k<m,l<n:d(X kl ,X )>e}\ 
from which it follows that X £ (st2)(F). 

Theorem 4.2. If Ai is a sequence of Orlicz function then W"(A4,u,F) — (s^X-F)- 

Proof. By theorem (4.1), it is sufficient to show that W"(M,u,F) D (st 2 )(F). 
Let X £ (st2)(F) and e > 0, then for every n and m, we have 

m,n ,, s m,n , , 

E ««(^«(^«^2))) = e ««(^«(^^ 

fe,;=l,l ' d(X fc! ,X )<e&fe,;=l,l 

< M(e)|{fc<m,/<n:rf(X w ,X )<e}| 
from which it follows that X e W"{M,u, F). 
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Abstract 

We deal with the solvability of linear second order elliptic partial differential equations 
with nonlinear boundary conditions by imposing asymptotic nonresonance conditions of 
nonuniform type with respect to the Steklov spectrum on the boundary nonlinearity. 
Unlike some recent approaches in the literature for problems with nonlinear boundary 
conditions, we cast the problem in terms of nonlinear compact perturbations of the iden- 
tity on appropriate trace spaces in order to prove the existence of strong solutions. The 
proofs are based on a priori estimates for possible solutions to a homotopy on suitable 
trace spaces and topological degree arguments. 

1 Introduction 

This paper is concerned with existence results for strong solutions of second order elliptic 
partial differential equations with nonlinear boundary conditions of the form 

—An + c(x)u = a.e. in f2, 

du (1-1) 

— =g(x,u) on dQ, 

av 

where SI C M. N , N > 2, is a bounded domain with boundary d£l of class C 2 , d/du := v ■ V 
is the outward (unit) normal derivative on d£l, c G L P (S7), p > TV, where c(x) > a.e. in 0, 
with strict inequality on a subset of O of positive measure, and g : dtt x R — ► R is a locally 
Lipschitz continuous function with at most linear growth (see below). The case where c = 
(the original Steklov problem concerning harmonic functions) will also be considered; the 
reader is referred to Remarks 3 and 4 at the end of the paper. 

As aforementioned, throughout this paper the boundary nonlinearity g : dO, x R — > R is 
assumed to satisfy the following two conditions. 
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Nonuniform nonresonance on the boundary for elliptic equations 2 

For every constant r > 0, there is a constant K = K(r) > such that 

\g(x,u) -g(y,v)\ < K (\x -y\ + \u-v\) (1.2) 

for all x, y £ dO, and all u, v & M with u, v € [— r, r]. 
There are constants a, 6 > such that 

|g(x, u)\ < a + 6|u| (1-3) 

for all (x, m) € 9fi X R. 

By a (strong) solution to Eq.(l.l) we mean a function u £ W^(Q) which satisfies (1.1) (the 

second equality in (1.1) being satisfied in the sense of trace). The reader is referred for 

instance to [2, 3, 4, 5, 6, 14] for the definitions and properties of Sobolev trace-spaces used 

in this paper. 

We are mainly interested in the case when the boundary nonlinearity g interacts in some 

sense with two consecutive eigenvalues of the linear problem 

—An + c(x)u = a.e. in Q, 

du _ Q (1-4) 

\xu on ou, 



0. 



v 



where \x £ M. is a spectral parameter on the boundary which was first introduced on a disk in 
[15] and, more recently, significantly extended in [1, 9]. More specifically, we consider the case 
when the nonlinear ratio g(x, u)/u asymptotically stays between two consecutive eigenvalues, 
but need not be uniformly bounded away from these eigenvalues as was previously required 
in the literature (see e.g. [1] for the linear case and [10, 11] for both the linear and nonlinear 
problems, and references therein). To the best of our knowledge this appears to be the first 
time this sort of conditions are considered between any consecutive Steklov eigenvalues when 
one has a trace-nonlinearity, unlike the case when one has a reaction nonlinearity in the 
differential equation (see e.g. [13] and references therein). It should be pointed out that, in 
this case, we work in a completely different setting since trace-spaces are considered in order 
to obtain the required a priori estimates for the nonlinear problem. 

Unlike some recent approaches in the literature for problems with nonlinear boundary con- 
ditions, we cast the problem in terms of nonlinear compact perturbations of the identity on 
appropriate trace spaces in order to prove the existence of strong solutions. In Section 2 
below, we state the main result and introduce the nonlinear functional analytic setting. The 
proofs are based on a priori estimates (derived herein) for possible solutions to a homotopy 
on suitable trace spaces and topological degree arguments. Remarks are given at the end of 
the paper to shed more light on the main result and discuss its variants. 

2 Nonuniform Nonresonance 

In this section we impose conditions on the asymptotic behavior of the 'slopes' of the boundary 
nonlinearity g(x,u), i.e., on g(x,u)/u as \u\ — ► oo. These conditions are of nonuniform type 
since the asymptotic ratio g(x,u)/u need not be (uniformly) bounded away from consecutive 
Steklov eigenvalues. We mention that in all the results below, the boundary nonlinearity 
g(x,u) may be replaced by g(x,u) + h(x) where h G W p {dVt) C C{dVt). 
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In order to prove our results, we take a different approach which is based on topological degree 
theory on suitable boundary-trace spaces. This is in contrast with some recent approaches 
where variational methods were used for problems with nonlinear boundary conditions. The 
main result of this paper is given in the following existence theorem. (The case c = will be 
discussed at the end of the paper; see Remarks 3 and 4.) 

Theorem 1 (Nonuniform nonresonance between consecutive Steklov eigenvalues) 

Assume there are functions a, (3 G L°°(dU) such that 

s- (\^v ■ f 9(x,u) g(x,u) 
jjij < a(x) < nmmt < nmsup < p{x) < fij+i 

|u|-»oo U |u|^00 u 

uniformly for a.e. x G d£l with 

(a(x) - fj,j)ip 2 > \/<p G Ej \ {0} and <b (n j+ i - /3(x))^ 2 > V^ G E j+1 \ {0}, 



where, for i G N, E{ denotes the (finite- dimensional) Steklov nullspace associated with the 
Steklov eigenvalue //j. Then, the nonlinear equation (1.1) has at least one (strong) solution 
u G Wp 2 (ft). 

In contrast to some recent approaches in the literature for problems with nonlinear boundary 
conditions, we first cast the problem in terms of nonlinear compact perturbations of the 
identity on appropriate boundary-trace spaces as follows. 
Set a := (fij + //j+i)/2, we consider the homotopy 

—An + c(x)u = a.e. in f2, 

du (2-1) 

— au = X[— au + g(x, u)] on 90, 

where A G [0, 1]; or equivalently, 

—Au + c{x)u = a.e. in il, 

du (2-2) 

— = (1 — \)au + \g(x, u) on dQ. 

Note that for A = we have a linear problem which admits only the trivial solution since a 

is in the resolvent of the linear Steklov problem (see e.g. [1, 9]). Whereas, for A = 1, we have 

Eq.(l.l). 

We define the linear (Steklov) boundary operator 

B : Bom(B) C W^Vt) m W^'^idn) -» W^^idn) by 

n du 

dm := — au, 

ov 
where 

Dom(6) := {u G W 2 (H)) : -An + c(x)« = a.e. in n}. 



250 



MAVINGA, NKASHAMA 
Nonuniform nonresonance on the boundary for elliptic equations 4 

Here, the compact 'containment' Wp(Q) <e W p (dQ) must be understood in the sense of 
trace; i.e., the trace operator Wp(Cl) ^-> W p (dfl) is a compact linear operator (see e.g. 

[5])- 

We now define the nonlinear (Nemytskii) operator 

M : w p ^ 1/p (dn) c c(dn) -► wl' 1/p {dn) 

by 

Nu = —au + g(-, u). 

Eq.(l.l) is then equivalent to finding u G Dom(£>) such that 

Bu = Nu. (2.3) 

Whereas the homotopy Eq.(2.1) is equivalent to 

Bu = XNu, A G [0, 1], u G Dom(B). (2.4) 

From the above definitions, we deduce the following properties for the linear operator B and 
the nonlinear operator N. Observe first that Dom(S) := {u G Wp(Q,)) : —Au + c(x)u = 
a.e. in 0} is a closed linear subspace of Wp(Q), and that the linear operator B : Dom(£>) — ► 

W p (dVt) is continuous, one-to-one and onto. Thus, it is a Fredholm operator of index 
zero since the nullspace Ker(i3) = {0} and the range R(B) = W p (dQ). Owing to the 
compactness of the trace operator Dom(S) "^ W p (d£l), we deduce that 

K. := 2T 1 : W^ p (dil) -> Bom(B) ^ W^ 1/p (dn) 

is a compact linear operator from W p (dQ) into W p (dQ). 

Since the function g is locally Lipschitz and W p (dfl) C C(dfl) (through the surjectivity 
of the trace operator Wp(Q) —> W p ~ /p (9Q) and the imbedding W p l (Vt) CC C(Cl) for p > 
n), it follows that the nonlinear operator J\f : W p (dQ) — > W p (dQ,) is continuous, 
and therefore )CJ\f : W p (917) — ► W p (c?0) is a nonlinear compact (i.e., completely 
continuous) operator. Thus, Eq.(2.4) is equivalent to 

u = XKMu, with A e [0, 1] and u G W / p 1 " 1/p (aO); (2.5) 

which shows that, for each A G [0, 1], the operator \K,J\f is a nonlinear compact perturbation 
of the identity on W p (d£l). It suffices to show that JCN has a fixed point u in W p {d£l). 
(Notice that, by the properties of AC, it follows that such a fixed point u belongs necessarily 
to Dom(23). Hence, u G W p (Q) and is a (strong) solution of the nonlinear equation (1.1).) 
For this purpose, we show that all possible solutions to the homotopy (2.1) (equivalently, 
(2.2) and (2.4)) are uniformly bounded in W p {dVt) independently of A G [0,1] (actually 
we show that they are bounded in Wp(Q) also), and then use topological degree theory 
to show existence of a strong solution. We first prove the following lemma which provides 
intermediate a priori estimates. 
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Lemma 1 Assume that the conditions in Theorem 1 are met. Then all possible solutions to 
the homotopy (2.2) are (uniformly) bounded in H 1 ^) independently of X £ [0,1]. 

Proof. Suppose the conclusion of the lemma does not hold. Then, there are sequences 
{u n } C i7 1 (0) and {A n } C [0, 1] such that ||u n || c — » oo and 

V„,V„ + /c(*) V _ /(I - K) m „„ 4- j A, l9 (,,,<„), fa all „ «E H\0). (2.6) 

Set u n = - — — . One sees that v n is bounded in H l (£l\ Therefore, there exists a subsequence 

1 1 tt w| |c 

(relabeled) v n which converges weakly to v$ in H 1 ^), and v n converges strongly to v$ in 
L 2 (dQ). Without loss of generality \ n — ► Ao G [0,1]- Due to the at most linear growth 

condition on the boundary nonlinearity 5, it follows that - is bounded in L 2 (d£l). 

1 1 U n 1 1 c 



Using the fact that L (dfl) is a reflexive Banach space, we get that ' — converges weakly 

1 1 U n 1 1 c 

to go in L 2 (dQ). Dividing (2.6) by ||« n || c we get that 

f Vv n Vv + f c(x)v n v = (1 - \ n )a I v n v + \ n i „ „ t; for all v G H 1 ^). (2.7) 

J J J J \\Un\\c 

Going to the limit as n — > 00, we have that 

VvqVv + / c(x)vqv = (1 - Ao)<7 * fo^ + Ao f gov for all v G J ?7 1 (S7), (2.8) 

Taking t> = -uo in (2.8) we get 

I Nile = (1 - ^0)0- iv^ + Xoi gov - (2.9) 

g{x,u n ) 



-v n . 



Now, taking f = - — ^r— in (2.7), we get that 1 = ||v n || c = (1 — A n )<7 d> v n + \ n <p 

I 1 ^n ||c J J 

O ( X u ) 

Taking the limit as n —> 00 and using (2.9) and the fact that - converges weakly to 

1 1 a n\ \c 

go in L 2 (d£l) and v n converges strongly to vq in L 2 (<90), we have that 

\\vo\\l = {l-\o)o-ivl + \o <fgovo = l. (2.10) 



Now, we want to show that vo = 0; which will lead to a contradiction. From (2.7), notice 
that vq is a weak solution of the following linear equation 

— Au + c{x)u = a.e. in £1, 

du (2-11) 

— = (1 - \o)au + X go on dVt. 

av 

Let us mention here that Eq.(2.11) implies that Ao 7^ 0. Otherwise, since a is in the Steklov 
resolvent, we deduce that vq = 0; which contradicts the fact that ||vo|| c = 1- 
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In order to bring out all the properties of the function vq, we need to analyze a little bit more 
carefully the function (1 — Ao)cvo(x) + \o9o(x)- Let us denote by k{x) the function defined 

by 

[o if v (x) = 0. 

From the definition of a and the conditions in Theorem 1, it turns out that 

Hj < a(x) < k(x) < j3{x) < n j+1 for v (x) / 0. (2.12) 

Therefore, vq is a weak solution to the linear equation 

-Aw + c(x)u = a.e. in S7, 

du (2.13) 

— — = k(x)u on d£l, 

ov 

that is; 

/ Vv X7v + / c{x)v v = <L k(x)v v for all v G H\n). (2.14) 

We claim that this implies that either v$ G Ej or vq £ -Ej+i only (see Lemma 2 below). Let 
us assume for the time being that this holds and finish the proof. 

If vq G Ej, then taking d = Do in (2.14) we have that \Xj d> v = ||fo|| c = f k(x)v . Using 

(2.12), we get that j> (a(x) — Hj)vq < 0. Since j> (a(x) - ^j)(p 2 > for all tp G Ej \ {0}, we 

conclude that vq = 0; which contradicts the fact that ||fo|| c = 1- 

Similarly, if vq G -Ej+i, then taking again v = vq in (2.14), we get that ® (uj + i — (3(x))v < 0. 

Since <p (/j,j+i — /3(x))tp > for all if G £/j+i\{0}, we conclude that vo = 0; which contradicts 

the fact that ||fo|| c = 1 again. 

Thus, all possible solutions of the homotopy (2.2) are (uniformly) bounded in i7 1 (0) inde- 
pendently of A G [0, 1]. The proof is complete. 

The following lemma provide some useful information about the function vq that was used 
in the proof of the preceding lemma. 

Lemma 2 If u is a (nontrivial) weak solution of ' Eq. (2.13) with fij < a{x) < k{x) < (3{x) < 
Hj+i, then either u G Ej or u G Ej + \. 

Proof. Since u is (also) a weak solution, it satisfies 

/ VuVv + / c{x)uv = <j> k{x)uv for all v G H 1 ^). (2.15) 

Observe that u G [H^O,)]- 1 . Hence, u = + u, where 6 G ®i<jEi and 6 G ®i> j+1 Ei. We 
know from the properties of the Steklov eigenfunctions (see e.g. [1, 9]) that 



< fij <j> 2 for all G ®i<jEi and \\uj\\ 2 c > /j, j+1 (f) u? for all to G ®i> j+ iE t . (2.16) 
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Taking v = 9 — uj in (2.15), we get that 

I \V9\ 2 + c(x)9 2 - f | Vuo\ 2 + c(x)uj 2 = I k(x)9 2 - I k{x)uj 2 . (2.17) 

Using (2.16), we obtain that <p (k(x) — Hj)9 + d> (hj+i — k(x))u> < 0. Therefore, 

(k(x) - fij)6 2 = and f (fij+i - k(x))u> 2 = 0. 



Let Si := {x £ dtt : 9(x) / 0} and S 2 := {x £ dtt : u>(x) / 0}. It follows that 

k(x) = Uj a.e. on Si and k(x) = Hj+i a.e on S2. (2-18) 

If meas(Si n S'2) > 0, we have that /ij = k(x) = Hj+i for a.e. x G Si n S2, which cannot 
happen since fj,j / Mj+i- 

Now assume that meas(Si n S'2) = 0; that is; w(x) = a.e. on Si and 9(x) = a.e. on S2. If 
9^0, then taking v = 9 in (2.15) and using the c-orthogonality, we get that 

\V9\ 2 + c{x)9 2 = I k(x)9 2 + * k(x)co9 = (fk(x)9 2 . 

Since .(x) > n, we have that \\0\\ 2 C > M ,/^. It follows from (2.16) that \\0\\ 2 C = M , f 9 2 ; 

which implies that 6 £ Ej. 

Similarly, if u> ^ 0, then taking i> = uj in (2.15) and using the c-orthogonality, we get that 

/ |Vlj| 2 +c(x)uj 2 = j> k(x)uj 2 + <b k(x)u)9 = <b k(x)uj 2 . 

Since *(,) < mi , we have that | M |» < «♦,/«>. It follows from (2.16) that | M |> = 

Hi+i <f> uj ; which implies that uj G Ej+i. Thus, u = 9 + u> with G .Ej and uj £ Ej+i. 

Finally, we claim that the function u cannot be written in the form u = 9+uj where 9 £ Ej\{0} 
and uj £ Ej + i\{0}. Indeed, suppose that this does not hold; that is, u = 9+uj with 9 £ Ej\{0} 
and uj £ Ej + i \ {0}. Then, by taking v = 9 — uj in (2.15), we again get (2.17). Since 9 £ Ej 
and uj £ Ej+i and a(x) < k(x) < /3(x) a.e. on d£l, we deduce that 

(a(x) - Hj)9 2 < and <p (j^+i - (3(x))uj 2 < 0; 



which contradicts the fact that (p(a(x) — /J>j)<p > for all ip £ Ej \ {0} and (p (/jij+i — 

j3(x))ip > for all i/j £ Ej + i \ {0}. Thus, either u £ Ej or u £ Ej + i. The proof is complete. 

We are now in a position to prove the main result stated above. 

Proof of Theorem 1 Let (A, it) £ [0, 1] x W p (d£l) be a solution to the homotopy (2.5) 

(equivalently (2.2)). Since / \7u\7v + / c{x)uv = for all v £ Cq(Q), and the trace of 
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u £ Wp~ 1/p {dn) C C(8Sl), it follows from Theorem 13.1 in [6, pp. 199-200] (also see [3, 4]) 
that there is a constant Co > (independent of u) such that sup|u(x)| < co|w|#i(n), and 

so max|«(x)| < co\u\hi(q\ by continuity of u on 0,. From Lemma 1 above and the (local 

n 
Lipschitz) continuity of g we deduce that that max\du/di , \ = max|(l — \)ou + Xg(-,u)\ is 

bounded independently of u and A. Actually, we deduce from Theorem 2 in [7, p. 1204] 
that M^im-) is bounded (independently of u and A). Therefore, the continuity of the trace 

operator C 1 (0) C Wj}(0) — ► W p (<9S7) and Lemma 1 herein imply that there is a constant 
c\ > (independent of u and A) such that 

for all possible solutions to the homotopy (2.5) (or equivalently (2.2)). 

Now, by the homotopy invariance property of the topological degree (see e.g. [8, 12]), it 

follows that 

1 = deg(I, B C1 (0) , 0) = deg(I - KM, B C1 (0) , 0) + 0, 

where B C1 (0) C W p (<90) is the ball of radius c\ > centered at the origin. Thus, by the 
existence property of the topological degree (see e.g. [8, 12]), the (nonlinear) operator K,N 
has a fixed point in W p {d£l) (which is also in Wp{Q) as aforementioned). The proof is 
complete. 

Remark 1 Notice that, since g is locally Lipschitz, it follows from (2.19) and the boundary 
condition in the homotopy (2.2) that Mtj/2-i/ p ,„ x < C2 for some constant C2 > independent 

of u and A. Therefore, |"u|yK 2 (m < C3 for some constant C3 > 0. 

Remark 2 The case /ij = Hi more clearly illustrates the fact that the nonresonance condi- 
tions in Theorem 1 are genuinely of nonuniform type. Indeed, in this case E\ \ {0} contains 
only (continuous) functions which are either positive or negative on £1. The condition that 

a(x) > /t/i a.e. on dfl with i> (a(x) — ^i)</> > for all ip € E±\ {0} is equivalent to saying 

that a(x) > \x\ a.e. on dO, with strict inequality on a subset of dO, of positive measure. Thus 
a{x) need not be (uniformly) bounded away from fi\. 

Remark 3 Our main result, Theorem 1 herein, still holds true when c = 0. (This Laplace's 
equation is the original linear equation which was considered by Steklov on a disk in [15].) 
Indeed, a modification is needed in the proof of Lemma 1 as follows. We proceed as in 
that proof with || • || c replaced by || • ||i (here || • ||i denotes the standard // 1 (J7)-norm), and 
v n = ^n/H^nlli up to the equation (2.8). Taking v = vq in (2.8) we now get 

J |V«o| 2 = (1 - \o)ojvl + A igovo- (2.20) 

Now, taking v = u n /||w n ||i in (2.7) where ||w n ||c is replaced by ||u n ||i, we get that 

|V W „| 2 = (1 - \ n )a iv 2 n + X n I 9 -p^v n . (2.21) 

/ J \\Un\\l 



255 



MAVINGA, NKASHAMA 
Nonuniform nonresonance on the boundary for elliptic equations 9 

Taking the limit as n —> oo and using (2.20) and the fact that ' converges weakly to 

\\ u n\\l 

go in L 2 (d£l) and v n converges strongly to vq in L 2 (<9Q), we have that 

lirr^ / \Vv n \ 2 = (1 - A )cr j> vq + A j> gov = / \Vv \ 2 . 

This implies that 

IMI? = /|V«o| 2 + fvl= lim ( [\Vv n \ 2 + [vl)= lim ||«„||f = l. (2.22) 

We now proceed as in the proof of Lemma 1 after Eq.(2.10) to show that vq = 0; which is a 
contradiction with (2.22). 

The proof of Lemma 2 also needs to be modified as follows. The norm || • || c is now replaced 
by the i/ 1 (J7)-equivalent norm || • || defined by 



| 2 : = / ' \Vu\ 2 + I u 2 foruGff 1 ^). 



(See e.g. [1, pp. 333-334].) By using the decomposition of H l (Q) given in [1, Theorem 7.3, 
p. 337], we now proceed with the arguments used in the proof of Lemma 2 herein to reach 
its conclusion. 

Remark 4 Note that the case c = even more clearly illustrates the fact that the nonreso- 
nance conditions in Theorem 1 are genuinely of nonuniform type. Indeed, in this case [i\ = 
and E\ contains only constant functions. The condition that a(x) > [i\ a.e. on d£l with 

<p (a(x) — fJ>i)<p > for all tp € E±\ {0} is equivalent to a(x) > a.e. on d£l with strict 

inequality on a subset of dO, of positive measure. Thus a{x) need not be (uniformly) bounded 
away from /ii = 0. Actually, a careful analysis of the proofs of lemmas 1 and 2 shows that, 
in this case, one can drop the requirement that a{x) > a.e. on dO, and require only that 

f a(x) > 0. Thus, a 'crossing' of the zero eigenvalue on a subset of XI of positive measure 

is allowed; that is, a(x) could be negative on a subset of dO, of positive measure. 

Remark 5 Our main result remains valid if one considers an equation with a more general 
linear part with variable coefficients; that is, 



y^ - — I aij(x)—— ] + c(x)u = a.e. in 17, 
^ dx J V dx i) 



i,j=i dx i V dxi ' (2.23) 

— = g{x,u) on dtt, 

- ov 

where now d/du := v ■ AV is the (unit) outward conormal derivative. The matrix A(x) := 
(ojj(x)) is symmetric with aij G C 0,1 (O) such that there is a constant 7 > such that for all 

<^(x)£,0>7l£| 2 onH. 
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1 Introduction 



In 2006, Lan [1] first introduced a new concept of (A, 77)-monotone (so called 
(A, rj, m)-maximal monotone [2]) operators, which generalizes the (H, 77)-monotonicity, 
A-monotonicity and other existing monotone operators as special cases, and stud- 
ied some properties of (A, 7/)-monotone operators and defined resolvent operators 
associated with (A, ?7)-monotone operators. Further, some (systems of) variational 
inequalities, nonlinear (random or parametric) operator inclusions, nonlinear (set- 
valued) inclusions, complementarity problems and equilibrium problems have been 
studied by some authors in recent years because of their close relations to Nash 
equilibrium problems. See, for example, [1-16] and the references therein. 

On the other hand, Pennanen [17] has shown using the over-relaxed proximal 
point algorithm and applying a similar approach to Rockafcllar [18] by restricting 
M _1 to be locally Lipschitz continuous and by strengthening error tolerance that the 
sequence converges linearly to a solution of the following general nonlinear operator 
inclusion problem in Hilbert space X: Find x € X such that 

0€M(x), (1.1) 

where M : X — > 2 X is a set-valued operator and 2 X denotes the family of all the 
nonempty subsets of X. 



1 This work was supported by the Sichuan Youth Science and Technology Foundation (08ZQ026- 
008), the Open Foundation of Artificial Intelligence of Key Laboratory of Sichuan Province 
(2009RZ001) and the Scientific Research Fund of Sichuan Provincial Education Department 
(10ZA136). 
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We remark that for appropriate and suitable choices of M and X , one can know 
that a number of known variational inequalities, variational inclusions and corre- 
sponding optimization problems can be unified into the special cases of the problem 
(1.1), which provide us a general and unified framework for studying a wide range 
of interesting and important problems arising in mathematics, physics, engineering 
sciences, optimal control and economics finance, etc. For more details, see [1-7, 9, 
10, 13-16] and the references therein, and the following examples. 

Example 1.1. Suppose that A : X — >• X is r-strongly 77-monotone, and / : X — >• 
M. is locally Lipschitz such that df ', the subdifferential, is m-rclaxed 77-monotone with 
r — in > 0. Clearly, we have 

(x-y,rj(x,y)) > (r - m)\\x - y\\ 2 , 

where x e A(x) + df(x) and y e A(y) + df(y) for all x, y € X. Thus, A + df 
is ?7-pseudomonotone, which is indeed, 77-maximal monotone. This is equivalent to 
stating that A + df is (A, 77, m)-monotone and the problem (1.1) becomes to finding 
x € X such that 

e A(x) + df(x). 

Example 1.2. Consider the following convex optimization problem with bound 
constraints: 

min/(a;), , , 

s.t. xen, [ -- Z) 

where tt = {x e M. l \ d < x < h}, R = (—00, +00) and / : fl —> R is convex and 
continuously diffcrentiable. From the Karush-Kuhn-Tucher conditions, we see that 
x* is an optimal solution to the problem (1.2) if and only if x* satisfies 

df/dx*>0, x*=du 

df/dx* = o, x*e(di,hi), (1.3) 

df/dx* < 0, x* = hi. 
The problem (1.3) is equivalent to the following variational inequality: 

(x-x*) T Vf(x*) >0, VieO, 

where V/(x) is the gradient of /. 

Recently, Verma [14] developed a general framework for a hybrid proximal point 
algorithm using the notion of (A, ?y)-monotonicity and explored convergence analysis 
for this algorithm in the context of solving the nonlinear inclusion problem (1.1) along 
with some results on the resolvent operator corresponding to (A, 7/)-monotonicity. 
Verma [13, 15] introduced a general framework for the over-relaxed A-proximal point 
algorithm based on the A-maximal monotonicity and pointed out "the over-relaxed 
A-proximal point algorithm is of interest in the sense that it is quite application- 
oriented, but nontrivial in nature". Very recently, Xia and Huang [16] investigated a 
general iterative algorithm, which consists of an inexact proximal point step followed 
by a suitable orthogonal projection onto a hypcrplanc and proved the convergence 
of the algorithm for a pseudomonotone mapping with weakly upper semicontinuity 
and weakly compact and convex values. Further, the authors also analyzed the 
convergence rate of the iterative sequence under some suitable conditions. 
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Motivated and inspired by the above works, in this paper, we introduce and 
study a new class of hybrid (A, rj, m)-proximal point algorithms with errors for solv- 
ing the general nonlinear operator inclusion problem (1.1) in Hilbert spaces based 
on (A, 77, m)-monotonicity framework. Furthermore, by using the generalized resol- 
vent operator technique associated with the (A, 77, m)-monotone operators, we shall 
discuss the approximation solvability of the operator inclusion problems and the 
convergence rate of iterative sequences generated by the algorithm. 



2 Preliminaries 



Definition 2.1. Let A : X — > X and 77 : X x X — >• X be two single valued 
operators. Then 

(i) A is (5-strongly monotone, if there exists a positive constant S such that 
(A(x) - A(y),x -y)>6\\x- y\\ 2 , Vz, y £ X; 

(ii) A is r-strongly 77-monotone, if there exists a positive constant r such that 
(A(x) - A(y),i](x,y)) > r||x-y|| 2 , \/x, y £ X; 

(iii) A is K-Lipschitz continuous, if there exists a constant n > such that 
\\A(x) - A(y)\\ < k\\x - y\\ 2 , \/x, y £ X; 

(iv) r\ is said to be r-Lipschitz continuous if there exists a constant r > such 
that 

\\v(x,y)\\ < r\\x-y\\, Vx,y £ X. 

Definition 2.2. Let r\ : X x X — >• X and A : X — > X be two single-valued 
operators. Then set-valued operator M : X — >• 2 X is said to be 

(i) m-relaxed ?7-monotone if there exists a constant m > such that 
(x — y, 77(21, y)) > — m\\x — y\\ , Vx, y £ X ,x £ M(x), y £ M(y); 

(ii) (A, 77, ?n)-maximal monotone if M is 777-relaxed 77-monotone and R(A+pM) = 
X for every p > 0. 

Remark 2.1. (A, 77, m)-monotonicity (so-called (A, ?7)-monotonicity [1], (A,r))- 
maximal relaxed monotonicity [5, 14]) includes (if, 77)-monotonicity, i7-monotonicity, 
A-monotonicity, maximal 77-monotonicity, classical maximal monotonicity (see [1-5, 
7, 9, 12-16]). Further, we note that the idea of this extension is so close to the idea 
of extending convexity to invexity introduced by Hanson in [19], and the problem 
studied in this paper can be used in invex optimization and also for solving the 
variational-like inequalities as a direction for further applied research, see, related 
works in [11, 12] and the references therein. 
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Lemma 2.1. ([1]) Let r\ : X x A — >• A be r-Lipschitz continuous, A : X — >• A 
be r-strongly 77-monotone and M : A — > 2 X be (A, 77, m)- maximal monotone. Then 
the resolvent operator defined by 



fl^W^i + pMj-^x), Vx^ 



is — - — Lipschitz continuous. 

r—pm ^ 



3 Proximal Point Algorithms and Convergence 



In this section, we shall introduce a new class of hybrid (A, 77, m)-proximal point 
algorithms for solving the problem (1.1). 

Definition 3.1. An operator M _1 , the inverse of M : X — >• A, is (t, t)-Lipschitz 
continuous at if for any t > 0, there exist a constant 1 > and a solution a;* of 
G M(x) (cquivalently x* G M _1 (0)) such that 

||x-x*|| < l\\w-0\\, Vx G M~ 1 (w) and w G S t = {w| ||w|| < i,w G A", i > 0}. 

Lemma 3.1. Let X be a real Hilbert space, A : X ^ Xhe r-strongly 77-monotonc 
and M : A" — > 2 X be (v4, 77, m)-maximal monotone. Then the following statements 
are mutually equivalent: 

(i) An element x G A' is a solution to (1.1). 

(ii) For x G A', we have 

where R^ M ( X ) = ( A + pM)~ 1 {x). 

Algorithm 3.1. Step 1. Choose an arbitrary initial point xo G A. 

Step 2. Choose sequences {a„}, {e„} and {/9„} such that for n > 0, {a„}, {e„} 
and {p n } are three sequences in [0, 00) satisfying 



y ^ <jj < 00, a — limsupa„ < 1, p n —$■ p G (0, 



and {e„} is error sequence in X to take into account a possible inexact computation 
of the operator point, which satisfies X^^Lo ll e ™l < °°- 

Step 3. Let {x n } C A be generated by the following iterative procedure 

A(x n+1 ) = (1 - a„)A(x n ) + a n y n + e„, (3.1) 

and y n satisfies 

\\y n - A(R^ M (A(x n )))\\ < tnhn - A(x n )\\, 

where n > 0, R ,V M = (A + p n M)~ l and p n > is a constant. 
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Step 5. If x n , y n and e n (n = 0, 1, 2, • • • ) satisfy (3.2) to sufficient accuracy, stop; 
otherwise, set k := k + 1 and return to Step 2. 

Remark 3.1. We note that Algorithm 3.1 is differ from the algorithm of Theorem 
3.4 associated with (A, ?7)-maximal monotonicity in [14]. 

Theorem 3.1. Let M and X be the same as in problem (1.1). If, in addition, 

(i) A : X — > X is r-strongly ^-monotone and K-Lipschitz continuous, and r\ : 
X x X — > X is r-Lipschitz continuous; 

(ii) the iterative sequence {x n } generated by Algorithm 3.1 is bounded; 

(iii) there exists a constant p such that 

r — kt 

0<P< , 

m 

then the sequence {x n } converges linearly to a solution x* of the problem (1.1) with 
convergence rate 

= l-ot(l — ) < 1. 

r — pm 

Proof. Let x* be a solution of problem (1.1). Then for all p n > and n > 0, by 
Lemma 3.1, now we know 

A(x*) = (1 - a n )A(x*) + a n A(R^ M (A(x*))), (3.2) 

Let 

A(z n+1 ) = (1 - a n )A(x n ) + a„A(R^ M (A(x n ))) + e n , Vn > 0. 

It follows from the assumptions of the theorem, Lemma 2.1 and (3.2) that 

\\A(z n+1 ) - A(x*)\\ 

= ||(1 - a n )A(x n ) + a n A(R^ v M (A(x n ))) + e n 

-(1 - a n )A(x*) - a n A(R^ M (A(x*)))\\ 

< (l-a„)p(»„)-i4(a:*)|| 

+anK\\R^ M (A(x n )) - R^ M (A(x*))\\ + \\e n \\ 

< (1 - a n )\\A(x n ) - A(x*)\\ + -^ \\A(x n ) - A(x*)\\ + \\e n \\ 

r - p n m 

= e n \\A(x n )-A{x*)\\ + \\e n \\, (3.3) 



where 



n = 1 - a„ -\ 



r - p„m 



Since A(x n+1 ) = (l-a n )A(x n ) + a n y n + e n , A(x n+1 ) - A(x n ) = a n [y„-A(x n )] + 
e n . Thus, we have 

\\A(x n+1 ) - A(z n+1 )\\ = a n \\y n - A(R^ M (A(x n )))\\ 

< a n e n \\y n - A(x„)\\ 

= e n \\A(x n+ i) - A(x n ) - e„|| 

< e n \\A(x n+1 ) - A(x n )\\ + e n \\e n \\. (3.4) 
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Next, we estimate using (3.3) and (3.4) that 

\\A(x n+1 ) - A(x*)\\ 

< \\A(x n+1 ) - A(z n+1 )\\ + \\A(z n+1 ) - A(x*)\\ 

< e n \\A(x n+1 ) - A(x n )\\ + 9 n \\A(x n ) - A(x*)\\ + (1 + e„)||e„|| 

< e n \\A{x n+1 ) - A(x*)\\ + (e„ + e n )\\A{x n ) - A(x*)\\ + (1 + e„)||e„||. 

This implies that 

\\A{x n+1 ) - A(x*)\\ < e -^^\\A(x n ) - A(x*)\\ + *±^||e„||. (3.5) 

1 - e„ 1 - e„ 

Since A is K-Lipschitz continuous and r-strongly ^-monotone (and hence, ||-A(x) — 
A(y)\\ > ^\\x — y\\,Vx,y e X), it follows from (3.5) and X^^Lo ll e ™l < °° tnat tne 
{x n } converges linearly to a solution x* for 8 n . 

Hence, we have 

limsup = limsup#„ = 1 — a(l ), 

n— >oo t € n n— >oo T pTTL 

where a — limsup n _ >00 a n , p n — > p. This completes the proof. D 

Theorem 3.2. Assume that A, M, r\ and X are the same as in Theorem 3.1 and 
condition (ii) in Theorem 3.1 holds. If, in addition, 

(iv) M~ l is (t, £)— Lipschitz continuous at 0; 

(v) for 7 > |, n > and x* € X, 

(A(Rf t Z(A(x n ))) A(R^(A(x*))),A(x n ) - A{x*)) 
> y\\A(Rfy(A(x n ))) A(R*Z(A(x*)))\\ 2 , 

(vi) there exists a constant p such that 

l^/k 2 - r 2 r~ 2 (27 - 1) < p < — , kt > r^27 - 1, 



then the sequence {x n } converges linearly to a solution x* of (1.1) with convergence 
rate 

9 = 1 — a + and < 1, 

where rf = , Tl . 

y/r 2 L 2 (2"/-l)+T 2 p 2 

Proof. Let x* be a zero of M. we infer from Lemma 3.1 that any solution of (1.1) is 
a fixed point of R ' v M oA 7 i.e., R ' v M (A(x*)) = x* . For J Pn = A — AoR' v M oA 7 and 
under the assumptions (including (vi) ), it follows that A(x n ) — A(R ' v M (A(x n ))) — *• 
0. Since p^Jp^Xn) e M(R^ M (A(x n ))), this implies RJ« M {A{x n )) G M- 1 (p- 1 J Pn (af n )). 
Thus, applying the Lipscitz continuity of M _1 by setting w = p~ l J Pn (x n ) and 
z = / o I T 1 J Pii (x„) e M(i?^ M (A(x„))), we have 

\\R^ M (A(x n )) -x*\\< t\\p^J Pn (xn)\\- (3.6) 
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On the other hand, since J Pn {x*) = A(x*)-A(R^ M (A(x*))) = A(x*)-A(x*) = 
0, p~ 1 J Pn (x*) — and it follows from condition (v) the r-strong 77-monotonicity of 
A (and hence, A being --expanding) that 

PpM - J Pn {^)\\ 2 = \\A{R A JM^n))) A(Rf^(A(x*))) (A(x n ) A(x*))\\ 

< \\A(Rfy(A(x n ))) A(R^(A(x*))\\ 2 + \\A(x n ) A(x*)\\ 2 

-2(A(Rfy(A(x n ))) - A(R*Z(A(x*)),A(x n ) A(x*)) 

< -(2 7 - l)\\A(Rfy(A(x n ))) - A{R^ M {A{x*))f + \\A(x n ) A(x*)\\ 2 



< 



r{ \ l) \\K:\M(xn)) R^ M (A(x*))\\ 2 + \\A(x n ) A(x*)\ 



2 



= \\A(x n ) A{x*)f r2( % - \\KM A ^n)) *T- (3-7) 

Combining (3.6) with (3.7), we have 

\\R A p -: M {A{x n ))-x*r 

<^\\J Pn {Xn)-J Pn {x*)t 
Pn 

< ^\\A(x n ) A(x*)\\ 2 ^%~ l) \\Rt V , M ( A (x n )) ^ll 2 , 

Pn ' Pn 



i.e., 



WR^MAixn)) Rf : \(A(x*))\\ = \\R^ M (A(x n )) x*\\ 

< d n (\\A(x n ) - A(x*)\\, (3.8) 



where 



d n = 



v/rV(27-l)+r 2 ^ 
On the other hand, let 

A(z n+1 ) = (1 - a n )A(x n ) + a n A(R^ M (A(x n ))) + e„,Vn > 0. 

Then, from (3.3) and (3.8), it follows that 

||i4(z„ + i)-i4(a;*)|| 

= ||(1 - a n )A(x n ) + a n A(R^ v M (A(x n ))) + e n 

-(1 - a n )A(x*) - a n A(Rf« M (A(x*)))\\ 
< (1 - a n )\\A(x n ) - A(x*)\\ + a n K\\R^ M (A(x n )) - R^ M (A(x*))\\ + ||e„|| 
<e n \\A(x n )-A(x*)\\ + \\e n \\, 

where 

n = 1 - a n + a n nd n . 

The rest of proof can be obtained from (3.5) and the proof of Theorem 3.1 and 
so it is omitted. □ 
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Remark 3.2. (1) Wc note that the conditions in Theorems 3.1 and 3.2 are 
simple and satisfied lightly. Further, if k = 1 in Theorems 3.1 and 3.2 or 7 = 1 in 
Theorem 3.2, that is, A is nonexpansive, or e™ = (n > 0) in Algorithm 3.1, then 
the conclusions of Theorems 3.1 and 3.2 also hold. 

(2) By the same methods as in Theorem 3.2 of [15], we can obtain the corre- 
sponding conclusions of Theorem 3.2 when e™ = (n > 0) in Algorithm 3.1 with 
a n > 0(n > 1), which can be found in other research. 

Remark 3.3. The corresponding results can be shown when M is (H,rj)- 
monotonicity, U-monotonicity, ^4-monotonicity, maximal 77-monotonicity and clas- 
sical maximal monotonicity, respectively. That is, the results presented in this paper 
improve and generalize the corresponding results of recent works. 
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ON WEIGHTED VARIABLE EXPONENT LORENTZ-KARAMATA 

SPACES 

ILKER ERYILMAZ 



Abstract. In this paper, a characterization of the non-singular measurable 
transformations X from X into itself and complex- valued measurable functions 
u on X inducing weighted composition operators is obtained and subsequently 
their compactness and closcdncss of the range on the weighted variable expo- 
nent Lorentz-Karamata spaces L w , , , , (X, £,/u) are completely identified 
where (X, E, fi) is a a— finite measure space and p(t) , q (t) are variable expo- 
nents. 



1. Introduction and Preliminaries 

A new generalization of Lebesgue, Lorentz, Zygmund, Lorentz-Zygmund and 
generalized Lorentz-Zygmund spaces was studied by D.E. Edmunds, R.Kerman and 
L.Pick in [EKP]. By using Karamata theory, they introduced Lorentz-Karamata 
spaces and compared quasinorms on these spaces. Also J. S. Neves studied Lorentz- 
Karamata (L—K) spaces L vq .\> (R, /i) in [N] where p, q € (0, oo] , b is a slowly varying 
function on [1, oo) and (R, [i) is a measure space. These spaces cover the generalized 
Lorentz-Zygmund spaces L p ^ ai _,, Mm (R) (introduced in [EGO]), Lorentz-Zygmund 
spaces L p ' q (logL) Q (R) (introduced in [BR]), Zygmund spaces L p (\ogL) a (R) (in- 
troduced in [BS,Z]), Lorentz spaces L p ' q (R) and Lebesgue spaces LP (R) under 
convenient choices of slowly varying functions and parameters p, q. In [EE,N], it is 
proved that Lp.^j, (-R, /i) space endowed with a convenient norm, is a rearrangment- 
invariant Banach function space and has an associate space L p , q i. b -i (R, /i) if (i?, /x) 
is a resonant measure space, p e (1, oo) and q e [1, oo]. Also it is showed that when 
p G (1, oo) and q G [1, oo), L — K spaces have absolutely continuous norm. 

For any two non-negative expressions (i.e. functions or functionals), A and B, 
the symbol A ^ B means that A < cB, for some positive constant c independent 
of the variables in the expressions A and B. If A ^ B and B ^ A, we will write 
A s=y B and say that A and B are equivalent. 

Definition 1. A positive and Lebesgue measurable function b is said to be slowly 
varying (s.v.) on (0, oo) in the sense of Karamata if, for each e > 0, t £ b(t) is 
equivalent to a non- decreasing function and t~ e b (t) is equivalent to a non-increasing 
function on (0,oo). 
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2 ILKER ERYILMAZ 

Given a s.v. function b on (0, oo), we denote by j b the positive function denned 

by 

(1.1) 7b (t) = b (maxi t, - I ) for all* > 0. 

It is known that any slowly varying function b on (0, oo) is equivalent to a slowly 
varying continuous function b on (0, oo). Consequently, without loss of generality, 
we assume that all slowly varying functions in question are continuous functions in 
(0, oo) [GO]. We shall need the following property of s.v. functions, for which we 
refer to [N, Lemma 3.1]. 

Lemma 1. Let b be a slowly varying function on (0, oo). 

(i) Let r£l. Then b r is a slowly varying function on (0, oo) and 7J (t) — j b r (t) 

for all t > 0. 

(ii) Given positive numbers e and k, j b (Kt) ~ 7&(£),ie., there are positive constants 

c e and C £ such that 

(1.2) c e min{n~ e , n e }~f b (t) < %(nt) < C e max{n~ e , K e }^ b (t) 
for all t > 0. 

(Hi) Let a > 0. Then 

(1.3) / T a - x lb (T)dT « t a lb {t) and f T- a - r lb {T)dT « r a j b {t) 
Jo Jt 

for all t > 0. 

The detailed study of Karamata theory, properties and examples of slowly vary- 
ing functions can be found in [EKP, EE, N, S]. 

Let {X, S,/i) stand for a cr-finite measure space, w be a weight function , i.e. a 
measurable, locally bounded function on X, satisfying w (x) > 1 for all x € X and 
Xa be characteristic function of a set A. 

In [EKS], the authors introduced Lorentz spaces p ^' q ^ with variable exponents 
p(t) ,q (t) and proved the boundedness of singular integral and fractional type op- 
erators in these spaces. They also showed the fundamental properties of (weighted) 
variable exponent Lorentz spaces. According to the notation of this paper, let p (t) 

be a measurable function with < a < p_ = inf p (t) < P+ = sup p(t) < 00 

te[o,oo] ' te[o,oo] 

and P a be the class of these functions. By p([0,oo]), they denote the class of all 

functions p E L°° ([0, 00]) such that there exist the limits 

p (0) = limp (t) and p(oo)= limp(t) 

t— >0 t— >oo 

and the (decay) conditions of log-type 

Mt) -P(0)| < ^ for |*| < I , \p(t)-p(oo)\ < ^^^ 

are satisfied with a constant C > 0. They also denote p a ([0, 00]) = p ([0, 00]) n P a . 
Now, let us take the measure wdp,. Let / be a complex-valued measurable func- 
tion defined on cr-finite measure space (X, Y*,wd(j,). Then the distribution function 
of / is defined as 

(1.4) (j,f iW (s) = w {x e X : |/ (x)\ > s} = {xeX -. |/(x)|> s } w (x) dfj, (x) , s > 0. 
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The nonnegative rearrangement of / is given by 

(1.5) /; (t) = sup {s > : M /> (s) > t } , t > 0, 

where we assume that sup = 0. Also the average (maximal) function of / on 
(0, oo) is given by 

(i-6) r w *(t) = jr w ( S )ds. 

to 

Note that Xf, w (■) , fw (•) & n d fw* (') arc nonincrcasing and right continuous func- 
tions. 

Definition 2. Let p,q G Po([0, oo]) and /e£ b be a slowly varying junction on 
(0, oo). The weighted variable exponent Lorentz-Karamata space L w , ■. , %., (A, S, /i) 
is defined to be the set of all functions such that 



(1-7) H/C(-),*(-);6 := t^'^TbWCW 



9(');(0,oo) 



is finite. Here |)-|| „(.w oo) stands for variable exponent L q i.\ norm over the interval 
(0,oo). 

After this point, LJ^ , w (X) will be used for L"j > , > b (A, E, ^). It is easy to 
show that (by the same argument in [EE, Theorem 3.4.41], [EKS], [N]) L™ {:) q{/yb (X) 
space endowed with a convenient norm (1.7), is a rearrangment-invariant Ba- 
nach function space and have absolutely continuous norm when p, q £ pi ([0, oo]) , 
p(0) > 1 and p(oo) > 1. It is clear that, L"/.-, , >. fc (A) spaces contain the charac- 
teristic functions of every measurable subset of A with finite measure and hence, 
by linearity, every wdfi— simple function. In this case, with a little thought, it is 
easy to obtain that the set of simple functions is dense in L™ ( , ,y h (X) spaces since 
these spaces have absolutely continuous norm. 

Let T : A ->• X be a measurable (T _1 (E) <G S, for any E g S) and non- 
singular transformation (w (T _1 (-E)) = whenever w (E) = 0) and u a complex- 
valued function defined on A. We define a linear transformation jy = W u t on 
L 10 ,^ , y . (A) spaces into the linear space of all complex- valued measurable func- 
tions by 

(1.8) W UtT (f)(x)=u(T(x))f(T(x)) 

for all x e X and / <G L™,,,y b (A). If W is bounded with range in L™t.), q <.y h (A), 
then it is called a weighted composition operator on L w , :) , > . (A). If u = 1, then 
VK = Ct : / -> / o T is called a composition operator induced by T . If T is the 
identity mapping, then W = M u : f — >• u ■ / is a multiplication operator induced by 
w. The study of these operators acting on Lebesgue and Lorentz spaces has been 
made in [C, JP, SM] and [ADV1, ADV2, KK1, KK2], respectively. 

In the next part of this paper, we will characterize the boundedness, compactness 
and closcdness of the range of the weighted composition operators on L w ,s , ■,., (A) 
spaces for p, q e pi ([0, oo]) , p (0) > 1 and p (oo) > 1. 

2. Results 

Theorem 1. Let (X,T,,wd/j,) be a a -finite measure space and u : X — > C a mea- 
surable function. Let T : X — >• A be a non-singular measurable transformation such 
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that the Radon- Nikodym derivative Jt — wd/i (T 1 ) /wd/i is in L°° (/j). Then 

(2.1) W UtT :f^uoT-foT 
is bounded on L™,s a /.\. b (X) if u £ L°° (/i). 

Proof. Suppose that H/tII^ = k. The distribution function of W f = W u> t (/) 
u o T ■ f o T is found that 

(2.2) ii W f,w(a) = w{x£X: \u(T(x))f(T(x))\>s} 

< wT- 1 {x e X : Hull^ |/(a?)|>*} 

< few {x e X : Hwll^ |/ (a;) | > s} = kfi M ^ f<w (s) . 
Hence for each t > 0, by (2.2) we get 



(2.3) 
and 



<^ s > : MIMI^ f,w (s) < t \ C {s > : ^iv/,u- (s) < *} 



(2.4) (Wf)* w (t) = mi{s>0:n wf , w (s)<t} 
< ini\s>0 : /j,u u u f (s) < 



= m{{s>U:w{x£X: ||«|| |/(x)| > s} < 



IMIocC i fc 



Also, we write that (W/)" (t) < NL/" (£) by (2.4). Therefore, 
(2.5) ll^/||p ( .), g( . );6 = ||^-^76 (t)(W/)"(t) 



< 



g(-)i(0,oo) 






l l 



g(-);(0,oo) 
g(-);(0,oo) 



— ^ P IMIco H/llp(-),q(-);6 

can be written by (1.2). Consequently, W is a bounded operator on L w ,s ,y b (X) 
and \\W\\ < k^ Hwll^ by (2.5). □ 

Remark 1. XVie above theorem is also valid for u £ L°° (w (T -1 )), i.e. uoT £ 

Theorem 2. Lei u be a complex-valued measurable function and T : X — > X be a 
non-singular measurable transformation such that T (E £ ) C E £ for all e > 0, where 
E e = {x £ X : \u(x)\ > e}. IfW U} T is bounded on L w ,, ,y b (X), then u £ i°° Qu). 

Proof. Let us assume that u ^ L°° (/x). Then the set E n — {x £ X : \u (x)| > n} 
has a positive measure for all n £ N. Since T (E n ) C E n or equivalently XE n < 
Xt- 1 (e u )i we write that 

(2.6) {x £ X : \ XEn (x)\ > s} C {x € X : |xr-i(B„) (»)| > s} 

C {x e X : |u(T(x))xr-i(B„) W I > «•«} 
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and so 

(2.7) 

(W X eX (t) = inf {* > : Hw XEn , w (*) < i} 

= inf {s >0:w{xeX: \Wxs n (x)\ > s} < t} 

= mf{s>0:w{xeX : \u (T (»)) X E n (T (x))\ > s} < i} 

= ninf {s > : w {x € X : \u(T (x)) XT- 1 (E n ) ( x )\ > ns } < t} 

> ninf {s > : w {x G X : |xb„ (x)| > s} < t} = n (xe„T w («) ■ 

Thus wc have (Wxe„)" (i) > n (XeJ™ (i) for alii > by (2.7). This gives us the 



contradiction that ||Wxs„ 



lp(0.8(0i* 



> n\\XE n 



h(-),g(-);b- 



a 



If we combine Theorem 1 and Theorem 2, then we have the following theorem. 

Theorem 3. Let u be a complex-valued measurable function and T : X — > X be 
a non-singular measurable transformation such that the Radon-Nikodym derivative 
f T = wd^i (T^ 1 ) /wdfx is in L°° (/j,) and T (E e ) C E s for all e > 0, where E e = 
{x <G X : \u(x)\ > e}. Then W u .t is bounded on L™,s ,y b (X) if and only if u e 

Now, we are ready to discuss the compactness and the closed range of the 
weighted composition operator W = W u ,t ■ f — > uoT-foT on L™,s ,y b (X) spaces. 
Let T : X — > X be a non-singular measurable transformation with the Radon- 
Nikodym derivative /t = wd/i (T _1 ) /wd/i. If fr € L°° (p) with H/tIIoo = k, then 
we get 

(2.8) (Wf)* w (kt) = inf {s > : fji wfiW (s) < kt} 

= inf {s > : w {x G X : \u (T (x)) f (T (x))\ > s} < kt} 
= inf {s > : wT- 1 {x <E X : \(u ■ f) (x)\ > s} < kt} 
<mi{s>0:w{xeX:\(u-f) (x)\ > s} < t} = (M u f)* w (t) 

and similarly (W f)** (kt) < (M u f)** (i) for all / G ^ ( .), g( . );6 (X) and i > 0. 
Therefore, by (1.2), we obtain 



(2.9) 



\Wf\ 



p(-)M-);b 



z^-^ lb (z){Wf)**{z) 
< k^= 



<z(-);(o,°o 

t^-W) lb (t)(M u f)* w *(t) 



9(');(0,oo) 



k'-\\M u f\\;, Mb . 



Now, if fx is bounded away from zero on S, i.e. /t > S almost everywhere for some 
S > 0, then 

(2.10) w (T- 1 (E)) = I f T wdn > Sw (E) 

J E 

for all E G S, £7 C 5, where 5 = {a; : u (x) 7^ 0}. Therefore, we have 

( 2 - n ) H W /C(.) )9 (-);^^ll M «/C(-) )g (-);6- 

Hence for each / G Z^n ,y 6 (X), we have 

(2-12) \\Wf\\l qib « ||M tt /||™,. 6 
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whenever fr € L°° (/i) and bounded away from zero. By [HKK, Theorem 2.4] and 
(2.12), we can write the following theorem: 

Theorem 4. Let T : X — > X be a non-singular measurable transformation such 
that /t € L°° (/j,) and is bounded away from zero. Let u be a complex-valued mea- 
surable function and W Uj t is bounded on L™,s ,y h (X) spaces. Then the following 
are equivalent: 
(i) W u .t is compact, 
(ii) M u is compact, 
(Hi) L w ,^ , , , (u,s) are finite dimensional for each e > 0, where 

L p(-),g(-);b( u ' £ ) = {fX(u,e) :/£%,(.);6W} and («, e) = {x € X : \u(x)\>e}. 

We know that W u ,t = CtM u and wdfi is atomic. Therefore, if we use [KK1, 
Theorem 3.1] for W Ui t on L™,s ,y b (X) spaces, then we get the following theorem: 

Theorem 5. Let T : X — > X be a non-singular measurable transformation such 
that fx € L°° (/z) and u be a complex-valued measurable function with u £ L°° (/x) . 
Let {j4n} nG N be all the atoms of X with w (A n ) > for all n£N. Then W u j- is 
compact on L 1 ",-, „/.y b (X) spaces if wd/i is purely atomic and 

w(T-i(A n )) 
"" w(A n ) ^ U ' 
Theorem 6. If wdfi is non-atomic and W u j- is bounded on L™,, a (-)-b ("^) spaces, 
then W u _t is compact if and only if u ■ /j- = almost everywhere. 

Proof. Let us assume that W — W u _t is compact. If u ■ fa 7^ a.c., then there 
exists c > 1, such that the set 

(2.13) E= \xe X : \u(x)\ and f T (x) > 



has positive measure. Since wd/i is non- atomic, we can find a decreasing sequence 
{E n } neN of measurable subsets of E such that w (E n ) = ^-, < a < w (E). Now, 
if we construct a sequence such that e n = Tl SS 5 , then it is easy to see that 

IIXEnllp(. ),,();& 

{e„} neN is bounded in L™,^ ,y b (X). For m,n€N, let m = 2n. Then we have 
(We n - We m )* w f - j = inf I s > : Hwe n -We m ,w (s) < - 



c 
for all i > 0. This gives us that 



= mils>0:w{xeX:\u(T (x)) e„ (T (x)) -u(T (x)) e m (T (x))\ > s} < 

= inf i s > : wT- 1 {z e E n : \u (z)\ \e n {z) - e m (z)\ > s} < - 

> inf {s > : w {z € E n : \e„ (z) — e m (z)\ > sc} < t} 

= -inf {s > : w {z e E n : |e„ (z) - e m (z)\ > s} < t} 
c 

> - inf {s > : w {z e E n \E m : |e„ (z) - e m (z)\ > s} < t] 



(2.14, tnv„- ir,,„); „(-)> {xE ^ Sjt) 



CJ c \\XE n \\p(.), q (.)-b 
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and so 

(2.15) ||We„ - ^e m || p( . )ig( . );6 > - 2 ( w(j ^ j > e 

for some e > and large values of n by (ii) and (iii) of Lemma 1. Thus the 
sequence {W / e„} n£N doesn't admit a convergent subsequence which conradicts the 
compactness of W . Hence u ■ Jt — a.e. 
The converse implication is obvious. □ 

Theorem 7. Let T : X — > X be a non-singular measurable transformation with 
Jt in L°° (/u) and bounded away from zero. Let u be a complex-valued measurable 
function such that W u .t is bounded on L w , ) , >., (X) spaces. Then W Ui t has closed 
range if and only if there exists a S > such that \u [x)\ > S a.e. on the support of 



Proof. Suppose that W = W u t has closed range. Therefore there exists an e > 
such that \\Wf\\; ( . u( . hb > 'e\\f\Q. )tq{ . );b for all / e L^. )q( . yb {S) where S is 

the support of u and L™ { . )q{ .y b (S) = |/xs : / e L p(.), q (.) ; b( X )}- Now > lct us 

i 
choose S > such that k p - 8 < e where k = ||/t||oo- Assume that the set E = 

{x G X : \u(x)\ < 6} has positive measure, i.e. < w (E) < oo. Then \e € 

1 1 

H Wr XB||p(.),g(.);6 ~ feP " \\ u -XE\\p ( . )M . ):b <k' , -S\\xE\\p { . ) . q{ . ) . b 

II II 11 ' 

by (2.9). This conradiction says that \u (x)\ > 5 a.e. on the support of u. 
Conversely, assume that there exists a S > such that \u (x)\ > 5 a.e. on S. Since 
fx is bounded away from zero, we can write that fr > m for some m > 0. By 
using this fact and (2.11), we get 

(2-16) \\Wf\\ w p{ . u{ . hb > ro£ ||u ■ /C ( .), 9( . );6 > m^5\\f\\; { . hq{ . )]b 

for all / e Lpf.s (\. b {S). Therefore W has closed range because ker(W) = 

p(-)><?(-); b v ; 

Corollary 1. If T^ 1 (E £ ) C Z? £ /or eac/i e > and W Ui t has closed range, then 
\u (x)\ > 8 a.e. on S, the support of u for some 5 > 0. 

Using the equivalence (2.12) and [ADV1, Theorem 4.1], we can state the following 
theorem: 

Theorem 8. Let T : X — > X be a non-singular measurable transformation such 
that /t € L°° (ji) and is bounded away from zero. Let u be a complex-valued mea- 
surable function such that W u .t is bounded on L™,s ,y b (X) spaces. Then the 
following are equivalent: 
ft) W u< t has closed range, 
(ii) M u has closed range, 
(iii) \u (x)\ > 5 a.e. for some 5 > on S , the support of u. 
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AN ANALYTICAL APPROACH TO THE STUDY OF THE 
FRACTAL BEHAVIOR OF TCP TRAFFIC 

YINGDONG LU 



Abstract. We propose an analytical approach for the study of fractal be- 
havior of telecommunication traffic following Transmission Control Protocol 
(TCP) through a mathematical model proposed by Gilbert and Karloff [7]. 
Through this approach, we are able to calculate the Hausdorff dimensions of 
some traffic data sets under mild conditions, thus partially answers the con- 
jectures in Gilbert and Karloff [7]. 



1. Introduction 

Fractal behavior of TCP (Transmission Control Protocol) traffic has drawn con- 
siderable attentions recently in efforts to better understand the dynamics of commu- 
nication networks. Many phenomena related to fractal sets, such as self-similarity 
and chaotic behavior, are observed from TCP traffic data, see, e.g. [4] and [13] and 
references therein for related theoretical developments and experimental illustra- 
tions. In Gilbert & Karloff [7], a simple mathematical model is proposed for the 
purpose of capturing two important features of TCP, the additive-increase, multi- 
plicative decrease (AIMD) mechanism and feedback control. It is a two-parameter 
( the depletion rate and the buffer size) model for the dynamics of the transit rates 
of two resources that are competing for a common buffer under TCP. The main 
result in [7] is that, for many selected parameters, the state space of the system, 
which is formed by the transition rates of different sources, has fractal box counting 
dimension, hence is a fractal. It is conjectured that this should hold for almost all 
parameters. Although it is simple, the model does capture the key dynamic features 
of the TCP traffic. It can shed light into more sophisticated study of the complex 
nature of TCP, and also serve as a building block for further hierarchical study of 
the TCP behaviors. In this note, we will try to partially answer this conjecture. To 
be specific, we consider a conceptually same mathematical model, but will take a 
rather different approach. Instead of estimate the lower and upper box dimension 
directly as in the case of Gilbert & Karloff [7] , we calculate the Hausdorff dimension 
of the attractor through an analytical approach. More specifically, we identify the 
contraction maps that cause the self-similar behavior, then use covering arguments, 
a basic technique in geometric measure theory to compute the Hausdorff dimension 
of the self- similar set. 

It is well-known that the box counting dimension and the Hausdorff dimension 
are not equivalent, although they coincide in many cases. In general, we know that, 
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Research. 
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for any set E, 

dim Hausdorff( S ) ^ dim boxlowcr ( E ) ^ dim boxuppcr( S ) 

where dirriTT a us a q t q(E) denotes the Hausdorff dimension of E, diniu i „ ~{E) 
and dimu OXUDDer (i5) denote the lower and upper box counting dimension of E, 
respectively. However, for the purpose of categorizing the fractal behavior of the 
TCP traffics, we believe that the it is adequate to show that the Hausdorff dimension 
of the state space is fractional. 

Furthermore, this establishes connection between the study of fractal behavior of 
the TCP with the rich and fast-growing field of geometric analysis, it should induce 
not only many more study on the behavior of TCP, but the analysis of actions upon 
TCP. 

In Sec. 2, we will describe in detail the mathematical model for TCP, and present 
the statement of our main result; in Sec. 3, we will present the detailed analysis 
relate to the calculation of the Hausdorff dimension of the attractor. 



2. The TCP Model 

Let us introduce in detail the mathematical model of TCP. It is a two-parameter 
model. A (B, d)-modcl refers to a system of the following: a recipient of traffic with 
buffer size B and depleting rate d; the contents are created by two sources, labeled 
1 and 2, at rates of r\ and r 2 respectively At each time unit, the following events 
will take place chronically, 

• Depiction: (d A B) units of buffer will be drained at the recipient; 

• Additive-increase: r» = T{ + 1. 

• Randomly select i G {1,2}. 

• Multiplicative-decrease(I): if 6+r.j > B, then r% = r^/2, otherwise, b = b+ri. 

• Multiplicative-decrease(II): let j = 3 — i, if b + Tj > B, then Tj = Tj/2, 
otherwise, b = b + rj. 

There arc some slight differences between our model and the one studied in Gilbert 
& Karloff [7]. In our model, when a source sends the contents to the recipient, 
which is called "fire" , if the buffer is full, the content will be lost, instead of stored 
partially as in [7]. There are many different implementations for TCP, see, e.g. 
[6] , both models can be found in practical treatment of unsuccessfully transmitted 
content, however, in most of the implements, the partially transmitted content will 
discard it like we modeled here. Mathematically, to model the original Gilbert & 
Karloff model precisely will add a small nonlinear perturbation to our model, and 
the main results can still be expected to hold. 

Let fi denote the set of all possible values of (n, r 2 ). It is conjectured in [7] that 
when B > d and d > 2, $7 has fractal box counting dimension, hence, is fractal. To 
facilitate the analysis, we want to equip f2 with a self-similar structure. 

Now consider the quadruplet (r!,r 2 ,6, /), where / is an indicator function for 
the event that source 1 fires first. Each iteration is equivalent to apply the following 
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piece-wise linear map upon [1,B) x [1, B) x (0, B] x {0, 1}, 



T( ri ,r2,b,I)={ 



(a,r 2 ,6 + r 2 ,I) 



(r lt a 6 + ri ,j) 



ix y b j\ 
\ 2 ' 2 ' ' / 

(ri,r 2 ,6 + ri + r 2 ,7) 



{r 1 +6>B,r 2 + fe<B,/ = l} 

U{ri + r 2 + 6 > B, r 2 + b < B, I = 0} 

{n + 6 < B, n + r 2 + 6 > B, I = 1} 

U{ri + 6 < B, r 2 + b > B, I = 0} 

{r 1 +b> B,r 2 + b> B} 

{rx + r 2 + b< B} 



T e ( ri ,r 2 ,b,I)={ 



Note that, for the ease of exposition, our coordinate is different from that in [7] by 
a translation, this, evidently, will not affect the validity of the result. 

There are usually noises and measurement errors involved in studying network 
behaviors, therefore, we add a small displacement at each coordinate to extend our 
basic model. So our self-similar map can be as general as the following 

(^ + ei, r 2 , b + r 2 , 1) {n + b > B,r 2 + b < B,I = 1} 

U{ri + r 2 + b > B, r 2 + b < B, I = 0} 
(ri, f + e 2 , b + n, /) {n + b < B, n + r 2 + b > B, I = 1} 

U{ri + 6 < B, r 2 + b > B, I = 0} 
(f + e 3 ,if + e 4 ,M) {n + b>B,r 2 + b>B} 

(ri + e 5 ,r 2 + e 6 ,b + r t + r 2l I) {n + r 2 + b < B}. 

In [7], statistics of (r l7 r 2 ) are taken after a large number of buffer filling, 100 is 
the exact number presented in the paper. Similarly, we will only observe a subset of 
O. Therefore, our goal is to calculate the Hausdorff dimension for il, the self-similar 
set under map (T e ) K , for a large constant K whose value is to be determined in 
the following section. Our main result is, 

Theorem 1. The Hausdorff dimension of£liss,2<s< 3. 

Notice that our state space includes the buffer size, instead of just the transition 
rates as in Gilbert & Karloff. For the purpose of demonstrating the fractal behavior 
of TCP, this result is adequate. 

3. Calculation of the Hausdorff Dimension 



3.1. Results from Geometric Measure Theory. The following definition of 
the Hausdorff dimension is taking from Kigami [8] . For further details on related 
geometric measure theory, please see the rest of the book and standard references 
in the area, such as, [3], [12] and [10]. 

Definition 2. Let (X, d) be a metric space. For any compact set K, the diameter 
of K, denoted by diam(_ftT) := sup x eK d(x, y). For any bounded set A C X, define, 

n a s (A) = inf{Vdiam(£ 4 ) s : A C U l > 1 E l ,dia,m(E l ) < 5}, 



»>i 



and 



H s (A)=limsupH s 5 (A). 

<5|0 



It can be easily shown that, 

sup{s : H 8 (E) = oo} = inf{s : H S {E) = 0}, 
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and it is called the Hausdorff dimension of E, and denoted as dim# E. 

The key to the calculation of the Hausdorff dimension is the following classic 
result first proved by Moran[ll] and then rediscovered by Hutchinson [5]. It is 
presented in the same form as that on pp. 30 of [8]. First, we need to define some 
notations. 

Definition 3. For a natural number TV, define the set of words of length m as 

W m = {w ll w 2 ...w m :w l E {1,2, ...,7V}}. 

For any w = wxw 2 ...w m E W m , K w = f Wl o f W2 o ■ ■ ■ o f Wm (K). W* = U m > W m 
with W = {0}. 

Definition 4. For a vector r = (ri,r2, . . . , r/v), satisfies ri E (0,1) for all i = 
1,2, ...,7V and o£ (0,1), let, 

A(r,o) = {w : w — wiw 2 ■ ■ ■ ,w m E W*,r WlW2 ... Wm _ 1 > a > r m }, 

where r v = r Vl r V2 ...r Vk for v = viv 2 . . . v k E W k . 

We also use B(K, d) to denote the Borel algebra of K with metric topology 
defined by the metric d. 

Theorem 5. Suppose that there exist r = (r\,r 2 , ■ ■ ■ ,Tn) with < r% < 1, and 
positive constants Ci, c 2 , C* and M such that, 

(1) diam(JV u ,) < c\r w , 
for all w E W* and 

(2) #{uj : w E A(ra),d(x, K w ) < c 2 a\ < M, 

for any x E K and any a E (0, c*). Then there exist constants C3, C4 > such that 
for any A E B(K,d), 

(3) c z v{A) < U a {A) < c A u{A), 

where v is a self-similar measure on K with weight rf and a is the unique positive 
number that satisfies J2i=i r f — 1- I n particular, < H a (K) < 00 and dim// (TV, d). 

Remark: These two conditions are quite intuitive. Condition (1) reflects the 
nature of the contraction, that is the diameter of the image of a map of word w 
can always be bounded by r w ; condition (2) roughly says that for all w E A(ra), 
except a finite few(< M), there are always points that can be away from K w , hence 
guarantees that the images of the maps do not cluster together. 

3.2. Hausdorff Dimension Calculation through Projection. We will use the 
techniques similar to that in Sec. 3 of [2] to compute the Hausdorff dimension. 
Since the map involved are all linear, we can apply a linear change of coordinates 
to guarantee that all the maps are from [0, 1] x [0, 1] to [0, 1] x [0, 1]. 
First, consider the following maps, 

Ti(x,y) = (-,y),T 2 (x,y) = (x,-),T 3 (x,y) = (t^)- 

Theorem 5 enables us to compute the Hausdorff dimension of the invariant set 
under these three maps. 
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Proposition 6. The Hausdorff dimension of the invariant set under Tj, i = 1,2, 3, 

is s. which satisfies, 




(4) U +2 K - =1 



Proof Since the maps are linear, the two conditions in Theorem 5 are very easy 
to verify. From the set-up of the mapping, we can see that a/5/8, -\/5/8 and 1/2 
are the proper choices of q, i — 1, 2, 3, respectively. □ 

Remark Notice that equation (4) implies s sa 3.37944. In the arguments below, we 
will need to study the projection of this set, for that purpose, we need to study a 
set that has Hausdorff dimension that is lower than that of the space it is embedded 
in, which is 2. This can be achieved by extracting a subset in the following way. 



For an integer K > 0, we consider the K-th. convolution of maps Ti,i — 1,2,3, 

us. 
with 



thus, we have (x+3) 2 (x+2) different maps T^ K) , % = 0, 1, • • • K, j = 0, 1 • • • , K - i, 



ni = (l/2) i (y/5/S i )(y/5/8 K ~ i ~ J ) = (l/2) J (v / 578^)- 
After some simple algebra, we can see that there exists an integer Kq, when K > K$, 
^2 r i — 1 w iH have roots in the interval of (1, 2). Because, 

K 

E r 'a = E(* - o(V2) ia ( Vb/sy^-'K 

4=0 

is decreasing with respect to K, and we can easily identify K such that 

E4 = E(^o - i)(l/4y(5/8)^-*) < 1. 

i=0 

Following the same argument in [2], it can be seen that the result also holds 
for maps with some small displacement, that is, if we are considering the following 
maps, 

rf{K) _ T (K) 

ij ~ ij ' % 3 ' 

for Cij > such that ^^([0, 1] x [0, 1]) C [0, 1] x [0, 1]. Therefore, 

Proposition 7. There exists an integer K such that for any K > K , the Haus- 
dorff dimension of the invariant set under TJ ■ , i = 1, 2, 3 is s(K) and 1 < s(K) < 2. 

Now recall the definition of T e (r\, r%, b, I), when (ri,r2,6) sits in the following 
three domains, 

• {n + b > B, r 2 + b < B, I = 1} U {n + r 2 + b > B, r 2 + b < B, I = 0}, 

• {n + b < B, n + r 2 + b > B, I = 1} U {n + b < B, r 2 + b > B, I = 0}, 

• {n + b> B,r 2 + b> B}, 

the maps T e is in the same form of those of Ti(x,y) + a» for some displacements 
Oj, respectively, again after a linear transformation of the underlying domain. In 
the fourth domain, il = {n + r 2 + b < B}, T c is essentially just a displacement. 
Furthermore, it is easy to see that there exists Mo > 0, such that for each point 
x e Cl, there exists M < M , and (T £ ) M (a;) </ fj. Therefore, there exist K x > 0, 
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in fact, K\ > M * K , such that for any K > K\, (T e ) K are the piecewise linear 

maps of the form T i ■ . 

In addition, we observe that the structure for the case of I = 1 and I = is 
essentially the same. 

Combined the above two facts, we can see that, for I = and 1=1, the 
self-similar set of the map (T e ) K , K > K i is the same as that of the following map. 

(5) T(x,y,z)= {T l f\x,y),z + a i x + b i y, (x,y,z) € D tf }, 

where z represents the content level in the buffer, and Dy is the subset to which 
Tfj applies. Hence, our problem is reduced to that of calculating the Hausdorff 
dimension of the self-similar set (attractor) of these maps. 
Now define the following maps on [0, l] 5 , 

S(x,y,z,w 1 ,w 2 ) = {T>p(x,y), z + oi L x + b i y,TJ J K \w 1 ,w 2 ), (x,y,z) e D tj }. 

For each value z, the image of the above mapping is the the effect of the three 
maps, Theorem 5 can be applied, hence, and the image has Hausdorff dimension of 
s. 

Define Ut lt t 2 {x,y, z,Wi,W2) = {x + tiW\,y + t 2 w 2 , z). Let D = [0, l] 2 x [1,B] x 
[0, l] 2 and D' = [0, l] 2 x [1, B]\ then the following diagram is commutative, 

S(x,y,z,wi ,102) 




T(x,y,; 

Thus, letting F be the attractor of S, Ut(F) is the attractor of T, and cy = 
Ojii + bjti- Since a i; bj, t\ and t 2 can be arbitrary selected, we can always make 
this hold. By properties of Hausdorff dimension under projection, we can conclude 
that, for any fixed zq, dimn (Ut 1 .t 2 (F) H {z — zq}) = s. 

Theorem 8. (Falconer [1], Theorem 5.12) Let A C R" and B C W n , then, 

H s+t (A xB)> bW{A)n\B), 

for a constant b > 0. 

An immediate consequence of the theorem is that for any subsets A and B of R, 

dim H (A x B) > dim ff (A) + dim H (B). 

From the above theorem, we can conclude that dim^L^t^-F)) > 1 + s for almost 
all t. Meanwhile, a direct covering argument, along with the definition of the 
Hausdorff dimension, can imply that dim#(£/t 1] t 2 (i 7 ')) < 1 + s. To be more specific, 
for any integer j, the attractor can be covered by 2> 3 sets, which are in the form of 
Ek x [0, 1], k = 1, 2, • • • , & , and E^ has area Ai, A2, • • • , A 3 j . From the definition 
of the Hausdorff dimension and the fact that dim^ ([/^./^(F) fl {z = Zq}) = s, 

we know that X)fc=i ^fc — 1 ^ or J l ar g e enough. Therefore, we can conclude that, 
diuiH{Ut 1 .t 2 {F)) < 1 + s. This concludes that, overall, the Hausdorff dimension of 

U tut2 (F) is I + s. 

Theorem 9. The Hausdorff dimension of the attractor for map T(x, y, z) is 1 + s. 
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Abstract. Given two abstract locally compact topological groups A and B, where A 
is Abclian, the abstract wavelet transform for a function f € L (A) with respect to an 
admissible function h € L (A) is defined so that the left and right uniform continuity of 
the wavelet transform holds because of the left and right uniform continuity of f . 
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1. Introduction 

The continuous wavelet transform with respect to an "admissible" function has been used 
to detect singularities of functions in the Hilbcrt space L 2 (M), see [3]. In higher dimensions, 
see [4]. 

In this paper, we follow the locally compact topological groups point of view to define 
the wavelet transform, where our group G is given as the product of two locally compact 

topological groups A and B, by means of a square integrable, irreducible, and unitary 

l 
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representation acting on the Hilbcrt space L 2 (A), where this representation depends of two 
parameters a & A, and b e B so that the inversion formula is obtained for a given function 
/ e L 2 (A). In this case, the left and right uniform continuity of / e L 2 (A) implies the left 
and right uniform continuity of the abstract wavelet transform. Also, under the existence 
of Yivn( a ^)^.( a ^^ B ){Lhf){a, b) for any ci\ in a neighborhood of e^, we have the left and right 
uniform continuity of / e L 2 (A), where e^ is the identity in A and es is the identity in B. 
In order to prove these results we apply must of the theory given in [5]. So, for the reader's 
convenience, we summarize this theory in the following section. 

2. Notations and definitions 

Let us begin by defining a homomorphism for an Abclian locally compact topological 
group. So, consider two locally compact topological groups A and B where A is Abelian. 
Now, for each b € B consider the map T b : A — > A, such that for a 6 A, a — »• Ft, (a) is a 
homeomorphism. Note that the homomorphism T from B into the group of all 
automorphisms of A given by (a, b) — > Tf,{a) is continuous on Ay. B to A. 

Definition 1. Define G as the product of A and B. That is, consider G = Ax B = 
{(a, b)\a € A, and b € B}, and in G define 

(a,b)(a',b') = (aT b (a'),bb'). (1) 

Then with this product G becomes a group, where ea = (sa^b) is the identity (e^ is 
the identity in A and es is the identity in B), and where (a, b)~ x = (T b -i (a -1 ), b~ l ) is the 
inverse of {a, b) in G. 

Note also that G = A x B is a locally compact topological group. Then we will denote 
by d[iQ(a,b) the left Haar measure on G, the left Haar measure on A by dfiAia) and the 
left Haar measure in B by d/J,B(b). 

Then we have the following Lemma. 

Lemma 1. The function ■ : G x A — > A given by (a, b) ■ x = aT b {x) is an action of G on 
A where (a,b) e G and x e A. 
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Proof. See [5]. □ 

In our case (see [5]), for G = A x B, there is a positive continuous homomorphism 
r\ : G — > (0, oo) so that for any A e Co 04) we have 

/ h((a,b)~ l ■ x)dfiA(x) = f]{a,b) I h(x)dfiA(x)- (2) 

J a ' J A 

Formula (2) can be extended for all h e L l (A), see [6]. So, from now on consider 
x] : G ->• (0, oo) satisfying (2) for /j e L 1 ^)- 

Definition 2. For /; e L (A) define the following operators 



1) (J a h)(x) = 1 h[(a, e B )~ l ■ x], 

^rj(a,e B ) 

where (a, es) e G,x e A, and a € A. 



2) (T b h)(x) = 1 AKex.fc) -1 • *], 

w/iere (eA,b) € G,x € A, and b € B. 

Then we have the following Lemma. 

Lemma 2. For the operators J a and Tj,, 

1) J* = J~ l = J a -\, where a € A. 

2) T* = T~ l = T b -\ , where b € B. 

Proof. See [5]. D 

Definition 3. Let Q be a locally compact topological Abelian group, and let 
T = {z € C | \z\ = 1}. We say that the function p : Q — > T is a character on Q if p is 
a continuous homomorphism. 

Definition 4. Given a locally compact topological Abelian group Q , we define the dual group 
of Q as 

G = {p '■ Q — *■ T | p is a character} 

In this case we denote p(g) = (g, p) where g € Q and p e Q. 
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Note that Q is clearly an Abelian group under pointwisc multiplication 
(PiP2)(g) = Pi(g)P2(g)- Its identity element is the constant function 1 and the inverse 



element is p 1 (g) = p(g) = p(g x ). 

The dual group of a locally compact topological Abelian group is used to define an 
abstract version of the Fourier transform. 

Definition 5. Given h e L l (Q), the Fourier transform of h is the function h : Q — > C 
defined by 

h(p) = ( h{g)p~(g)dixg{g), (3) 

JQ 

where the integral is relative to the left Haar measure on Q . 

Definition 6. For (a,b) in G = A x B , define the two parameter family of operators 
U(a,b) = JaTb- Note that U(a,b) acts on the Hilbert space L 2 (A) by: 



(U(a,b)h)(x) = (J a T b h)(x) = (J a (T b h))(x) = 1 (T b h) [{a,e B )- l -x\ 

y/ri(a,eB) 

1 ' -.h[{e a ,b)-\a,e B r l -x\ 



^n(a,e B ) ^n(e A ,b) 



-_h [((a, e B )(e A ,b))- 1 ■ x] = 1 h [(a, b)~ l ■ x] . 



y/n((a,e B )(e A ,b)) ^r](a,b) 

Lemma 3. The left Haar measure on G = A x B is given by : 

d{a,b) = — — —dn A (a)dn B (b). 
n(a,b) 

Proof. See [5]. □ 

Definition 7. A function h in L 2 (A) is said to be admissible if 

f \{h,U(a,b)h)\ 2 d(a,b) < oo. 
Jg 

Lemma 4. Let h be in L l {A) n L 2 (A). If /j,(B) < oo, then 

C h = [ \h(poT b )\ 2 dn B (b) 
Jb 
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is uniformly bounded for p € A. 

Proof. See [5]. □ 

Definition 8. Given (a,b) in G = A x B and h admissible in L (A), the abstract wavelet 
transform with respect to h is defined as the linear operator 

L h (a, b) : L 2 (A, dpt A ) -+ L 2 (G, d(a, b)) 
such that for any f in L 2 (A) we have 

(L h f)(a,b) = (f,U(a,b)h) L2{A) . 

That is, 

(L h f)(a,b) = [ f{x){U(a,b)h)(x)d,i A {x) = f f(x) 1 h{_{a,b)- 1 ■ x)dji A {x). (4) 
J A J a ^Jrj(a,b) 

Now, in order to get back the function / from the abstract wavelet transform (Lf l f)(a, b), 
we will apply the Grossmann-Morlet-Paul theorem [2], where the hypotheses for the rep- 
resentation U(a,b) are: unitary, irreducible and strongly continuous. In this case, our 
representation satisfies these conditions (see [5]). 

Lemma 5. For any f in L 2 (A) and an admissible non-zero function h in L 2 (A), we have 
the following identity in the weak sense (see [5]). 

f = ^r[ (L h f)(a, b) U(a, b)h d{a, b). (5) 

^h JG 

Definition 9. If f, g e L l (A), then the convolution of f and g is defined as the function 

(f * g)(x) = f f(y)g(y- 1 x)d f i A (y), (6) 

JA 

where x, y € A 

Lemma 6. If h 6 Co 04) is admissible and f e L 2 (A), then 

(L h f)(a, b) = J_ [/ * (T b hr] (a), (7) 

^r]{a,e B ) L J 
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where ~ means i/s~(x) = tJ/(x~ 1 ). 

Proof. See [5]. D 

3. Left and right uniformly continuous 
Definition 10. For a function h : A — >• C, define the left and right translations of h by 

(I y h)(x) = h(y~ x) and (R y h)(x) = h(xy), where y,x € A. 

Definition 11. For a function h : A — > C, we say that: 

a) h is left uniformly continuous if for any e > there is an open neighborhood U of e^ 
such that for any y € U , we have \(I y h)(x) — h(x)\ < e for any x € A. 

b) h is right uniformly continuous if for any e > there is an open neighborhood U of eA 
such that for any y € U , we have \(R y h)(x) — h(x)\ < e for any x e A. 

Definition 12. We say that the wavelet transform (L/ l f)(a,b) is 

a) left uniformly continuous on A if for any e > there is an open neighborhood U of eA 
such that if y e U, then \(Lf,I y f)(a,b) — (Lf l f)(a,b)\ < e for any a € A. 

b) right uniformly continuous A if for any e > there is an open neighborhood U of eA 
such that if y e U , then \(Lf l R y f)(a,b) — (Lhf)(a,b)\ < e for any a € A. 

Since the left and right uniformly continuous of / : A — > C under the wavelet transform 
(Lf l f)(a, b) act on a e A, we have the following result. 

Lemma 7. Given f e L (A) and h admissible in Co (A), for any y € A, 

a) (L h I y f)(a,b) = ^r)(y,e B ){L h f)(y- x a,b) 

b) (L h R y f)(a,b) = y/r)(y-\e B )(L h f)(ay,b) 

Proof. 

a) On one hand, by Lemma 2 and since J ai a 2 = Ja\ Ja 2 ( see [5]), then 

y/l(y,e B ) (L h f)(y~ l a, b) = ^Jr}(y,e B ) (/, J y -i a T b h) 



= y/r)(y,e B ) (/, J y -\ J a T b h) = y/r}(y,e B ) [J y f, J a T b h) 



vWTes) (L h J y f)(a,b). 
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But on the other hand, by Definition 2 

(Jyf){x) = J_ f((y,e B )~ l -x) 

Vn(y,eB) 

' /(C^-iCT 1 ).** 1 )-*) 



^r](y,e B ) 
1 

1 



/((T 1 .**)-*) 



/0'- 1 JC)=- F ==(/*/)(*). 



This proves part a). Part b) can be proved in a similar way. 

This completes the proof of Lemma 7. □ 

4. Main Results 

We will see first that by using (7) we will have the continuity of the abstract wavelet 
transform L^f. So, we have the following result. 

Theorem 1. Suppose f e L l (A) n L 2 (A) and h € Cq(A) is admissible. Then Lf,f is 
continuous at (a,b) € G. 

Proof. Note that from Lemma 6, 

(L h f)(a, b) = J_ \f * (T b h)~] (a), (8) 

y/rj(a,e B ) L J 

and since rj : G —• (0, oo) is continuous, / € L X (A) and h e L°°L4), it follows from 
Proposition 2.39 [1] that / * (Tf,h)~ is continuous. 

Hence L^f is continuous at (a,b) € G. □ 

Before we give our next main result we need the following two Lemmas. 

Lemma 8. // h € L 2 L4) is admissible, and f € L 2 (A), then the abstract wavelet transform 
can be written as 

(L h f)(a,b) = [ f((a,b)-x)—=L==h(x)dn A (x). (9) 
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Proof. Note that since T b * = T b ~ x = T b -\ and J* = J~ l = J ' a -\ (Lemma 2), it follows 
that 

(L h f)(a,b) = (f, U(a,b)h) = </, J a T b h) = </ fl * /, T b h) 

= [T*J* a f, h) = (J," 1 J- 1 f, h) = (7i-i /,-, f, h) . 

Hence, 

(L h f)(a,b) = (T b -iJ a -if,h) 

= / (T b -iJ a -if)(x)h(x)dfiA(x) = / T b -, (J a -,f)(x)h(x)dfi A (x) 

J A J A 

= / i , ■-(J a -<f)[(eA,b~ 1 )~ 1 ■ x]h(x)dn A (x) 

J A ^7]{e A ,b- 1 ) 

f 1 1 — 

= / i , , ^ i, , -.f[{a~ 1 ,e B r 1 {eA,b~ 1 )~ 1 -x]h(x)dfMA(x) 
J a ^Y]{e A ,b x ) V?!" 2 > e s) 



h(x)d/iA(x) 



f i f/m n / [[ (e - 4 '^ 1)(fl " 1 ' eB) r 1 ^] 
/" / AH/ h- 1 ' "'^"'^'^] 

.M jri[{a,b)- 1 } L J 

/ — — / \{n , h) ■ x] h(x)dii \{r) 

J A y/r)[{a,b)-i] 



Lemma 9. If ' h € L (A) is admissible, and f e L (A), then for any y e A, 

1) I y (L h f)(a,b) = L h {I y f){a,b) 

2) R y {L h f){a,b) = L h (R y f)(a,b) 

Proof. 

1) Note that from (7), 



□ 



I y {L h f)(a,b) = I y * [/ * (7iA)~l (a). 

y/r](a,eB) L J 
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Since I y (fi * fi) = (lyfi * fi) see [1], it follows that 

I y {L h f)(a,b) = l \l y f * (T b h)~] (a) = L h (I y f)(a,b). 

^r)(a,e B ) L J 

2) The result holds since A is Abelian. 

□ 

The following result shows that the left and right uniform continuity of a function / 
implies the left and right uniform continuity of the abstract wavelet transform L/, / . 

Theorem 2. Suppose that h e Co(A) is admissible, and for f € L 2 (A) consider 
(Whf)(a,t>) = [r](a,b)]~? (Lfif)(a,b). If f is left uniformly continuous on A, then 
(Whf)(a,b) is left uniformly continuous on A, and if f is right uniformly continuous, 
then (Whf)(a,b) is right uniformly continuous on A. 

Proof. We give the proof for left uniformly continuous, the argument for right uniformly 
continuous is similar. 

Let e > be given. Since / € L (A) is left uniformly continuous on A, there is an open 
neighborhood U of e^ such that for any y e U, it follows that \{I y f){x) — f(x)\ < e for 
any x € A. Then for y in U we have from (4), 

\(W h I y f)(a,b)-(W h f)(a,b)\ 

= [i/(a,&)]-2 \{L h I y f)(a,b)-{L h f)(a,b)\ 



= [r,(a,b)Y 



i 



= f [(I y f)(x) - f(x)] h ((a, by 1 ■ x) dnA(x) 
a,b) J A 



\/r){a,b) 



< ^ — / \h((a,b) x ■ x)\ d\iA(x). 

J A 



rj(a,b) 



It follows from [5] that since \h\ 6 Cq(A), 

\(W h I y f)(a,b) - (W h f)(a,b)\ < —l—n(a,b) f \h(x)\ dfi A (x) = e\\h\\i. 

r}{a,b) J A 



rj(a, b) 

a 
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In the previous result if we drop the condition that h e Cq(A), sothatifA € L 1 (A)nL 2 (A) , 
then we have the existence of the limit of \(Whf)(a,b)\ as (a, b) — >• (ai,e,g) for any ci\ in 
an open neighborhood of e A . That is, we have the following result. 

Theorem 3. Suppose that h e L l (A) n L 2 (A) is admissible, and for f e L 2 (A), consider 
(W b f)(a, b) = [r](a, b)]~? (Lf l f)(ct, b). If f is left or right uniformly continuous on A, then 

lirn \(Whf)(a,b)\ exists for any ci\ in an open neighborhood ofeA- 

Proof. Let e > be given. Since / e L 2 (A) is left uniformly continuous on A, there is 
an open neighborhood U of e^ such that for any y € U, it follows that | (I y f)(x) — f(x)\ < € 
for any x 6 A. 

On the other hand from (9), 

(Lhf)(a,b)= / f((a,b)-x) T h(x)dix A (x). 

J A [rj(a,b)]-? 

Hence, for a, a\ and x in U, 

\(W h f)(a,b)\< [ \f{a- l aT b {x))-f(aT b (x))\ \h{x)\ d^ A (x) 

J A 



f \f (T b (x)) - f (T b (a))\ \h(x)\ dn A (x) 

J A 



+ 
I A 



+ [ ' \f(T b (a))\ \h(x)\dii A (x). 

J A 



Note that since / e L 2 (A) is left uniformly continuous on A, it follows that the first 
integral is less than e||/z||i. For the second integral note that since / o T b is continuous on 
A, it follows that for a,x in U, this integral is also less than e||/z||i. Finally note that the 
third integral converges to |/(fli)| ||A||i as (a, b) — > (ai.e^). Thus, 

lirn \(Whf)(a, b)\ exists for any ci\ in a neighborhood of e A - 

(a,b)^(ai,e B ) 

The proof for right uniformly continuous is similar. □ 
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Lemma 10. Let f be in L (A). Suppose h in Co(A) is admissible. For (a,b) in Ax B, let 

3 

(Chf)(a,b) = r](a,b)~T-{Lhf)(a,b), and suppose that 

L(ai) = lim (£ h f)(a,b) 

(a,b)^-(a\,e B ) 

exists for each ci\ in an open neighborhood containing the closed neighborhood U of eA- 
Then for each x in an open neighborhood U of eA, the function 



(C h f)(x,b) if b^e B 
L(x) if b = es 



(l h f)(x,b) = 

is continuous on U x B . 

Proof. Let {x\,bi) be in U x B. 
1) If b\ 7^ es, then 



(l h f)(x,b) = (£ h f)(x,b) = n(x,b)-HL h f)(x,b). 

Note that since the function rj : A x B — > (0, oo) is continuous, and by Theorem 1, 
(Lf l f)(a, b) is continuous on A x B, it follows that Ihf is continuous at (x\, b\) € U x B . 

2) If b\ = e B , then 

, , lim (lhf)(x,b)= lim (C h f)(a,b) = L(x l ) = (l h f)(x l ,e B ). 
(x,b)-*(xi,eB) (a,b)-*(xi,eB) 

This shows that Ihf is continuous on U x B. □ 

The following result shows that if limit of (Cf l f)(a,b) exists when (a,b) — >• (ai,es) for 

any a\ in an open neighborhood of eA, then the right and left uniform continuity of / holds. 

Theorem 4. Let f be in L 2 (A). Suppose h ^ in Cq{A) is admissible. For (a, b) in Ax B , 
let (Chf)(a,b) = rj(a,b) ^(Lf,f)(a,b), and suppose that 

L(ai) = lim (C h f)(a,b) 
(a,b)-y(ai,eB) 
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exists for each a i in an open neighborhood containing the closed neighborhood U of e&- Then 

if J I -djiBib)djiA{ci) exists in an open neighborhood containing the closed 

Ju Jb\v [n(a,b)]i 

neighborhood V of es, and where supph C U , then f is right and left uniformly continuous. 



Proof. Since h in L 2 (A) has compact support, there is an open neighborhood U of e^ 
such that supph((a, b)~ x ■ x) C U, and because the inversion formula (5), 

f(x) = — (L h f)(a, b) -h [{a, by 1 ■ x] d[i B {b)dii A {a), 

^h Ju Jb r)(a,b)T- 

for the proper convergence of /, where x € A. 

Now, we will split the integral over B into two parts so that for a closed neighborhood 
V of e B , 



/« 



— (L h f)(a,b) -h[(a,b) 1 ■ x] dfi B (b)dn A (a) 

-h Ju Jv n(a.b)? 



— I I (L h f)(a,b) -h[(a,b) 1 -x]dix B (b)diiA(a) 

^h Ju Jb\v n(a,b)5 



+ 

L-h Ju Jb\v r]{a,b) 

Note that since h in L 2 (A) has compact support, it follows that h is right and left 
uniformly continuous (see [1]). Then for any e > there is a neighborhood W of e A such 
that for any y € W and since h o T b -\ is left uniformly continuous, it follows that 

\f(xy)-f(x)\ 

<-?- f [ \{L h f)(a,b)\ l —\h[(a,bT l -xy]-h[(a,b)- l -x\\d l jLB{b)d l XA{a) 

^h Ju Jv rj(a,b)? 

+ ^r[ f \(L h f)(a,b)\ l —^\h[(a,b)- 1 -xy]-h[(fi,br 1 -x]\du,B(ff)diiA(a) 

^h Ju Jb\v r](a,b)^ 

< -pr \(Lhf)(a,b)\ -d[i B {b)d\iA(a) 

^h Ju Jv f]{a,b)^ 

+ 4rf f WfhWhh l —d(XB(b)dtXA(a) 

^h Ju Jb\v ri(a,b)? 

= 7^ \(l h f)(a,b)\dnB(b)dnA(a) 

L-h Ju JV 



I —II /'lb U/1II2 ( J j^ '—dii B ib)clii A ia) j .. 



^rWfhWhhl f f 3 

^-h \Ju Jb\v r](a,b)5 
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Since 2/,/ is continuous on U x V (see Lemma 10), and by hypothesis 

/ I -djiB(b)dnA(a) < oo, it follows that / is right uniformly continuous. 

Ju Jb\v rj(a,b)i 

The proof for left uniformly continuous is similar. □ 

Finally, if we drop the condition of the existence of limit of (Lf l f)(a,b) when 
(a, b) — >• (ai,es) and instead we have that (Lf,f)(a,b) is right and left uniformly con- 
tinuous, then / is right and left uniformly continuous. That is, wc have the following 
result. 



Theorem 5. Let f be in L (A). Suppose h ^ in Cq(A) is admissible, and for (a,b) in 

Ax B, let (Chf)(a,b) = [r](a, b)\~i{Lhf)(a, b). If (£hf)(a,b) is right and left uniformly 

continuous on A and J J jdlAB(b)dlAA(a) exists in an open neighborhood con- 

Ju Jb\v [rj(a,b)p 
taining the closed neighborhood V ofes, and where supph[(a,b)~ l ■ x] C U for some closed 

neighborhood U of eA, then f is right and left uniformly continuous. 



Proof. Because the inversion formula (5), 

fix) = — (L h f)(a,b) T h[ia,b)~ l ■ x]dn B ib)dnAia), 

ChJuJB [r)(a,b)]$ 

for the proper convergence of /, where x € A, and where supph[(a,b)~ 1 ■ x] C U for 
some open neighborhood containing the closed neighborhood U of eA- 

Now, for a closed neighborhood V of es , we split the integral over b e B into two parts 
to get 

fix) =— / / (L h f)(a,b) j-hUa^y 1 ■ x]dnB(b)dfi A (a) 

ChJuJv [n(a,b)P 

+ — I / (L h f)(a,b) jh[ia,b)~ l ■ x]d(i B (b)dnA(a). 

C/, Ju Jb\v [r]ia,b)p 

For the first double integral, consider the change of variable w = (a,b)~ l ■ x. Then 
ia,b) ■ w = x, which means aTj,iw) = x. Hence, a = xT b -\iw). Thus, dfiAia) = 
d/XAi^b- 1 ( w )) since dpiA is left invariant. Hence, 
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fix) 



— (Lhf)(xT b -i(w),b) -h{w)dii B {b)dn A {T b -i(w)) 

<h Ju'Jv n(xTu-i(w),b)^ 



ChJu'Jv rj(xT b -\{w),b)^ 

+ — I / (L h f)(a,b) jh[{a,b)~ x ■ x] dfi B (b)dii A (a), 

<-h Ju Jb\v rj(a,b)? 

where supph C U', for a closed neighborhood U' of e A . 

Using now the fact that (Chf)(a, b) is left uniformly continuous on A, then from Lemma 
9, and since 

(hf)(x) = TT f f (L h I y f)(xT b -r(w),b) l - -h(w)dii B (b)dii A (r b - l (w)) 

ChJu'Jv r](xT b -i(w),bp 

+ 7T / / ( L hf)(a,b) jh[{a,b)~ l -y~ l x\diiB{b)diiA(a), 

^h ju Jb\v r]{a,b)^ 

then for any e > there is a neighborhood W of e A such that for any y e W , 

\(C h I y f)(xr b - l (w),b)-(C h fKxT b - l (w),b)\<€, 

for any x € A. 

Also, since h is in Co(A), it follows that h is right and left uniformly continuos, see [1]. 
Hence, 

\hf{x)-f{x)\ <4r [ f \h(w)\dnB(b)dfi A (r b -i(w)) 



+ 7^ll/ll2||A||2 l , , 

^-h \Ju Jb\v rj(a,b)2 



/ / T dii B (b)dix A (a) ■ 

Ju Jbw n(a.b)2 I 



Since h is in Cq(A), and / / -di±B{b)dix A {a) exists, it follows that / is left 

Ju Jb\v r](a,b)2~ 
uniformly continuous. 

The proof for right uniformly continuous is similar. □ 



Example. Let us consider the additive group A = R with identity eR = 0, and the 
multiplicative group B = R \ {0} with identity eR\{o} = 1 • 

Now, let us take the homomorphism T from R \ {0} to the group of all automorphisms of 
R. That is, for each s € R \{0}, the map T s : R ->• R is defined as T s (k) = sk, where k € R. 
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In this case, the product in G = R x R \ {0} = {(k, s)\k e R, 5 e R \ {0}} is defined as 

(Jfc, s)(k', /) = (k + T s (k'), ss') = (k + sk', ss'). 

Note that with this product, G becomes a locally compact topological group where the 
identity is £g = (em, £IR\{0}) = (P> 1), an d where the inverse of (k, s) is given by 

(Ics)' 1 = (r s -i(-k),s- v ) = (-rt,* -1 ). 

Moreover, G acts on R with the following action • : G x R — >• R given by 

(k, s) ■ x = k + r s (x) = k + sk, where x e R. 

On the other hand, the function r\ : G — >• (0, 00) satisfying 

/ h((k,s)~ l ■ x)dfxj&(x) = r](k,s) / h(x)d/AM.(x) 

Jr " Jr 

is given by r}(k,s) = \s\, where h 6 L X (R). 

Also note that the left Haar measure is given by dns.(x) = dx, and (k, s)~ l ■ x means 

x — k 

(k, s) _1 ■ x = (s~ x k, s _1 ) • x = — s~ x k + s~ l x = . 

s 

Now, for (k, s) € G define the family of two operator U(k, s) = JkT s , where for h e L 2 (R) 

1) (Jkh)(x) = 1 h((k, l)" 1 • x) = h(x - k), where xelandiel, and 

2) (T s h)(x) = -^^hdO^r 1 ■ x) = -L-h (f), where ielandsel\ {0}. 
Then U(k, s) is a unitary representation of G acting on L 2 (R) by 

[U(k, s)h](x) = (J k T s h)(x) = (T s h)(x -k) = -^—h (X k 



Moreover since the left Haar measure on R \ {0} is g?/X]r\{o} = rids, it follows that the 
left Haar measure on G is 

1 111 

d(k,s) = — — -dnM.(k)diJ,M\{o}(s) = —dk—ds = —dkds. 
r)(k,s) \s\ \s\ s z 
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Then, the admissibility condition for h e L 2 (M) becomes 



C h = I \h(poT s )\ 2 dii^+{s)= I \h(ps)\ 2 -ds, 

JRUO} JIT 



where pel. Thus, if we take y = ps, we get 

C h = f \h(y)\ 2 ^-dy. 
Jm.\{o\ \y\ 



Hence, for (k, s) e G and h admissible in L 2 (W), the continuous wavelet transform for 
/ e L 2 (M) with respect to h is given by 

(L h f)(k,s) = (f, J k T s h) = f f(x)-^h (—) dx, 

Jm \ s \i \ s J 

and the inverse formula is given by 



/ = -L [ (L h f)(k,s)U(k,s)hd(k,s), 
^h Jg 

where the equality holds in the weak sense. 



1) Then because of Lemma 10 we have the following result. 

Suppose / e L 2 (]R), and that h in Co(R) is admissible. For (k,s) in G = R x R+, let 

_ 3 _ 3 

{Chf)(k,s) = rj(k, s)~5 {Lh f)(k , s) = s~i{Lhf){k,s), and suppose that 

L(kr)= lim (C h f)(k,s) 
(£„j)-K*:i,i) 

exists for each k\ in an open neighborhood containing the closed neighborhood U of 0. 
Then for each x e U , the function 



<?hf)(x,s) 

is continuous on (/ x 1 \ {0}. 

This shows an example of Lemma 10. 



(£ h f)(x,s) if s±\ 
L(x) if s = 1 
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2) Now, according to Theorem 2 

If / € L 2 (M) is uniformly continuous on K, then for any e > 0, there is 8 > such that 
if \y\ < 8, then \f(x — y) — f(x)\ < e for any x 6 R. 

Hence, for (W h f)(k,s) = \s\~?(L h f)(k,s) and for y e R where |j>| < 5, 

' x — k 



\(W h I y f)(k,s)-(W h f)(k,s)\ < M"2 /* |(/ y /)(x)-/(x)| k|"i 

Jr I V s ) \s\ Jm I V s ) 

= ff \h(z)\ \ S \dz = e\\hh. 

\s\ Jr 
This shows an example for Theorem 2. 



dx 



dx 



3) Now, with respect to Theorem 3 we have the following result. 

Suppose / € L 2 (M) is uniformly continuous in a neighborhood of x = in R. If 
h € L X (R) fl L 2 (W) is admissible, then lim^^)^^,^) \(Whf)(k,s)\ exists for any k\ in a 
neighborhood of x = 0. 

So, if e > is given and if / is uniformly continuous in an open neighborhood of x = 
containing the closed interval [—A, A], where A > 0, then for k and k\ in [— ■§, ■§■], there is 
8(e) > such that ii\k-ki\< 8(e), then \f(k) - f(ki)\ < e. 

Note that if y = s _1 (x — k), then 

(W h f)(k,s) = |j|~2 / |j|i/(* + ^)AO0rfy. 

Jr 

Hence, for s sufficiently small so that k + sy and k\ + sy are in [—■ j, ■§■], 

|(W*/)(*,*)|< / \f(k+sy)-f(k+sy-k)\\h(y)dy 

Jr 

+ / \f(sy)-f(sk)\ \h(y)\dy + f \f(sk)\ \h(y)\dy 

Jr Jr 

< e ||A|| 1+e ||A|| 1+ f \f(sk)\\h(y)\\dy. 

Jr 

Note that the third term tends to |/(&i)| \\h\\\ as (k,s) — >• (fci, 1). Thus, 
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Km \(W h f)(k,s)\ exists and Km \{W h f){k, S )\ = \f{k l )\\\h\\ l . 

(k,s)— >(k\,\) (k,s)— *(k\,\) 

This shows an example of Theorem 3. 



4) On the other hand, because of Theorem 4, we have the following result. 

Let / e L 2 (W). Suppose h ^ in C (W) is admissible. For (k, s) inlxl\ {0}, let 
(£ h f)(k,s) = s~i(L h f)(k, s) fors ^ 0, and suppose that L(k x ) = \ira (k ^ (ku i ) (C h f)(k, s) 
exists for each k\ in an open neighborhood containing the closed interval [ko — A, ko + A], 
where A > 0. Then if / s~?ds exists, then / is left and right uniformly continuous in 

J\s\>l 

a neighborhood of ko ■ 

Then, let e > be given. Note that if supp h C [—L,L] for some L > 0, then 

// s~?dsdy exists. So if k, k\ e [ko — A,ko + A], there is 8(e) > so that if 
-L J\s\>l 

\k — k\\ < 8(e), then for s sufficiently small, l^ -1 ^ — k) — s _1 (x — k\)\ < 8(e), and since 

h € C °°, 



<L />! 



Ch 

e 

C~h 

e 



\f(k)-f(ki)\<-^f_ J \(L h f)(k,s)\s~i 
±- f f \(L h f)(k,s)\s-i 

<~h J-L J\s\>\ 

f f \(L h f)(k,s)\s-i dsdk 

J-L J s >1 



h I I — h 



(¥)-K^) 



dsdk 
dsdk 



C h 



II /lb ||A lbs 5 dsdk. 



Since (Chf)(k,s) = s~i(Lf l f)(k,s) is continuous on [—L,L] x [—1,1], and 
/ II /lb l|ft|b s ~^ ds exists, it follows that / is uniformly continuous in a neighborhood 

J\s\>l 

of ko. 

This shows an example of Theorem 4. 

5) Finally, according to Theorem 5, we have the following result. 
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Suppose that / e L 2 (R) and consider h admissible in Co(R). For (k,s) in 
R x (R \ {0}), let (C h f)(k,s) = s-?(L h f)(k,s). If (C h f)(k,s) is uniformly continuous 
on R, then / is uniformly continuous on R. To see that this result holds, choose L > such 
that supp h(s~ 1 (x — k)) C [-L, L]. Then because of the inversion formula (5), the function 
/ can be written as 



fix) 



I- f f (L h f)(k, s) \s\~i h (?—£) ds dk 

I- I I (L h f)(k,s)\s\-ih(^-)dsdk 
-h J-LJ\s\>\ \ S J 



Ch 
For the first double integral consider the change of variable k = x — sw. Then 



1 f¥ f 1 _3- 

f(x) = — / (L h f)(x-sw,s)\s\ ? h(w) ds (-\s\)dw 



+ ■£-[[ (L h f)(k, s) \s\-$ h (— ) ds dk 

ChJ-LJ\s\>l V s J 

On the other hand, if (£hf)(k, s) is uniformly continuous on R, then for any e > there 
is S > such that if \y\ < S, then \(Chf)(x — y — sw,s) — {Chf){x — sw,s) < e for any 
x e R. Also, since h e Co(R), it follows that h is uniformly continuous on R. Hence, for 
y € R such that \y\ < 8, 

\f(x-y)-f{x)\ 

x+L r 

1 r~w f 1 _3 

<— / / \(L h Iyf)(x - sw,s) - {L h f){x - sw,s)\ \s\ 3 \h(w)\ ds (\s\)dw 



+ ^ £ /, >x i<**/)(*. *)i it* 1* (^7^) - * (^) 



<is J/:. 



Because of the definition of (Chf)(k,s), we have 



x+L 1 

l/(-v v) /(.v)| < ^ /y /" |A(w)| ^ (M)dw 



Q 



Since both double integrals exist, it follows that / is uniformly continuous on 
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This shows an example of Theorem 5. 
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Abstract 

In this work we establish the connection between the invariant sets of the systems of differential 
equations and the corresponding systems of difference equations in terms of the zeros of positively 
definite Lyapunov's functions. 
Keywords:Difference equations, Lyapunov's function, Invariant set, Stability. 

Mathematics Subject Classification (2000): 34H05, 49 J 15, 93B52. 

1 Introduction 

The results of the existence of invariant sets for systems of differential equations in terms of the 
zeros of non-negatively definite Lyapunov's functions have been established in the monograph of 
A.M.Samoilenko [1]. Later these results were generalized for the systems of non-autonomous differ- 
ential equations and the equations with random perturbations [2], [3]. As shown in these works, the 
zeros of some non-negatively definite Lyapunov's function V(t, i) , t > , i £ fl C R m comprise an 
invariant set under the condition that their projection on R n is compact in D and the derivative of 
V(t, x) with respect to the system is non-positive definite. The work [4] addressed the issue whether 
the existence of a non-negative definite Lyapunov's function is a sufficient condition of the existence 
and stability of invariant sets. The reverse Samoilenko's theorems have been obtained, which are 
the analogies of the reverse Lyapunov's theorems in the stability theory [5]. 

In this paper we will establish similar results for the difference equations. The connection 
between the invariant sets of the systems of differetial and corresponding difference equations in 
terms of the zeros of positive definite Lyapunov's functions has been studied as well. 

2 Main result 

Consider the system of differential equations : 

_-*ftx) ID 

and the corresponding system of difference equations 

x n +i = x n + X(n,x), (2) 

where n G Z+,x G D C R m . The function X(n,x) is defined forx G D, n G Z + , continuous and 
Lipschitz with respect to x. Let M C Z + x R m , and M„ be the cut of M with the hyperplane 

n = no, no G Z+ . 

Definition .1 A set M is called the positively invariant set of the system (2) if the solution x n {x) 
of (2) such that x n (xo) G M no possesses the property: x n {x) G M n for n G Z + . 
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Definition .2 A positive invariant set M of the system (2) is called stable for n > tiq if for any 
e > there exists S = 5(e, n) > such that 

p(x no ,M m ) < 5, 

implies 

p(x n (x),M n ) < e 

for n G Z + ,where p(x n (x),M n ) = min ||x n (x) — yll is the distance of x n (x) to M n . 

Let £>i be a bounded domain, contained in D together with its neighborhood, and D\ be the 
closure of D\. 

Definition .3 The function V(x), defined on D\ is said to be of a sign-constant in D\ if for any 
x G D±, the nonzero values of the function V{x) are of the same sign. A sign-constant function in 
D\ is called sign -definite in D\ if the set of its zeros is nonempty and compact in D\ . 

Denote x n (riQ, x) to be the solution of the system (2) such that x no (no, x) = x, x n (no, x) G D for 

any n G Z + . 

The following theorem holds. 

Theorem .1 Suppose the system (2) has a positive definite stable manifold M for n > 0, x G D 
such that Prjjm M is compact in D. 

Then in some neighborhood D\ of the set M , there exists a sequence of functions V n (x) with the 
properties: 

1) V n {x) is positive definite uniformly in n > : 

fc>0;x:p(z,M fc )>e^fe( a:; ) = V e > 0, (3) 

for any e > . 

2) AV n (x) is negative semidefinite: 

AVn(x) = V n+ l(x n+ i) - V n {x n ) < 0, 

for n > 0, x G -Di . 

3) The set of zeros of V n (x) coincides with M, that is , 

M = {(n, x) : V n (x) = 0, n > 0, x G L>i} . 

Proof. Consider the following sequence of functions 

V n (x) = supp 2 (x k (n,x),M k ), 

k>n 



Then 

inf Vfe(x) = inf supp (x n (A;,a;), M n ) > inf p (x n (k,x),M n ) > e > 0. 

k>0;x:p(x,M k )>e k>0;x:p(x,M k )>e n >k k>0;x:p(x,M k )>e 



316 



Thus, we have 



Then 



KOMASHYNSKA: SYSTEMS OF DIFFERENCE EQUATIONS 



inf Vk(x) = V e > for any e > 0. 

k>0;x:p(x,M k )>e 



AV n (x) = V n+ i(x n+ i) - V n (x n ) = sup p 2 (x k (n,x),M k ) - supp 2 (x k (n,x),M k ) < 

k>n+l k>n 

since the second set contains more elements. 

To show (3) we use the fact that M is a positively stable manifold. Then for any k > , we 

have 

p(x k (n,x),M k ) = 0. 

Therefore V n (x) = 0. Furthermore, if V n (x) = , then 

supp 2 (x k (n,x),M k ) = 0, 

k>n 
SO, 

supp(x k (n,x),M k ) = 0. 

k>n 

Then x k (n,k) £ Mk for any k > , and hence M is a positively stable set. This concludes the 
proof of the theorem. 

The further analysis is devoted to the study of the connection between the invariant sets of 
the differential and the corresponding difference equations. The work [4] gave the conditions on the 
existence and the stability of the invariant set for the system of differential equations in the terms of 
the sign constant Lyapunov's functions for the system of difference equations. In the present work 
we consider the reverse problem. That is, we obtain the conditions of the existence and the stability 
of an invariant set for the system of difference equations in terms of the sign constant Lyapunov's 
functions for the system of differential equations. 

Consider an autonomous system of differential equations 

i-*w < 4 » 

and the corresponding system of difference equations 

x n+ i= x n + hX(x n ), (5) 

where n > 0, x G D C R m , h > is the step of the difference equation, and the function X{x) is 
bounded and Lipschitz in D. 
Then the following theorem holds. 



Theorem .2 Suppose that there exists a positive definite smooth function V = V{x) such that 
^P- is Lipschitz and 

is non-positive definite function in D. Then the system (5) has a positive definite stable set if the 
functions V(x) and V{x) are of different signs. 
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• — 

Proof. Suppose we have V{x) > and V{x) > for x € D\. It follows from ([l],p.68) that the set 

V(x) = 0, x£D u 

is a positively invariant set for the system (4). ■ 

Since V(x) is positive definite, the set of its zeros is nonempty and compact. The set of the 

zeros of V(x) is nonempty and compact as well, since V(x) is non-positive definite in D. 
Consider the following function 

HM = { V(x) - t {x) <0 >. (6) 



0, V(x) = 
iV ft = {x : V h (x) = 0} 



Denote by 

the set of zeros of Vh{x) . 
Due to the choice of Vh(x) 



jV# = { x : V(x) = } U { x : V(x) = 
Then it follows from [1, p. 66] that 

N$ = {x : V h {x) = } = { x : V(x) = 0\. 



Since V(x) G C 1 (I?i), it has a derivative in any direction and at any point: 

^ Vix + hXW-Vjx) 

h^O h 

for any x € D\. 

This implies that there exists a step h® > , such that for any h < ho the following inequality holds 

AV{x) = V(x + hX{x)) - V(x) < 0. 

Note that we have a pointwise convergence, that is 

y(, + M M }-y(,)^. ft 

h 
Now, we show that the step ho is independent of x . Let 

, , _ V(x + hX(x))-V(x) 

Jh\ x ) — , 

Since the function V{x) is Lipschitz and X(x) is bounded, we get an estimate for \fh(x)\ , that is 
V(x + hX{x)) - V(x) 



\h{x)\ 



h 



- \V(x + hX{x)) - V(x)\ < \X(x)\ < C. 
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dV 
Moreover, since — — is Lipschitz and X(x) is bounded, we get the estimate 
dx 



df 


1 


dx 


h 




1 
h 



dV{x + hX(x)) ax 8V{x) 

dx dx dx 

dV{x + hX{x)) dV(x) dV{x + hX(x))dX, 



dx 



dx 



dx 



dx 



<Ci. 



Since h can be chosen arbitrary small, we conclude that x + hX{x) G D for x£fli. 

Suppose fh(x) which satisfies the Lipschitz condition, is pointwise convergent and equicontinu- 
ous. Then the function fh(x) is uniformly convergent, that is: 

fh(x) -»• f(x), as h -► 0, 

that is, Ve > 0, 3N = N(e) G N,\fn> N and Vx G D, we have 

|/ ft „(x)-/(x)|<e. 

Assume on the contrary that fh(x) is not uniformly convergent. This means that there exists 
an e > and the sequence {x n } , x n — ► xq, n — > oo , such that 



|A n (^n)-/(^n)| > e. 



On the other hand ,we have: 
IA„(a;n)-/(x„)| = 



IA„(a;n) - fhn(xo) + /ft„(a;o) - f(x ) + /(x ) - /(x n )| 

< \h n {Xn) ~ A n (x )| + |A„(X ) " /(X )| + |/(X ) " /(x n )| . 

Now, we give estimate of the terms in the last inequality. Since fh(x) is Lipschitz continuous, 

and x n — ► xq, n — > oo, we have 



Similary, we get 



\fhJXn) ~ fh n (x )\ < L\x n -X \ 



\f(Xn) ~ f(xo)\ < L\x n - X | • 



0. 



But the pointwise convergence implies that the second term converges to zero, which is a contra- 
diction. 

Hence [6] implies that the system (5) has a positively invariant stable set, and the statment of the 
theorem follows. 
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VORONOVSKAYA TYPE RESULT FOR ^-DERIVATIVE OF 
q-BASKAKOV OPERATORS 

ALI ARAL AND TUNCER ACAR 



Abstract. The present article deals with the obtaining a Voronovskaya type 
result for g-dcrivative of q-Baskakov operators attached to functions in polyno- 
mial weighted space. For this aim, we give the central moments for q-Baskakov 
operators. By using these results and some properties of q-calculus we give 
limits of some central moments. 



1. Introduction 

Let / be a real valued function defined on [0, oo). In [2], a new q-analogue of 
Baskakov operators belonging to / introduced as follows, 



Bn,q{f,x) 



(1.1) 



where 



OO 


n + k — 1 


1^ 

;=0 


k 


oo , 


y/> 


° n ,k{q,x)f 



(1 



\n-\-k 



-f 



[k} q 



-.fc-ir 



[k\ 



•Js-ir 



k=0 



Vn,k (q, X) 



■fe- 
lt 



q 



(1 + x) n q 



n+k 



for q > and each positive integer n. 

While for q = 1 these operators coincide with the classical ones, for q ^ 1 the 
new operators possess interesting properties. As in the classical Baskakov operators, 
the g-Baskakov operators have some shape-preserving properties and monotonicity 
property for convex function. In spite of the fact that the q-Baskakov operators are 
not polynomials, they preserve the linear space of polynomials of degree m. Also, 
the operator B n>q (f) becomes an approximation process, that is B n ^ q (f) converges 
to / uniformly on any compact subinterval of the semi-axis [0, oo) and have rate 
of convergence in weighted space, (see [2]). Direct global estimates for q-Baskakov 
operators, using Ditzian-Totik modulus of smoothness, proved in [12]. All the above 
mentioned properties of these new operators motivate us for the current work. 

In this paper we firstly obtain a recurrence formula, including q-derivative for the 
q-Baskakov operators which used to calculate q-central moment and obtain an esti- 
mate for the (/-central moments of the q-Baskakov operators in the case q > 0. Then 
using these q-central moments, a Voronovskaya-type theorem for q-derivative of q- 
Baskakov operators is given. Central moment theorem for q-Bcrnstein operators 
was established by Vidcnskii [11]. These moments were generalized by Mahmudov 
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[10]. The central moments and their estimates for classical linear positive oper- 
ators can be found [5]. Also, Voronovskaya-type theorems for derivatives of the 
Bernstein-Chlodowsky polynomials and the Szasz-Mirakyan operators given in [7]. 
In 2009 Aral and Gupta [3] introduced another generalization of Baskakov operators 
based on the (/-integers called (/-Baskakov operators. 



2. Definitions and preliminary results 

Let us now recall the definition of a (/-integer. Given a value of q > and any 
non-negative integer n, we define [n] as 

r„i _/ (!-«")/(!-«) .3^1 
m i ~ \ n , q = 1 • 

and call [n] a (/-integer. Note that [n] is a continuous function of q. We next 
define [n] !, where n is a non- negative integer, as 



[n],! = { W.[--V-[l], 



n = l,2, 

n = 



and call [n] ! a (/-factorial. The (/-binomial coefficient 



n 
k 



n 

k 



is defined by 



] g i[»-*U 



for n > fc > 1, and has the value 1 when k = and value zero otherwise (see [1]). 
Note that [n] is a polynomial in q and, less obviously, the (/-binomial coefficients 
are also polynomials, known as Gaussian polynomials. 
We recall that the (/—derivative operator V q is given by 



(2.1) 



V q f{ X ):= f ^-JW , X *0 



(q-l)x 

and D q f (x)\ x=0 ~ f (0). 
Higher (/—derivatives are 

Kf ~ /' V V ■= v ipT x f) - » = i. 2, 3, 

Note that 



(2.2) 



lim^/ (s)) = f [n> (x) , n 



1, 2, 3, 



if / is n times differentiablc. 

The (/—analogue of Leibnitz rule is 

(2.3) D 9 (/ (x) g (x)) = ff (x) ©J (x) + / (qx) V q g (x) 

and as a symmetrically, we can write the this rule in the form 

V q (/ (x) g (x)) = ff (gx) V q f (x) + f (x) V q g (x) . 

Also q— derivative of a quotient is 

'f(x)\ _g(x)V q f(x)-f(x)V q g(x) 



(2.4) 



V„ 



g(x) 



g (x) g {qx) 
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For del, q— analogue of (a + x) n is given by 

rc-1 

(a + x) n q = l[(a + q s x). 

s=0 

Also q— derivative of (a + x) is 



V q {a + x) n q =[n] q {a + qxY-\ 

From the above definition it is obvious that a continuous function on an interval, 
which does not include is continuous g-differcntiablc. We say that a function / 
is q-differcntiable on a real I if for any q € (0, 1) the g-derivative of / exists and is 
finite in every i£l. 
For details see [6]. 

Lemma 1. ([2]) For n, k > 0, we have 



(2.5) V q 



\K 



r.k-1 



^-q k [n + k] q 



n+k+l ' 



(l + x) n q +k \ ""(l + aor" * ^ '"(1 + *), 
Lemma 2. Let m € N. If we define the central moment as 

L n ,m (x, q) — D n _ q \(t — x) q , X) 

then we have 

L n fi (x, (?) = 1, £„,i (x, q) = 0, L n2 (x, q) = ^r- I 1 + -.c 



and the recurrence relations: 
qX 



J n, m-\-l 



(qx, q) 



/ DqI J n,m (X, q) 



±x{(l + x) 



l] q (1 -o) 2 |i„, m _i {qx,q) 



+x (l - q 2 ) [m\ q L n . m (qx, q) 



where X = x (1 + x) . 

Proof. It is easy to show that L nfi (x, q) = 1, L n>1 (x, q) = 0, L, h2 {x, q) = ^ ( 1 + |c 
by using the definition of X/ rajm (x, q) . Based on (2.3) we have 



T> q L n , m (x,q) = ^- [m] a V n , k (q,qx 

OO 

(2.6) +£2Wfe(«,a:) 



[fc] 9 



fc=0 






-,fc-i 



" , 



From (2.5) we can write 



[k] 



n + k] 



VqVn.k (q,x) = P„,fc (q,x) - —— -V n ,k 

X (1 + X) 



(q,qx) 
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and 

x (1 + q n+k x) V q P n , k (g; x) = [k] (l + q n+k x) T n , k (g, x) - q k x [a + k] V n , k (q, x) 



[k} q -xq k [n} q ^V, hk (q,x). 



Thus 



(2.7) XV q V n , k {q,x)= l^fk-- x \ [n] q P n , k (q,qx). 

Substituting (2.7) into the (2.6), we can write: 

xv q L Utm {x,q) = -x^2 l m \ q 'Pn,k(q,qx) ( -jfe^rfi — 9X ) 

fe=0 ^ 9 ^ 9 '« 






y^ "P„, fe (g, g#) [n|„ I ^— f^- ■>' I I , ,- '- - ■>' 



"V«,fc-i[ n ], '7 U*l»J. 



Since 

f [*], \ 1 ( [*1, m ^ m \ 

we have 

XV q L n . m (x, q) = ~X^2 ^9 ^™' fc ^' ^ ( MM ^ ) 

fc=0 V9 [nJ « A 



+x(q m - 1 ~l)Y / 'Pn,k(q,qx)ln} q 
On the other hand, using the equality 



„ q k 1 \n],, 
fe=o xy L lq ' 9 



[k] 



Q 



X 



/,i " --r=fjrt-^r+fjfer-^r"-(^-i) 



,<? fc x Ng J q \q k 1 [n] q J q \q k x [n] q 
we get 



m— 1 



XP,L n , m (i,g) = -X^ [m] q V n , k (q,qx) f fcTjTH ^j 

fc=o ^ ? ^ 9 ' - 

+ ^ n , k (q,qx)ln} q ^- j ^--qxj 
+ -x( q m + 1 -l)jrV n , k (q,qx)ln] ( ^ 



(7 ■* — ' \ q \n\„ j 

l- k=0 \y L J9 / q 

fe=0 V? ^9 ' 9 



(^-lKg™- 1 -!) £>,,,* («,«a;)[n], 



\ a"- n\„ j 

k=o vy L ,q / i 
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If we rewrite the equality we have 

[n]„ 
XV q L n . m (x, g) = -X [m] q L„, m _i (qx, q) -\ L„, ro+ i (qx, q) 

\n] 
+ [ -^x (g m+1 ~ 1) L n>m (qx, q)+x (q^ 1 - l) [n] q L n , m (qx, q) 

+x 2 (q m - 1) (g™- 1 - 1) [n} q L n , m _ x (qx, q) 

q 



and 
L n ,m+i (qx,q) 



-XV q L nyTn (x, q) 



r 



l] g (1 -g) 2 ji„, m _i (qx,q) 



+x (l - g 2 ) [m\ q L n . m (qx, q) 



D 



For to = 2 and to = 3, we have following results: 

Now we may present explicit formula for g-ccntral moments of orders 3 and 4. 

Corollary 1. The following equalities hold : 

i) L nfi (x, q) = X q [l + | (i±2 + q(l - g»)(l + 2g + g 2 )" 
«) L n , 4 (ga : ,g) = X g {^- + [2], a: ( ? ^--(H-«) + ||^) 

+(i + §)(¥ - ^ + ^ ) + ^ ^ [(i + f ) - 1 (i - 9") (i - ^ 

+f (q (l - <z 2 ) + (l - <7 4 )) [l + f (^ + (1 - <?")(! + 2<? + g 2 )] } , 
where X, = ^(l+§). 

Lemma 3. Assume that q n <E (0; 1) ; q n — > 1 and g™ — > a as n — > oo. For every 
x € [0, oo) , t/iere hold 

i) lim 1 gLZM r / T „1- l+2:r(3-2a) ,. T> 2 f(r\ 

I) imTn^oo ^-^ pi ^71,3 {X,q n ) — 2 llm rwoo ^g„ J W , 

m) limn^oo ^j^- gj f £» ;4 (a;, g„) = x (1 + x) lim^oo V\ n f (x) , 
Hi) limn^oo qn x x (g 2 - l) L n>2 (x, g„) j^ = x (1 - a) lim„^oo X> 2 n / (x) , 



iw) lim^oo x x (q^ - l) L„ ;3 (x, g„) 



gL/(g) _ 



?n^<, n "^ V y ™ V ^ n > 3 V*) tnj [3] I 

Proof. We only calculate i). Others are similar. 
i) Using the Lemma 2, it follows that 

1 £>l/(z) 



lim 

n— oo g„A 9n [2J 



-I/„ ;3 (x, g„) 



</,.. 



1 + 2x (3 - 2a) 



lim 

n — >oo g. 



lim X£/(aO 



n 
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Using (2.2), we have following results: 

// (3) 

Corollary 2. Assume that f (x) and f (x) exist for x € [0, oo) and q n G (0; 1) 

; q n — > 1 and q™ — ► a as n — > oo. For every x G [0, oo) , fftere ftoZd 

I J linin^oo g?i x,„ [2] L »,3 l x J<ZnJ ~ 2 ■» W i 

i?;) linin^oo qn X Xqn [3] j" I>n,4 (», <7n) = X (1 + x) / (x) , 

m) lim^oo qri x x (ql - l) L n>2 (x, g„) ^ = x (1 - a) /" (x) , 
w) linin^oo a I- x (ql - l) L rlj3 (x, g„) gj f = 0. 



Lemma 4. For a /ixed meN, B n>q ((t — x) , x) b s polynomial in x of degree less 
than or equal to to in jX- ■ The minimum degree of j\- is [ "'^ 1 j . Moreover it can 
be written in the following form 



1 m 

^11,171 I.X, qj I m + i i / ^ ^k.m^n \q ) X , 

[t?,1L^~J ,.,_n 



1% L ' J k=0 



Proof. By Lemma 2 it is true for to — 1. Assuming that it is true. By the recurrence 
formula in Lemma 2 we have 



M q 



( 1 m 



aX 

^n,m+l(qX,q) = -r—r-Vql , 1 +1 , ^ J «fc : m,K (g) X* 



+r? Vt^x {(1 + x) - X (1 - q n ) (1 - o"- 1 ) } i„, m _i (qx, q) 

Hq 

+x{q(l- q" 1 - 1 ) + (1 - q m+1 ) } L„, m (qx, q) 



[n\ q 



Vw 9 L 2 J fe=o 



-X>q I 1 l+i i y^«fc,m,n (g)^ fc 



-g-pr^-x | (1 + x) - x [n] [to - 1] (1 - <?) 2 | — ^—r V a fe , m _i,„ (g) q fe x fc 

-* [2], [m] (1 - q) r^ri £ afc < m <" ^) «*** 
K 2 J fe=o 
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and 

L n , m +1 (qx,q) 



qX 



i m +i 1 , 1 Z ak > m > n fa) w? xk 1 



k=0 
m—1 



k+l^k+1 



[ m \q v^ i \ fe+1 

I + L 2 J ,_„ 



Mg +L ' J fc=0 



r i m— i 

{l - [n], [m - 1], (1 - qf) \* J2 a k,m-i,n (q) q k+1 



„k+2 



1 m 

[2], N g (1 - g) ,^, X! a *^« (?) 9 fe ^ +1 - 
fnlL 2 J ,_ n 



l% L " J k=a 



Using the - place of x we obtain 



L n , m +i {x, q) 



"I x 

\ij 2 J fc=0 y 

1 m+1 x fe 

. j^Im S a *-i^« («) t fc - !], -rf—i 
n L 2 J+ 1 . Q 



\m 



fc=i 



r™rr A^ a fe-i,m-i,n (?) # 

L 2 J , , 



Mg +L ' J fc = 5 



m+1 



j 1 - Wo \ m - An (! - <?) 2 } , , | 9 m | y] afe-2,m-l,n (?) — 

^ m+1 

[2]g Ng C 1 - ?) T^+TT Z °fc-l>"»,n (<?) 

Ng L 2 J fc=l 
, m+1 

1 m+2 I / j a k,m+l.n (q) X 

\ri\l 2 J t_n 



.7, 

9 



Wg , 1 



[*-l] g 



^fc,m+l,n \Q) r ia ® , k,m,n \Q) u i ' r iQ^fc-l,m,n IQ7 r. 

\Tfl\ TYl f "\ 

+ -fl#afe-l,m-l,n (?) + -fl^ I ! _ Ng [ TO - X ]g ( X - if f a fc-2,m-l,n (?) 

n. on. L y y J 



H — r^j [2] q (1 - q) Ofc_i, m ,„ (g) , 



q\n 



where 



a-l,m,n{q) = a-l,m-l,n (<?) = «-2,m-l,n (?) = 0, < fc < TO + 1, 



O ra +l,m,n (?) = a m ,m-l,n (?) = 0, a = 1 + 

a = or a = 1. 
which proves the lemma. 



777, + 1 




777, + 2 


2 




2 



□ 



327 



8 ALI ARAL AND TUNCER ACAR 

3. VORONOVSKAYA TYPE THEOREM FOR ^-DERIVATIVES 

The following is the main convergence result of this paper. Theorem 1 is devoted 
to the Voronovskaya-type theorem for the ^-derivative of the q-Baskakov operators. 
We consider the weighted space 



f_M 

x^oo 1 -(- X 2 



C 2 [0, 00) :=|/gC[0, 00) : lim - — ; — ^ uniformly continuous and bounded on [0, 00) 



and 

C r 2 [0,oo) := {/ € C 2 [0,oo) : D r q f G C 2 [0,oo)} 

where C[0, 00) is the space of continuous function on [0, 00) . The norm in this 
space is 

||,|| 1/(3)1 

||/|| 2 :=sup— -— 

x>0 i- + X 

Theorem 1. Let q — q n satisfies < q n < 1 also let q n — ► 1 and (jJJ -> a as 

n — > 00. For each / G Cf [0, 00) and for every x > we have 

x . D„ /(x)l 1 + 2.x (3 -2a) ,. ^ 2 , , N 



lim [n] V qn B n , qn {f, —) - q ^ J y ' = ^ '- lim V\j (x)+x (1 + x) lim Z>^/ (x) . 

Proof. Using q-derivative, we can write 

*>A,</,*) = [n],|^ +I ,(x) (/ (&±i) - / (-J*- 

We will consider two cases. For x = 0, we have 

V q B n , q (f, 0) = N, (/(y-) - / (°)) • 
Since 

^'"4<('(e)-"«')-?1^ 

we have desired result for a; = 0. 

So let x > 0. By simple calculations we have 



®<1 / n. n+A: " 
( 1+ f) g 




[n + fc], 1 




n / \ n+k+1 
" ( 1+ f) g 
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Then by (2.3) it follows that 

OO 

*vw/,£) = E 



fc=i 



n + k- 1 



fe-— 1 

fe(fc-i) , X 
1 2 [ fc ] ? 7 -n+k 



-E 

fc=0 

E^« 

fc=0 



n + fc- 1 

fc 



fc(fc-D [n + k] x k 



f 


( [k] 


«]g/ 

^q k ~ 1 [n 




n+k+l-l \ 


q 



k q 



,\([k\ q </*"> + *] 



q J \ x 



l + q n + k ~ 1 x j [q 10 - 1 



[k] q 



q" *n, 



Using the equalities 



[n + k) g = [n] q + q n [k] g 



and 



we can write 



q k U + -\ V n , k (q, f\=0- + q n+k -^) Vn,k {q, x) 



fc=0 



i - ! ['],-< H,,/ [*], 



v,B, M - ) - E^K jk^t'p 



E :p «. fc ( < ?: a; ) 



:(1 + g"+' £ - 1 a;) / \g fe_1 M9 



fc=0 



q k x ( 1 + f 



/ 



<? fe M n ]« 



[A; 



<?x ( 1 + | ) fe=0 



E^MOT-H/b^ 



(p - 1 - [n 



g* i |ni. 



(3.1) 



qx ( 1 + § 



B„,,((t-x)/(t),a;). 



Using the g- Taylor's formula 






fe T < Ci + 1) 



^/(*) 



/ (x) + (t-x) V q f (x) + {t-x)(t- qx) - q '^ +{t-x)(t- qx) (t - q 2 x) 



[\ 



mix) 



+ (t-x) q h(t,x,q) 



we can write 



(t-x)f(t) = (t-x)f(x) + (t-x) 2 q V q f(x) + x(q-l)(t-x)V q f(x) 

, V 2 f (x) , o , 9 ^/ (a;) 
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A T> 3 J(x) , , N ,Pff(x) 



+ (t - aOj ft (t, .x, g) + x (q 3 - 1) {t - xf q h (t, x, q) , 

where h(-,x,q) G Cf [0, oo) and lira.t-> x h (£, x, q) = 0. 
Using this equality and (3.1) we have 

x \n] 

■D q B n , q (f,-) = q B n , q ((t-x)f(t),x) 



Q 



«a(l + f)' 



n 



ffa; ( 1 + f 



2?g/ (%) L„,2 (x, q) 



[n] V 2 f(x) [n] V 2 f(x) 
-L n . 3 (x,q)-\ ^x(q - 1) L n>2 (x, q) — =-= 

gsfi + f) Wg 



qx(l + 


f) 


[2], 


[n] q 




mix) 


qx(l + 


f) 


w 


[n] q 




R ((+ 



Q 



[n] T>lf{x) 

L nA (x, q) H ? r-x (q - 1) L„ j3 (a;, q) ' 



qx(l + f\ ' t 3 V 



B n . q ((t - x) h (t, x,q),x)+x (q 3 - l) -. — - — v B n _ q ((t - x) h (t, x, q) , x), x) 

qx[l + f\ Qx(i + r 



9 



Since i Kj 2 (x, q) — -Sr- 1 1 + -x ) we can write 

2 



H {z> g S„, g (/, -) - ^^ ) - / nJ<? , PJ (x) i„, 2 (s, g) - ^ f 1 + -) 

[n] 2 „ V 2 f(x) [n\l , , , ^/(a;) 

' X, 3 (x,g) + I Jg x(g 2 -l)£ ra , 2 (x,g) " J 



gxfl + f) I 2 !, 1 "'" '' ' qx(l + A "" ' I 2 ) 



l2 ^Q , , , r ,2 



! 

J </' 



K ^/(*) r , ,, [< , 3 lW / .Vlfix) 



L n A (x, q) -\ -. — - — r-a; (q 3 - l) £„, 3 (a;, g) 



gx(l+f) t 3 ^ 1 " ' qx(l + ^j "'" ^ PI 

+if„ (x, g) , 
where 

K„ (x, q) 

\n]„ / , . . . \ In] 



qx 



-?— 1 — v B n,q ( (t - x) A h(t,X,q),x) H t — ^ (g 3 - l) B nq [{t - xf h{t,x,q) ,x) 

(l + f) V ' g(l + §) V ^ 



Based on the Corollary 1, in order to complete the proof we need to show that we 
have for x > 

lim K n (x,q n ) = 0. 
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From Cauchy -Schwarz inequality we can write 
K n (x, q) 

\n]„ / , \ \n\. 



< 



-i- 1 — ^B n . q ( (t - xf h(t,x,q),x) H ? — ? - T - (q 3 - l) B n . q ((t-xfh(t,x,q),x 

g*(i + f) v y g(l + |) 

^B n! ,(/i 2 (t,x,g),3;) 



m: 



\ ^ (i + i ) 



jB ns {{t - x)\ (t - x) q , xj 



\ 



K 



q 2 



{ q Z-lfB n , q ((t-xf q {t-xf q ,x). 



+ yB n ^ q (h 2 (t,x,q),x) 

We know from [2] that 

lim B nq (h 2 (t, x, q n ) , x) = 0. 

n — >oo 

We note that (t — x) {t — x) can be rewrite as a summation of (t — x) , .., {t — x) . 
Using Lemma 2 we can show that the limit of 7 - S21 — ^iB nQ [(t — x) (t — x) ,x) 

<j£a; 2 (l+^-J ,Hn \ q " In J 

is finite for each x > 0. Similar situation is true for the last term of above inequality. 
This proves the theorem. □ 
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SEMIGROUP ALGEBRAS AND THEIR WEAK MODULE 

AMENABILITY 

ABASALT BODAGHI 



Abstract. In the present paper, the weak module amenability for a Banach 
algebra is investigated and it is proven that for an inverse semigroup S with 
the set of idcmpotcnts E, t l (S) is i 1 (_E)-weakly module amenable. Also, it 
is shown that C*(S), the enveloping C*-algebra of £ (S), is weakly module 
amenable as a C* (_E)-module with trivial left action. 

1. Introduction 

The concept of weak amenability was first introduced by Bade, Curtis and Dales 
in [5], who termed a commutative Banach algebra A "weakly amenable" if every 
continuous derivation from A into a symmetric Banach ,4-bimodulc is zero. Johnson 
in [13] generalized this notion for arbitrary Banach algebras and showed that for 
any locally compact group G, the group algebra L l (G) is weakly amenable (refer 
to [8] for a short proof). This fact is not true for semigroups though. For instance, 
if C is the bicyclic inverse semigroup, then (. 1 {C) is not weakly amenable [6]. 

The notion of weak module amenability of Banach algebras is defined in [4] and 
studied for their second dual in [2]. The main result of [4] is that, ^(S) is weakly 
module amenable as an ^ 1 (i?)-module when S is commutative. It is also proved in 
[2] that if E is an upward directed set and (}{E) acts on ^(S) trivially from left, 
then £ (S) is weakly module amenable. 

In this paper, we modified the definition of the weak module amenability for a 
Banach algebra A which is a Banach module over Banach algebra O, and we show 
that upward directed condition (the condition D\ of Duncan and Namioka [10]) 
for E is strong and in fact, it is redundant for the inverse semigroup algebra t l {S) 
to be weakly module amenable as an £ 1 (£')-module. Also, we find the relation 
between weak module amenability of A and weak amenability of A/ J, where J 
is the closed ideal of A generated by elements of the form (a ■ a)b — a(a ■ b), for 
a, b € A and a € O. If C*(S) is the enveloping C*-algebra of l^S), then C*(S) is 
weakly module amenable as a C* (-E)-modulc. As an example, we show that Clifford 
semigroup algebra £ (C) is i 1 (Eq )-weakly module amenable. 

2. Notations 

Throughout this paper, A and O are Banach algebras such that A is a Banach 
O-bimodule with compatible actions, that is 

a ■ (ab) = (a ■ a)b, (ab) ■ a = a{b -a) (a, b € A, a G O). 



°2010 Mathematics Subject Classification: Primary 46H25, 46H20; Secondary 46H35. 
Keywords and phrases: Banach modules, module derivation, weak module amenability, inverse 
semigroup 
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Let X be a Banach ,4-bimodule and a Banach 0-bimodule with compatible 
actions, that is 

a-(a-x) — (a-a)-x, a-(a-x) — (a-a)-x, (a-x)-a — a-(x-a) (a£i,a£0,i£l) 

with similar actions for the right or two-sided. Then we say that X is a Banach 
^4-0-module. If moreover 

a ■ x = x ■ a (a G 0, x G X) 

then X is called a commutative .4-0-module. Note that when A acts on itself by 
algebra multiplication, it is not in general a Banach „4-0-module, as we have not 
assumed the compatibility condition 

a ■ (a ■ b) ~ (a ■ a) ■ b (a G O, a, b G A). 

If A is a commutative O-module and acts on itself by multiplication from both 
sides, then it is also a Banach *4-0-modulc. 

A bounded map D : A — > X is called a O-module derivation if 

D(a ■ a) — a ■ D(a), D{a ■ a) — D{a) ■ a 

and 

D(a ±b)= D(a) ± D(b), D(ab) = D(a) -b + a- D(b), 

for all a G O and a, b G A. If X is a commutative ,4-0-module, then each x G X 
defines a module derivation D x (a) = a ■ X — x ■ a for all a G A. These are called 
the inner module derivations. The Banach algebra A is called module amenable 
(as an O-module) if for any commutative Banach „4-0-module X, each O-module 
derivation D : A — > X* is inner [1]. 

Consider the module projective tensor product A®oA which is isomorphic to the 
quotient space (A<E)A)/I, where / is the closed ideal of the projective tensor product 
A<g)A generated by elements of the form a-a<Eib—a<E>a-b for a G O, a, b G A [16]. Also 
consider the closed ideal J of A generated by elements of the form (a-a)b— a(a-b) for 
a G O, a, b G A. Then / and J are „4-submodules and O-submodules of A<E)A and 
A respectively, and the quotients A®oA and A/ J are „4-modules and O-modules. 
Also, A/ J is a Banach ,4-0-modules with the compatible actions when A acts on 
A J J canonically. 

3. Main results 

Definition 3.1. The Banach algebra A is called weakly module amenable (as 
an O-module) if for any subset Y of A* which is A-submodule and commutative 
Banach O-submodule, each module derivation from A to Y is inner. 

In the following result, we find an equivalent definition for weak module amenabil- 
ity when A/ J is a commutative ,4-0-module. 

Proposition 3.2. If A/ J is a commutative Banach O-module, then the following 
are equivalent: 

(i) Every module derivation from A to J- 1 is inner. 

(ii) A is weakly module amenable. 

Proof, (i) =£- (ii): For each a G O, a, b G A, y G Y, we have 

(y, (a • a)b — a(a ■ b)) = (y, (a ■ a)b) — (y, a(a ■ b)) = (b ■ y, a ■ a) — (y ■ a, a ■ b) 
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= (a- (b- y),a) - ((y ■ a) ■ a,b) = {(b-y) -a, a) - (a- (y-a),b) 

= (b- (y a), a) - ((a ■ y) ■ a,b) = (y ■ a, ab) - (a-y, ab) 
= (y ■ a — a ■ y, ab) = 0. 

We have used the commutativity of 2l-submodule Y in the above equalities. It 
follows from the linearity and continuity of y as a functional on A that Y C J- 1 . 
(ii) =>■ (i): This follows from the fact that Y = J- 1 is a commutative Banach sub- 
module of A* . A 

Note that if O = C (the set of complex numbers), then J = {0} and so, the 
above definition and Johnson's definition [13] in the classical case for the weak 
amenability of Banach algebras coincide. 

Let O be a commutative Banach algebra with character space $e> and let A be 
a commutative Banach 0-bimodule with compatible actions. Let tp € $0 U {0}. 
Then O is an 0-bimodule with actions: 

a- /3 = (3-a = ip(a)P (a,/3eO). 

Now consider the linear map ij) : A — > O such that 

ip(ab) = tl>(a)ip(b), ip(a ■ a) = ip(a)?p(a) (a € A, a € O). 

The map tp induces an ,4-module structure on O by the following action: 

a-a = a-a = ipo ip(a)a (a € A, a € O). 

With the above structures O becomes a commutative Banach ,4-0-module and 
we denote it by Or^^y A bounded module derivation from A into Or^^ is called 
a point module derivation on A at ((/?, tp). 

It is proved in [7, Proposition 1.3] that if there is a non-zero, continuous point 
derivation on the Banach algebra A, then it is to be failed weak amenability. The 
following result is its module version. 

Proposition 3.3. Let A be a commutative O-module and let O be a commutative 
Banach algebra. If A is weakly module amenable, then there is no non-zero bounded 
module point derivation on A. 

Proof. Let tp and tp be as above. By [4, Proposition 2.4] there is no non-zero 
bounded point derivation at (tp, tp) on A when ip = 0. Now assume that tp =/= Q 
and d : A — > C((p>) is a non-zero bounded module point derivation at (ip,tp). 
Then the map D : A — > A* defined by D(a) = d(a) ■ (<p o tp) is a bounded module 
derivation because for each a, 6, c G A we get 

(D(ab),c) = (d(ab)-(<poi/,),c) 

— p o tp(a)ip o tp(c)d(b) + ip o tp(b)ip o tp(c)d{a) 
= (D(a)-b,c) + (a-D(b),c). 

Since D is a module derivation, there exists / G A* such that for every a G A, 
we have 

d(a)(tp o tP){a) = (D(a), a) = (a ■ f - f ■ a, a) = (/, a 2 - a 2 ) = 0. 
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Hence d = on the set K = {a e A : ip(a) $ Ker(ip)}. If a e A\K and b e K, then 
2d(ip(a)) = d(ip(a+b))+d(il>{a—b)) = 0. Therefore d = which is a contradiction. A 

We say that O acts trivially on A from left (right) if for each a <G O and a € A, 
a ■ a = f(a)a (a ■ a = f(a)a), where / is a continuous linear functional on O. The 
following lemma is proved in [3, Lemma 3.1]. 

Lemma 3.4. Let A be a Banach algebra and Banach O-module with compatible 
actions, and Jq be a closed ideal of A such that J C J . If A/ Jo has a left or right 
identity e + Jq, then for each a e O and a e A we have a ■ a — a ■ a <E Jq, i.e., A/ Jq 
is a commutative Banach O-module. 

The above Lemma shows that when O acts on A trivially from left or right, then 
the actions of O on A/ J from both sides are trivial, that is 

a ■ (a + J) = (a + J) ■ a = f(a)a + J, (a € A, a € O). 

Thus the actions of O on A/ J are trivial. 

Recall that a left Banach ,4-module X is called a left essential *A-module if the 
linear span oi A ■ X = {a ■ x : a E A, x e X}is dense in X. Right essential 
.4-modules and (two-sided) essential ,4-bimodules are defined similarly. 

Theorem 3.5. Let A be a Banach O-module and Y be a commutative A-O- 
submodule of A* , and let A/ J has a left or right identity and O acts trivially on A 
from left. Consider the following statements: 

(i) Every bounded derivation D : A — > Y is inner; 
(ii) Every module derivation D : A — > Y is inner; 
[Hi) Every module derivation D : A/ J — > Y is inner; 
(iv) A/ J is weakly amenable; 

(v) A is weakly module amenable. 

Then (ii) is equivalent to (Hi) and (iv) is equivalent to (v). In addition, if A is a 
right essential O-module, then (i) implies (ii). 

Proof Since A is an essential right O-module then for each a £ A, there is a 
sequence (E n ) C A-O such that lim n E n — a. Suppose that E n = X) m =i a n,m'Ct n . m 
for some finite sequences (an^m)™^ " C A and (ct n , m )m=i n — ®- Let A e C Then 
for each module derivation D : A — > Y, we have 

D(XE n ) = D(XY /m r Li a n ,m ■ a n ,m) = Z) m =i D(a n , m • (Aa„, m )) 

= Em=l D(a n , m ) ■ (\a n , m ) = J2m=l ^D(0"n,m ' Oi n ,m) = XD(E n ) 

and so by the continuity of D, D(Xa) = XD(a). Thus (i) implies (ii). 

(ii) <==> (Hi): The O-commutativity of Y and the compatibility of actions of A 

and O on Y show that J • Y = Y ■ J = 0. Hence, the following module actions 

(a + J) ■ y := a ■ y, y ■ (a + J) ■— y ■ a (y eY,a <G A), 

are well-defined and so, Y is a Banach A/ J-module. Assume that D : A — > Y is 
a module derivation. Define D : A/ J — > Y via D(a + J) = D(a). For each a e O 
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and a, b G A we have 

D((a ■ a)b - a(a ■ b)) = D((a ■ a)b) - D(a(a ■ b)) 

= D(a ■ a) ■ b + (a ■ a) ■ D(b) - D(a) ■ (a ■ b) - a ■ D(a ■ b) 
= (D(a) ■ a) -b- D(a) ■ (a-b) + (a- a) ■ D(b) - a- (a- D(b)) = 0. 

On the other hand, since J is a closed ideal, the restriction of D to J is zero. 
Therefore D is well-defined. By hypothesis, that is inner, and so D is inner. Now, 
if D : A I J — > Y is a module derivation, then the module derivation D : A — > Y 
defined by D(a) = D(a + J) is inner. 

(v) =» (iv): Let D : A/ J — > (A/ J)* = J- 1 and let D : A — > J 1 - be defined by 
D(a) = D(a + J) for a € A. By Lemma 3.4, for each aeO and a, b £ A, we get 

D(a ■ a) = D(a ■ a + J) = D(f(a)a + J) = f(a)D(a + J) = a ■ D(a). 

Similarly, we can obtain D(a ■ a) — D{a) ■ a. Also for a, b G A we have D(a ± b) = 
D(a) ± D{b) and D(ab) = D(a) ■ b + a ■ D(b). Thus D is a module derivation. 
Hence, there exists y e Y such that D(a) — a ■ y — y ■ a. Therefore D(a + J) = 
(a + J) • y — y ■ (a + J) and so, D is inner. 

(iv) => (v): Since A/ J is a O-module commutative, it is enough to prove that 
each module derivation D : A — > J is inner. Now, we define D : A/ J — > (A/ J)* 
via D(a + J) = D(a). By the proof of the part (i) =^ (m), D is C-linear and thus, 
D is inner. A 

One should remember that an inverse semigroup is a discrete semigroup S such 
that for each s € S, there is a unique clement s* G S with ss*s = s and s*ss* = s* . 
Elements of the form ss* are called idempotents of S and denoted by E$ or E, if 
there is no risk of confusion. In this section we show that if 5* is an inverse semi- 
group with the set of idempotents E, then ^(S) is weakly module amenable (as an 
£ 1 (£')-module). Suppose that S is an inverse semigroup with the set idempotents 
E, endowed with the partial order 

e < d <^=> ed = e (e, d G E). 

Theorem V.1.2 of [12] shows that E is a commutative subscmigroup of S . Thus 
^(E) could be regarded as a subalgebra of ^ 1 (5'), and thereby ^(S) is a Banach 
algebra and a Banach £ 1 (i?)-module with compatible actions [1]. Here we let H. l {E) 
acts on i l (S) by multiplication from right and trivially from left, that is 

5 e ■ S s = 6 a , 6 S ■ 5 e = 5 se = 5 S * 5 e (s g S, e G E). (3.1) 

In this case, the ideal J (see section 2) is the closed linear span of {6 se t — 6 s t '■ 
s,t € S,e € E}. Now, we consider an equivalence relation on 5* as follows: 

s « t -^=4> 5 S - S t G J (s, t G 5). 

For an inverse semigroup S, the quotient 5/« is a discrete group (see [3] and 
[14]). As in [15, Theorem 3.3], we may observe that £ 1 (S)/J is isomorphic to 
^(S/ «). One can see that £ 1 (S)/J is a commutative € 1 (i^)-bimodulc with the 



336 



BODAGHI: SEMIGROUP ALGEBRAS 



following actions: 

S e ■ {S s + J) = S s + J, (S s + J)-5 e = 6 se + J (s G S, e e E). 

It is proved in [4, Theorem 3.1] that if S is a commutative inverse semigroup, 
then l l {S) is always weakly module amenable as an ^(E^-module when ^{E) acts 
on ^(S) with the usual actions. 

Recall that C is a Clifford semigroup if it is an inverse semigroup in which every 
idcmpotent is central, that is es = se for all s G C and e G Ec ■ 

Example 3.6. Let C be a Clifford semigroup. Then (}{C) is I 1 (Ec)-modulc 
with the following actions: 

S e - S s = S s ■ S e = 5 es (s e C, e e E c ). 

By [4, Theorem 3.1], (. l (C) is weakly module amenable. Note that in the proof 
of [4, Theorem 3.1], it is just used the fact that each idcmpotent is central. 

In the upcoming theorem, we prove Amini and Bagha's result [4, Theorem 3.1] 
but without the condition of commutativity for S, where we consider £ (S) as an 
£ * (-E')-module with trivial left action. In fact, we show that the hypothesis on E 
being upward directed in [2, Corollary 3.5] can be eliminated and ^(S) is always 
weakly module amenable. 

Theorem 3.7. Let S be an inverse semigroup with the set of idempotents E. 
Then ^(S) is weakly module amenable. 

Proof. With the actions £ 1 (E) on ^(5) considered in (3.1), A = f(S) is always 
a right essential £ 1 (i^)-modulc. Indeed if / <G ^ 1 (<5'), we have 

/ = J2 /(*)*- - E /( s )^ * *«•- = E /( s )^ • *«•" 

ses ses ses 

which belongs to the closed linear span of ^{S) ■ ^{E) = {<5 S • S e : e e E, s G S}. 
Since S/~ is a discrete group, the group algebra £ X {S/ «) has an identity. By using 
[8, Theorem 1] and Theorem 3.5 we can obtain the desired result. A 

Let S be an inverse semigroup with the set of idempotents E. If C* (S) is the 
enveloping C*-algebra of ^ 1 (5 r ) (see [9] and [11]), then by continuity of the action of 
^(E) on£ 1 (S) extends to an action of C*(E) on C*(S), we have the following result. 

Theorem 3.8. Let S be an inverse semigroup with the set of idempotents E, 
then C*(S) is weakly module amenable as a C*(E) -module with trivial left action. 

Proof. The C*-algebra C*(S) is weakly amenable [7, Theorem 2.1]. Also, it has 
a bounded approximate identity and so, it is a right essential C* (-E)-module. Now, 
the result follows from the proof of the part (i) =^ (m) of Theorem 3.5. A 

Example 3.9. Let C be the bicyclic inverse semigroup generated by a and b, 
that is 

C = {a m b n :m,n>0}, (a m b n )* =a n b m . 
The set of idempotents of C is Ec = {a n b n : n = 0, 1, ...} with the following order: 

=>■ m < n. 
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It is shown in [3] that ^ 1 (C) is ^ 1 (i^c)-module amenable, and so it is weakly module 
amenable, but it is not even weakly amenable [6, Theorem 2.8]. 



[l 

[2. 

p: 

[5 

[6. 

[7: 

[8. 

[9 

[10 

[11 

[12. 
[13. 

[14; 

[15. 
[16 
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Abstract: In this paper , the stability of trivial solution for a class of third order 
nonlinear vector differential equations is studied by using the Lyapunov's second 
method. Some sufficient conditions are given ensuring the stability of the zero 
solution of this equation. 



1. Introduction 

In 2007, Yan[l] investigated the stability of solutions to nonlinear third order 
differential equations: 

x + ax + f(x) + g(x) = 
and 

x + f(x) + bx + g(x) = 0, 

and in the same year, Zhang and Si [2] studied asymptotic stability of the zero solution 
of scalar differential equation 

x + g(x)x + f(x,x) + h(x) = . 



More recently, Tunc and Ates [3,4] investigate the stability and boundedness of 
solutions of non-linear vector differential equations: 

X + F(X,X,X)X+B(t)X+H(X) = P(t,X,X,X) 
and 

X + F(t,X,X,X)X + G(X) + cX = P(t,X,X,X), 

respectively. 



Keywords: Stability, Lyapunov function, Differential equations of third order. 
AMS (MOS) Subject Classifications: 34C11, 34D05, 34D20, 34D40. 
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We discusse here stability of the trivial solution X = of vector differential 
equation of the form: 



X +G(X)X + F(X,X) + H(X) = 0. (1) 



The associated system of (1) is 

\X=Y,Y = Z 



(2) 
Z = -G(Y)Z - F(X,Y) - H(X) 



where X e R" , G is a continuous symmetric matrix function; F , H are n — vector 
functions, F(X,0) = 0, and H(0) = 0.Let J H (X) denote the Jacobian matrix 
corresponding to the function H(X), that is 

J H (X) = (dh i /dx J ) , (i,j = l,2,...,n), 

where (x 1 ,x 2 ,...,x n ) and {h x ,h 2 ,...,h n ) are the components of X and//, respectively. The 
symbol (X,Y) corresponding to any pair X,Y in R" stands for the usual scalar product 

It should be noted that our equation, (1) , is an n - dimensional generalization of 
equation studied by Zhang and Si [2] . 

2. Preliminaries 



Before introducing our main result, we state some basic information which will 
be required in future. Consider the non-autonomous differential system 



^ = F(t,x), (3) 

dt 



where x is an n -vector, te [0,°o). Suppose that F(t,x) is continuous in (t,x) on IxD, 
where / denotes the interval < t < °o and D is a connected open set in 91" , 
9t" denotes Euclidean n -space. 
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Theorem 1. Suppose that F(t,0) = in (3) and there exists a Lyapunov function 
V = V(t, x) defined on < t < °o , |x| < H , H > , which satisfies the following 
conditions; 

(i)V(t,0) = 0, 

(ii) c(|je|) <V(t,x), where c(r)e CIP (CIP denotesthe families of continuous 
increasing and positive definite functions). 
(iii) V(t,x)<0. 

Then, the solution x(t) = of system (3) is stable. 

Proof: See Yoshizawa [5] . 

Lemma. Let A be a real symmetric nxn -matrix. Then for any X e W l 

S a \\X\\ 2 <(AX,X)<A a \\X\\ 2 , 
where 8 a and A a are respectively, the least and greatest eigenvalues of the matrix A . 



Proof. See Bellman [6]. 

3. Main result 



Theorem 2. Let all the basic assumptions imposed on G , F and// hold. In 
addition, we assume that there exist positive constants a and b such that the following 
conditions hold: 



0</l,.(/ // (Z))<flfe and X t {J F {X,Y)\X) < 

0' = l,2,...,n). 
Then, the solution X = of Eq. (1) is stable. 

Proof. To prove Theorem 2, we introduce a Lyapunov function V = V(X,Y,Z), 
which is defined by: 

f 1 

V(X,Y,Z) = a\(H(oX),X)d(7 + (H(X),Y) + -(aY + Z,aY + Z) 

o 2 

i i i 

+ aj(oG(aY)Y,Y)da (aY,aY) + \{<jF(X,tiY),Y)d(J . 
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This function can be rearranged as the following; 

1 1 7 1 1 

V(X,Y,Z) = a\(H(oX),X)d<J (H(X),H(X)) + -{Y + -H(X),Y + -H(X)) 

* 2b 2 b b 

+ f ((oF(X ,oY) --IY),Y)da + -(aY + Z,aY + Z) 

o 2 2 

i 

+ f (a(G((7Y) --I)Y,Y)dcr. (4) 

o 2 

It is clear from (4) that 

V (0,0,0) = 0. 

On the other hand, since 

H(0) = 0, — H((7X) = J H (aX)X, 
da 

then 

i 
H(X) = ^J H {aX)Xda. 

o 

By using the assumption < A t (J H (X)) < a&, it follows that 

i i i 

a\(H(oX),X)dcT = a\\(cT l J H (cT l CT 2 X)X,X)dcT 2 dcT l 



and 



t i 

<a^(a 1 abX,X)da 2 da i =a 2 b(X,X) = a 2 b\\x\\ 2 



1 1 J. 

— (H(X),H(X))= — \(J H (oX)X,J H {oX)X)d<7 

2b 2b * 

1 ' 1 

<-a 2 Z?f<Z,X)Jcr = -fl 2 ^||X|| 2 . 

2 J 9 " " 

In view of Theorem 2 and the above discussion, we obtain 

v>-a 2 &||x|| 2 +-||ay + z|| 2 + -||r + r l //(X)| 2 >0. 

Now, let (X (t),Y(t),Z(t)) be any solution of system (2). 

Differentiating the function V(X,Y,Z) with respect to t along system (2), we get 
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V = -(G(Y)Z,Z) + (aZ,Z)-{F(X ,Y),aY) + {J H (X)Y,Y) 

i 
+ j" (aJ F ((X , aY ) I X )Y, Y) do . 



,i i i 

— j(H(oX),X)d<r = j(T(J H (oX)Y,X)d(T + j(H(oX),Y)d(J 
dt 

1 3 



= [a — (H(aX),Y)da+ \{H{oX),Y)do 







da 



= <y{H{aX),Y)\\ ) ={H{X),Y), 

d ' ' 

— f<aG(crF)7,7)rfc7= f<oG(crF)Z,7)J(T 
dt 3 J 

i i 

+ \a 2 (J G (aY)YZ, Y)do + J (j(G(cjY)Y, Z)da 



i i g 

[<aG(crF)Z,y)rfc7+ [o-^— <oG((77)Z,F)J(7 



3<r 

:(T J (G(or)z,y>| ( ' ) =(G(y)z,y> 




-2 , 



. 1 1 

' \{aF(X,oY),Y)de = j(cr(F(X,oY),Z)d<7 



dt 



+ j{oJ F ((X,oY)\X)Y,Y)d<T + j{<T 2 J F ((X,oY)\Y)Y,Z)d(J 



\((7(F(X,aY),Z)da+\(aJ F ((X,aY)\X)Y,Y)dcr 



o 

i 



+ \o—(F(X,oY),Z)do 



o ^ 
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l 

= a{F(X , oY), Z)\ \ + j" (oJ F ((X, aY) I X )Y, Y) da 

o 
1 

= (F(X,Y),Z)+\(aJ F ((X,<jY)\X)Y,Y)da. 
o 

In view of the assumptions of Theorem 2 and the above discussion, we get, 

V < -[2,. (G(Y)) - a] \\Z\\ 2 - [ab - X t (J H (X))] \\y\\ 2 

i 
+ joJ F ((X,aY)\X)Y,Y)da<0. 

o 

Thus, all the conditions of Theorem 1 holds. 
Then, the solution X = of Eq. (1) is stable. 
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SQUARE-MEAN ALMOST PERIODIC SOLUTIONS TO SOME 

CLASSES OF NONAUTONOMOUS STOCHASTIC 

EVOLUTION EQUATIONS WITH 

FINITE DELAY 

PAUL BEZANDRY AND TOKA DIAGANA 



Abstract. In this paper, using the well-known Krasnoselskii fixed point theo- 
rem, we obtain the existence of a square-mean almost periodic solution to some 
classes of nonautonomous stochastic evolution equations with finite delay. 



1. Introduction 

Let (H, || • 1 1, (•,•)) be a real separable Hilbert space and let (ft, T , P) be a complete 
probability space equipped with a normal filtration {Tt : t G R}, that is, a right- 
continuous, increasing family of sub cr-algebras of T . 

In recent years, the existence of almost periodic (respectively, periodic) solutions 
to semilinear evolution equations has received much attention by many authors (see, 
e.g. [3], [8], [16], and [33] and the references therein) due to their significance and 
applications in physics, mathematical biology, control theory, and others. This 
interest also arises from a need to extend well-known results on stochastic ordinary 
differential equations to a class of stochastic partial differential equations. 

In their recent paper [9] , the authors studied the existence of square-mean almost 
periodic solutions to the class of nonautonomous stochastic differential equations 

(1.1) dX(t) =A(t)X(t)dt + M(t,X(t))dt + N(t,X(t))dW(t), tel, 

where (A(t))t£m is a family of densely defined closed linear operators, M : R x 
L 2 (n,U) -> L 2 (n,M) and N : R x L 2 (f2,H) -► L 2 (ft,L£) are jointly continu- 
ous satisfying some additional conditions, and W is a Wiener process. For that, 
Bezandry and Diagana assumed that the family of linear operators A(t) satisfy 
the well-known Acquistapace-Terreni conditions [3] , which in fact do guarantee the 
existence of an evolution family T = {V(t, s)} t > s associated with the family of lin- 
ear operators A(t). The main result in [9] was then subsequently utilized to study 
the existence of square-mean almost periodic solutions to some parabolic stochastic 
partial differential equations. 

In this paper, our approach to this problem is somewhat different from that 
used in [9]. We consider a more general setting, that is, we make extensive use of 
intermediate space techniques and the Krasnoselskii fixed point theorem to study 
and obtain the existence of square-mean almost periodic solutions to the class of 



1991 Mathematics Subject Classification. 34K50; 35R60; 43A60; 34B05; 34C27; 42A75; 47D06; 
35L90. 

Key words and phrases, stochastic evolution equation; stochastic processes; square-mean al- 
most periodic; Wiener process; sectorial operator; evolution family; exponential dichotomy; Ac- 
quistapace and Terreni conditions; Krasnoselskii fixed point theorem. 
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nonautonomous stochastic differential equations with finite delay given by 

(1.2) d[jf(t) + Fi(t,Jf t )l = A(t)X(t)dt + F 2 (t,X t )dt + F 3 (t,X t )dW(t) 

where (A(t))tem. is a family of closed linear operators on H satisfying Acquistapace- 
Terreni conditions, the history X t defined by X t (9) :— X(t + ff) for each 9 £ [— r, 0], 
and the functions F 1 : R x L 2 (Q,C T ) -> L 2 (fi,H^) (0 < a < 0.5 < < 1), 
Fi(i — 2, 3) : R x L 2 (£1,C T ) i— » L 2 (J1,H) are jointly continuous satisfying some 
additional conditions, and W is a R-valucd Brownian motion with the real number 
line as time parameter. (Here HPg is an interpolation space and for < a < 1, 
C T] a : = C([— r, 0],H Q ) is the Banach space of all continuous functions from [— r, 0] 
in H Q .) 

In view of the above, there exists an evolution family hi = {U(t, s)} t > s associ- 
ated with the family of closed linear operators A(t) . Assuming that the evolution 
family hi = {U(t, s)} t > s is exponentially dichotomic (hyperbolic) and under some 
additional assumptions, it will be shown that Eq. (1.2) has a square-mean al- 
most periodic solution. It is worth mentioning that the main result of this paper 
generalizes, to some extent, most of known results on square-mean almost peri- 
odic solutions to autonomous and nonautonomous differential equations, especially 
those in [8], [9], and [10]. 

The paper is organized as follows: Section 2 is devoted to preliminaries facts 
related to the existence of an evolution family. Some preliminary results on in- 
termediate spaces are also stated there. In Section 3, basic definitions and results 
on the concept of square-mean almost periodic functions are given. In Section 4, 
we first state a key technical lemma due to Diagana [14] and next make use of 
it to prove the main result. In Section 5, we illustrate our main result by study- 
ing the existence of square-mean almost periodic solutions to the one-dimensional 
stochastic heat equation with finite delay. 

2. Preliminaries 

In this section, we introduce some notations and collect some preliminary results 
from Diagana [14] that will be used later. Throughout the rest of this paper, 
(H, || • ||, (•, •)) stands for a real separable Hilbert space, A(t) for t £ R is a family 
of closed operators on D(A(t)) satisfying the Acquistapace-Terreni conditions (see 
(H.l)). Moreover, the operators A(t) arc not necessarily densely defined. The 
functions F x : R x C T -> H*j (0 < a < 0.5 < (i < 1), and F t (i = 2,3):lxC T ^i 
are respectively jointly continuous satisfying some additional assumptions. 

If L is a linear operator on H, then p(L), cr(L), D(L), ker(i), R(L) stand respec- 
tively for the resolvent set, spectrum, domain, kernel, and range of L. Moreover, 
one sets R(X,L) = (XI - L) _1 for all A <G p(L). 

Throughout the rest of the paper, we set Q(t) = I — P(t), if P(t) is a family of 
projections. If Bi,l>2 are Banach spaces, then the notation ^(81,82) stands for 
the Banach space of bounded linear operators from !>! into B 2 . When V>x = B 2 , 
this is simply denoted B(M>i). 

In the present work we study operators A(t) on EI subject to the following 
hypotheses. 

Hypothesis (H.l). The family of closed linear operators A(t) for t £ R on H 
with domain D = D(A(t)) (possibly not densely defined) satisfy the so-called Ac- 
quistapace and Terreni conditions, that is: 
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there exist constants (eR, Oe (f , tt), L > and fi, v G (0, 1] with \i + v > 1 such 
that 



(2.1) S e U {0} C p(A(t) - C) 3 A, i?(A, ^(t) - C) 

and 

(2.2) (^(t) - ()R(\,A(t) - C) [il(CM(*)) - R((,A(s))] 



< 



K 



1 + |A| 



<Lii- s riAr i/ 



for i, s G R, A G Se := {a G C\{0} : |argA| < o\. 

In the particular case when A(t) has a constant domain T> = D(A(t)), Eq. (2.2) 
can be replaced with the following: there exist constants L and < fj, < 1 such 
that 



(^(t)-^(«))iJ(CM(r)) 



< It — s , s,t,r £ 



It should be mentioned that (H.l) was introduced in the literature by Acquistapace 
and Terreni [3] for £ = 0. Among other things, it ensures that there exists a unique 
evolution family hi = U(t, s) on H satisfying 

(a) U(t, s)U(s, r) = U(t, r) for t > s > r E R; 

(b) U(t,t)=I 

(c) (i, s) — ► t/(i, s) G -B(H) is continuous for t > s; 

BU 

(d) U(-,s) E C 1 ((s,oo),B(W)),^-(t,s) - >l(*)17(t,«) and \\A(t) k U(t, s)\\ < 

at " " 

C(i - s)- fc for < i - s < 1, fe = 0, 1; and 

(e) d+U(t,s)x = -U{t,s)A(s)x for i > s and x e D(>l(s)) with A{s)x e 
D(A(s). 

It should also be mentioned that the above-mentioned properties were mainly 
established in [1, Theorem 2.3] and [35, Theorem 2.1], see also [3, 34]. In this case 
we say that A(-) generates the evolution family [/(•, •). 

Definition 2.1. We say that an evolution family U(t, s) has an exponential di- 
chotomy (or is hyperbolic) if there are projections P(t),t G M, being uniformly 
bounded and strongly continuous in t and constants (5 > and N > 1 such that 

(1) U(t,s)P(s) = P(t)U(t,s), 

(2) the restriction £/q(£, s) : Q(s)M — > <2(£)H of {/(£, s) is invertible (and we set 

tf Q (M) := [/q(M)- 1 ), 

(3) || C/(t,s)P(s) || < Afe-' 5 ^-' 5 ) and \\U Q (s,t)Q(t)\\ < Ne^ 6 ^-^ for t > s and 

Here and below Q = I — P for a projection P. Under Acquistpace- Terreni 
conditions, the family of operators defined by 



r(M) = 



U(t,s)P(s), if t> s, t, s e 
-U Q (t,s)Q{s), if t < s, t, s e 



are called Green function corresponding to U and P(-). If -P(i) = / for t£R, then 
[/ is exponentially stable. 

This setting requires some estimates related to U(t,s). For that, we introduce 
the interpolation spaces for A(t). For details, we refer the reader to Lunardi [24]. 
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Definition 2.2. A linear operator A : D(A) C H — > EH (not necessarily densely 
denned) is said to be sectorial if the following hold: there exist constants (el, 



■ ; : | -, 7rj , and M > such that Se^ C p(A), 



%:-{AeC:A^C, |arg(A - C)| < 9} 

M 

and ||i?(A,.4)|| < -. r, A e S g< 

A — C 



where R(X,A) = (XI - A)^ 1 for each A e p(A). 



Let A be a sectorial operator on HI and let a e (0,1). Define the real interpolation 
space 

- 4 . 

r>0 



£:={ 



x G 



re 



sup||r Q (^-C)i?(r,^-C)a;|| < oo}, 

r->0 > 



which is a Banach space when endowed with the norm 
further write 



For convenience we 



tf 



i.4 



y4 



If := D(A) and ||x||" := ||(C - A)x 



Moreover, let M A := D(A) of EL In particular, we will frequently be using the 
following continuous embedding 



(2.3) 



D(A) 



l i 



D((C-AY 



xA 



C 



for all < a < (3 < 1, where the fractional powers are defined in the usual way. 

In general, D(A) is not dense in the spaces EL^ and EL However, we have the 
following continuous injection 



(2.4) 



tf 



D(AV 



for < a < j3 < 1. 

Given the family of linear operators A(t) for (£R, satisfying (H.l), we set 

H^:=H^ (t) , EI* := U A{t) 

for < a < 1 and t € K, with the corresponding norms. 

The embedding in (2.3) hold with constants independent of t £ R. These inter- 
polation spaces are of class J a (see [24]) and hence there is a constant c(a) such 
that 



(2.5) 



Mll^cMlUI 1 a \\A(t)y\\ a y y€D(A(t)). 



we have the following estimates for the evolution family hi. 

Lemma 2.3. [7, 14] For iei, < a < 1, and t > s, the following hold 
(i) There is a constant c(a) such that 

(2.6) U(t,s)P(s)x * <c{a)e-^ t - s \t-s)- a \\x\\. 



(ii) There is a constant m(a) such that 



(2.7) 



U Q (s,t)Q(s)x <m(a)e" ,5( *- s) ||x| 
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In addition to above, wc also need the following assumptions: 
Hypothesis (H.2). The domain D(A(t) — D is constant in t e R. Moreover, the 
evolution family hi generated by -4(-) has an exponential dichotomy with constants 
N, S > and dichotomy projections P(t) for t€l. Furthermore, £ p(A(t)) for 
each t £ R and the following holds 



(2.8) sup A(s)A- 1 (t) 

t, s£ 



< c 

B(H,H a ) 



If0</i<a</3<l, then the nonnegative constants k(a), k, k' '„ and fc2 denote 
respectively the bounds of the embedding Mp <— > M a , M a <— » H, H^ '—* H, and 

3. Square-Mean Almost periodic Stochastic Processes 

For details on this section, we refer the reader to [8, 11] and the references 
therein. In this paper, we assume that (ft, T , P) is a probability space. Let W be a 
Brownian motion on R. It is worth mentioning that W can be obtained as follows: 
let {Wj(i), t £ R+}, i = 1,2, be independent ]R-valued Brownian motions, then 

r Wi(t) if i>0, 
W(t) = I 

{ W 2 (-t) if * < 0, 
is a Brownian motion with the real number line as time parameter. We then let 
T t = a{W{s), s<t}. 

Let (B, || • ||) be a Banach space. This setting requires the following preliminary 
definitions. 

Definition 3.1. A stochastic process X : M. — > L 2 (il;M) is said to be continuous 
whenever 



limE 



X(t) - X(s) 



2 



0. 



Definition 3.2. A continuous stochastic process X : R — > L 2 (51;B) is said to be 
square-mean almost periodic if for each e > there exists /(e) > such that any 
interval of length /(e) contains at least a number t for which 



supE 

t£R 



X(t+T)-X(t) 



< e. 



The collection of all stochastic processes X : R — > L 2 (il;M) which are quadratic 
mean almost periodic is then denoted by AP(R; L 2 (il; B)). 

The next lemma provides some properties of square-mean almost periodic pro- 
cesses. 

Lemma 3.3. If X belongs to AP(R; L 2 (fi;B)), then 

II II 2 

(i) the mapping t — > E LX'(t) is uniformly continuous; 

ll ll 2 

(ii) there exists a constant M > such that E LX'(t) < M, for all t £R. 

Let CUB(1; L 2 (Q', B)) denote the collection of all stochastic processes X : R — > 
L 2 (J7;B), which are continuous and uniformly bounded. It is then easy to check 
that CUB(IR; L 2 (il; IB) ) is a Banach space when it is equipped with the norm: 

||X|| oo = sup(e||X(*)|| 
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Lemma 3.4. AP(R; L 2 (fi;B)) C CUB(R;I 2 (0;B)) is a closed subspace. 

In view of the above, the space AP(R; L 2 (f2;B)) of square-mean almost periodic 
processes equipped with the norm • is a Banach space. 

Let (Bi,||-|| B ) and(B 2 , ||-|| B ) be Banach spaces and let L 2 (Q;M 1 ) andL 2 (ft;B 2 ) 
be their corresponding L 2 -spaces, respectively. 

Definition 3.5. A function F:Rx L 2 (fi;Bi) -> L 2 (ft;B 2 )), (i,F) h^ F(i,Y), 
which is jointly continuous, is said to be square-mean almost periodic in t £ R 
uniformly in Y £ K where K £ L 2 (f2;Bi) is any compact subset if for any e > 0, 
there exists ?(e, K) > such that any interval of length Z(e, K) contains at least a 
number r for which 



supE 

teR 



F(t + r,Y)-F(t,Y) 



< e 



for each stochastic process Y 



Theorem 3.6. Let F 



x L 2 (f2;Bi) -» L 2 (f2;B 2 ), (t,Y) i-> F(t,Y) 6e a square- 



mean almost periodic process in t £ R uniformly in Y £ K, where K £ L (51; Bi) 
is compact. Suppose that F is Lipschitz in the following sense: 



E 



F(t,Y)-F(t,Z) 



< ME 



Y-Z 



for all Y, Z £ L 2 (51;B!) and /or eac/i £ £ R, where M > 0. TTien /or any square- 



mean almost periodic process $ 
square-mean almost periodic. 



L 2 (fi;Bi), the function t ^ F(t,$(t)) is 



The present setting requires the following composition of square-mean almost 
periodic processes. 

Theorem 3.7. Let F : R x L 2 (fi;Bi) -> L 2 (ft;B 2 ), (i,Y) i-» F(i,Y) &e a square- 
mean almost periodic process in t £ R uniformly in Y £ if, where K £ L 2 (il;B!) 
is any compact subset. Suppose that F(t, •) is uniformly continuous on bounded 
subsets K 1 £ L 2 (fi; Bi) in i/ie following sense: for all e > i/iere exists S s > swc/i 

2 



i/iat X V £ if' and E 



X- Y 



< 5 E , then 



E 



F(t,X)-F(i,Y) 



< e, Vi £ 



TTien /or any square-mean almost periodic process $ 
£ i— ► i^(t, <!>(£)) is square-mean almost periodic. 



L 2 (il;Bi), the function 



Proof. Since $ : R — ► L 2 (f2;Bi) is a square-mean almost periodic process, for all 
e > there exists l e > such that every interval of length Z e > contains a r with 
the property that 



(3.1) 



E 



$(£ + t) -#(*) 



< £, Vi £ 



In addition, $ 



L 2 (fi;Bi) is bounded, that is, supE $(£) 



tefl 



if" £ L 2 (fi;Bi) be a bounded subset such that $(i) £ if" for all £ £ 
Now 



< co. Let 
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E 



F(t + r,*(* + r))-F(t,*(t)) 



< 2E 

+ 2E 



F(t + t, $(t + t)) - F(t + r, $(*)) 



F(t + r,*(i))-F(t,*(t)) 



Taking into account Eq. (3.1) (take 8 e = e) and using the uniform continuity of F 
on bounded subsets of i 2 (51;B 1 ) it follows that 



(3.2) 



supE 



< 



F(t + r, fc(t + r)) - F(t + r, $(*)) 
Similarly, using the square-mean almost periodicity of F it follows that 
(3.3) SU pEF(t + r,$(t))-F(t,$(t)) 2 < - 

Combining Eq. (3.2) and Eq. (3.3) one obtains that 

2 

sup E F(t + t, $(i + r)) - F(£, $(£)) < e, 
and hence the function t >— > F(t,<&(t)) is square-mean almost periodic. 

4. Existence of Square-Mean Almost Periodic Solutions 



□ 



This section is devoted to the existence of a square-mean almost periodic solution 
to the nonautonomous stochastic differential equation Eq. (1.2). 

In the sequel, we denote for brevity that for < a < 1, C T . a = C([— r, 0],H a ), 
the space of all continuous functions from [— r, 0] into H a , equipped with the sup 
norm given by 

,,2l V2 

sup zO 

— r<0<O J 

Definition 4.1. A continuous random function, I:Ih L 2 (il;C T . a ) is said to 
be a bounded solution of Eq.(1.2) on M. provided that s — > .4(s)r(£, s)F\(s,X s ) is 
intcgrablc on (— oo,t) and, s — ► A(s)T(t,s)Fi(s,X s ) is integrable on (£, oo), and 

/t />oo 

^(s)r(i,s)F 1 (s,X s )ds+ / A(s)T(t,s)F 1 (s,X s )ds 
-OO Jt 

/£ />oo 

T(t,s)F 2 (s,X s )ds- / r(i,s)F 2 (s,X s )rfs 
-OO Jt 

/t />oo 

r(i, *) F 3 (s, X s ) dW(s) - / T(t, s) F 3 (s, X 8 ) dW(s) 
-oo Jt 

for each i > s and for all t,s£l. 

In this paper, r 1; r 2 , T 3 , r 4 , r 5 , and T 6 stand respectively for the nonlinear 
integral operators defined by 

/t fOO 

A{s)Y{t 1 s)^ 1 {s)ds, (T 2 X)(t):= A{s)r(t,s) *i(s) ds, 

-oo Jt 

/t |*CO 

r(t,*)tf 2 (*)dfl, (T 4 X)(t):= T(t, S )^ 2 ( S )ds 7 

-oo Jt 
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(T 5 X)(t):= T(t,s)* 3 (s)dW(s), (T 6 X)(t) := / T(t,s)* 3 (s)dW(s) 



where *i(s) = FfaX,), * 2 («) - F 2 (s,X s ), and * 3 (a) = F 3 (s,X s ). 

To discuss the existence of square- mean almost periodic solution to Eq. (1.2) we 
need some additional assumptions. First of all, note that for < a < j3 < 1, then 

L 2 (n,W/3) <-* L 2 (n,U a ) ^ L 2 (Q;H) 

are continuously embedded and hence therefore exist constants k\ > 0, k(a) > 
such that 

-2/ 



Ellxll 2 < fciEllxll 2 for each X £ L*(Q, 



EX 



I 2 < fc(a)E||X|| 2 for each X e L 2 (ft 

r> — x / W \\H v 



,) and 
]%). 



(H.3) i?(C,-4(-)) € s(AP(R;Z, 2 (fi; 



)) I . Moreover, there exists a function 7 : 

[0,oo) — ► [0,oo) with 7 e L [0, 00) such that for every e > there exists 
/(e) such that every interval of length /(e) contains a r with the property 



.4(i + r)r(t + r, s + r) - .4(i)r(i, s) 



B(H a ,H) 



<£7(|i-s|) 



for all s,teR. 
(H.4) Let < a < 0.5 < (5 < 1. Let iq : M x L 2 (ft; C T , Q ) -> L 2 ^,!^) be square- 
mean almost periodic in t <G R uniformly in X e (0 C L 2 (£^; C r . Q ) being 
any compact subset). Moreover, F\ is Lipschitz in the following sense: there 
exists K\ > for which 



E 



F 1 (t,X)-F 1 (t,Y) 



< KiE 



X -Y 



for all random variables X,Y £ L (fl; C TQ .) and (eR; 

(H.5) Let F t (i = 2,3) : R x L 2 (fi;C TjQ ) -> L 2 (fi,H) be square-mean almost 
periodic in t <G R uniformly in X e Oi {Oi C L 2 (Q; C T , a )) being any 
compact subset). Moreover, Fi(R x B) is precompact for each bounded 
subset B of L 2 (£l; C T , Q ), and locally uniformly continuous, that is, for each 
r, e > 0, there is r)(r,e) such that E\\Fi(t,X) — Fi(t,Y)\\ 2 < e whenever 
t e R and X, Y e L 2 (n;C T . a ) with E||X|| 2 Q < r, E||y|| 2 Q < r and 
E\\X-Y\\l a < V ; 

(H.6) For i = 2, 3 and for any e > 0, there is a > such that E||F 4 (i,X)|| 2 < 
eE||X|| 2 . Q for alii e R and X e L 2 (f2; C T , a ) with E||X|| 2 Q > a. 

The main result of the present paper will be based upon the use of the well-known 
fixed point theorem of Krasnoselskii given as follows: 

Theorem 4.2. Let C be a closed, convex, and nonempty subset of a Banach space 
B. Suppose the (possibly nonlinear) operators L and M map C into B satisfying 

(a) for all u,v € C , then Lu + Mv G C ; 

(b) the operator L is a contraction; 

(c) the operator M is continuous and M(C) is contained in a compact set. 

Then there exists u S C such that u = Lu + Mu. 

To prove the main result (Theorem 4.9) we need the technical Lemma 4.3 due 
to Diagana. For the sake of clarity and completeness, we reproduce its proof here. 
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Lemma 4.3. [14, Diagana] Under assumptions (H.l) — (H.2), ifO </i<a</3<l 
with la > /i + 1, then there exist two constants m(a,/3),n(a,/z) > such that 



(4.1) A{s)U Q {t,s)Q{s)x < m{a, /?) e - 4 <— *> 



(4.2) A{s)U(t,s)P{s)x <n{a 1 a)(t-s)- a e~i {t - s ^ 



for t < s, 



for t > s. 



Proof. Let x e M.p. Since the restriction of A(s) to R(Q(s)) is a bounded linear 
operator it follows that 



A(s)U Q (t,s)Q(s)x < ck(a) U Q (t,s)Q(s)x 



< ck{a)m{f3)e s( - s - t) 

< m{a, P)e S(s - t) 



for t < s by using Eq. (2.7). 

Similarly, for each x G EL3, using (H.2), we obtain 



A{s)U{t,s)P{s)x 



A{s)A{t)- l A{t)U{t, s)P(s)x 



< 



A(s)Ait)- 1 



for t > s. 

First of all, note that 



< c 

< cak 

A{t)U{t,s) 



B(H,H Q 

A{t)U(t,s)P(s)x 



A{t)U{t,s)P{s)x 



that < t - s < 1 and a e [0, 1]. 
Letting i — s > 1, we obtain 



A(t)U(t,s)P(s)x 



A{t)U{t,s)P{s)x 

< N'(t - sH 1_a ) for all i,s such 

B(H,H a ) 



.4(i)E/(i, * - l)[/(i - 1, s)P(s)a; 



< 



B(H,H Q ) 



U{t-l,s)P{s)x 



A{t)U{t,t-l) 
< NN'e s e- 5{t - 8) 

= K ie -^ {t - 8) {t - s) a (t - s)- a e-^ s ) 

Now since e~T( t_;s )(t — s) a — > as £ — > oo it follows that there exists 04(0;) > 
such that 

A(t)U(t, s)P{s)x < c A {a){t - s)- a e--^-^ 



and hence 



A{s)U{t, s)P(s)x < c fcc 4 (a)(t - s)- a e--^ l - s) 
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for all t, s £ R such that t — s > 1. 

Now, let < t — s < 1. Using Eq. (2.6) and the fact 2a > \i + 1, we obtain 



.4(i)[/(i,s)P(s)a; 



^(t)17(i,^V(^,«)P(*)a; 



< 



*4(£)[/(£ 



t + s, 



B(H,I 



[/(^, S )P( s)a; 



< fefc'-ZV' 



2/ 

i-sx"- 1 



< fc 2 

< ^'(^)°"'*)(^) 



S(H,H ) 

t- s\-» 



U( t ^,s)P( S )x 



e -!(*-«) 



c(m) 



t- s\-» 



e 4 



(t-8) 



< c B (a,M)(*-*) a - 1 -' , e-S(*-) 

< c 5 (a,^)(t-s)- a e-3(*- s ) x 

Therefore there exists n(a, /z) > such that 

-4(t)i7(t, s)P(*)sc < n(a, /x)(i - s)- a e -^*-^ 

a 

for all i, s e E with £ > s. 



□ 



Lemma 4.4. Under assumptions (H.1)-(H.2)-(H.3)-(H.4)-(H.5), £/te integral oper- 
ators T\ andT2 defined above map AP(R; L 2 (il, H Q )) into itself. 

Proof. Let X e AP(1R; L 2 (f2; C T] Q )). Since t i— > Xj is square-mean almost peri- 
odic, using Theorem 3.6 it follows that *i(-) = Pi(-,X t (-)) is in AP(R; L 2 (ft; %)) 
whenever X e AP(R; L 2 (f2; C r , a )). 

Let us show that T r X e AP(R; L 2 (ft; H Q )). Indeed, since *j e AP(R; Z, 2 ^;!^)), 
for every e > there exists 1(e) > such that for all £ there is r e [£, £ + i(e)] such 
that 



E||*i(t + r) -$>i{t)\\l < v 2 e for each te 



where v 

Now 



i(a, fi)T(l - a)4 



— — (r(-) being the classical gamma function). 



E TiXO + t) -TiX(t) 



< 2E / .4(s + r)r(t + r, s + r) [*i (s + r) - *i (s)] ds 



-2E 



< 2Li + 2L 2 



[A(s + r)T(t + t,s + t)- A(s)T(t, s)] *i(s) ds 
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Using the estimate in Eq. (4.2) yields 
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Li < E 



A(s + r)T(t + t,s + r)[*i(s + r) - *i(s)] 



rf.s 



< n(a,^) 2 E<[ /* (t- s )-« e -3 ( *- s) *i(s + r)-*i(s) 

L J — OO 



ds 



n(a^) 2 [ I (t-a)- a e-^ t -^d8] supE *i(t + r) - *i(t) 

il-a\ 2 



, 2/ T (JL-a)g 

,Jl- a 



*l(t + T)-*i(t) 



/3 



< £. 



< n(a,nYl y ~ sl Z' a ~ J supE 

Similarly, using assumption (H.3), it follows that 

:l j A(s + T)T(t + T,S + T)-A(s)T(t, S ) ^(s) ds\ 



L, ' E 



-■ e z 



'- e' 



1 {t-s)ds\\ / 7 (t-*)E *i(s) 



rf.s 



7(t-a)ds] supE *i(s) = e k(a)\\j\\ Tl K<a 1 



i2 

II 1 



Therefore, 



E 



riX(t + r)-riX(t) < [2 + 2k(a)h\\ 1 K^, 1 e)e 



for each t € E, and hence TiX e AP(R; L 2 (Q.; H Q )). 

The proof for r 2 X(-) is omitted as it follows along the same line as that of 
TxX. □ 

Lemma 4.5. Under assumptions (H.1)-(H.2)-(H.3)-(H.4)-(H.5), the integral oper- 
ators T3 and T4 defined above map AP(R; L 2 (fl; H Q )) into itself. 

Proof. The proof for the square-mean almost periodicity of T^X is similar to that 
of T3X and hence will be omitted. Note, however, that for T4X, we make use of 
Eq. (2.7 ) rather than Eq. (2.6 ). 

Let X e AP(R; L 2 (f2, C T , Q )). Clearly, X t e AP(E; L 2 (f2, C T . a )). Setting * 2 (<) = 
F 2 (t,X t ) and using Theorem 3.7 it follows that * 2 e AP(M; L 2 (f2,H)). 

We now show that T 3 X <= AP(R; L 2 (fi, H Q )). Indeed, since * 2 € AP(E; L 2 (ft, H)), 
for every e > there exists 1(e) > such that for all £ there is t e [£, £ + Z(e)] with 

2 
E * 2 (* + r) - * 2 (t) < k 2 • e for each f e E, 



where k = 



c(a)2 1 -«r(l-a) 



(r(-) being the classical gamma function). 
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Now 



E 



(T 3 X)(t + T)-(T 3 X)(t) 

- HI/ 

DC 



< 3E 



+3E 



+3E 

< 3L1 + 3L2+3L3. 

Using Eq. (2.6), it follows that 



T(t + T,s + T)ty 2 (s + T)ds- / T(t,s)V 2 (s)ds 

*/ — 00 

/•CO 

/ r(i + r, t - s + t) [* 2 (i - s + r) - * 2 (* - s)] ds 
Jo 

/oo 
[r(t + r, i - s + t) - r(t, £ - s)] * 2 (* - s) ds 

[r(t + r, t - s + r) - T(t, i - s)] * 2 (* - s) ds 



l; ^ E ir 



r(i + t, t - s + t) [# 2 (* - a + t) - * 2 (* - a)] 



r/.s 



< c(a) 2 EJ /" s~ Q e~5 s * 2 (t - s + r) - * 2 (i - s 

* 2 (t + T )-* 2 (t) 



rf.s 



< c(a) 2 l / s- a e-2 s ds\ supE 

, N2 /r(l-a)2 1 - a \ 2 

< c(«) 2 (^T^ J ^pE 



* 2 (t + T)-* 2 (*) 



<£. 



For L 2 , we use [25, Proposition 4.4] to obtain 

L 2 < e| / [r(t + T ,t-* + T)-r(t,t-s)]tf 2 (t-*) 



rf.s 



< -r e 2 sup E 

tea 



* 2 (*) 



The evaluation of the last term is straightforward. We obtain: 



L3 < E 



/ [T(t + T,t-S + T)- T(t, t - s)] * 2 (t - s) 
Jo 



rf.s 



< 4 M 2 e 2 sup E 



*2(*) 



Combining these evaluations, we conclude that T^X <G AP(R; L 2 (il;M a )). D 

Lemma 4.6. Under assumptions (H.1)-(H.2)-(H.3)-(H.4)-(H.5), the integral oper- 
ators T§ and Tq defined above map AP(R; L 2 (fl; H Q )) into itself. 

Proof. Let X e AP(R; L 2 (fi; C r , a )). Setting * 3 (£) = F 3 (t,X t ) and using Theorem 
3.7 it follows that * 3 e AP(R; Z,' 2 (fi;H)). We claim that T 5 X e AP(R; L 2 (f2; H Q )). 
Indeed, since ^3 € AP(R; L 2 (f2; H)), for every e > there exists /(e) > such that 
for all £ there is r e [£, £ + /(e)] with 

(4.3) E||* 3 (t + r)-* 3 (t)|| 2 <C-e for each fel, 
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where C = ■ , 

s c(a) 2 r(l-2a) 

Now using the expression 

(T 5 X)(t+T)-(T 5 X)(t) = f T(t+T,s+T)^ 3 (s+T)dW(s)- f r(t,a)* 3 (s)dW(a) 

J — oo J —oo 

it follows that 



E 



(r 5 x)(i + r)-(r 5 x)(t) 

< 3E 



-3E 



-3E 



T(t + T,t-s + r)[* 3 (t - s + t) - * 3 (t - «)] dW(s) 

(i 

/■OO 

[r(t + r, f - s + r) - T(t, * - «)] * 3 (t - s) dW(s) 
[T(t + T,t-s + r)- T(t, t - s)] * 3 (t - s) dW(s) 



< 3L" + 3Z/ 2 ' + 3Z 3 



W 5 


E 


/•OO 

/ r(t + T,t-« + T)[* 3 (* 


- s + r) - 


-* 3 (*- 


— * 


)] dW(s) 


< 


/■OO 

c(a) 2 / S - 2a e- 5s E 
Jo 


* 3 (t-« + r)-* 3 (t-a) 


2 


< 


c(a) 2 ( / s- 2Q e _,5s ds) supE 

Wo ' teR 


* 3 (* + r)-* 3 (t) 


2 


< 


c(, 


, 2 r(l-2a) 

teR 


* 3 (i+T 


) - *s(t) 


2 

< e 







For L 2 ', using [25, Proposition 4.4], it follows that 



T" 



< 



E 



C( 



[T(t + r,t- s + t)- T(t, t - s)} * 3 (i - s) dW(s) 



. e sup E 
tern. 



*a(*) 



As to L 3 ', it is straightforward. We obtain 



L'i = E 



[T(t + T ,t-s + T)- T(i, * - «)] * 3 (t - s) dW(a) 



< 4 C(a)M 2 e sup E # 3 (t) 

teR 

Combining these evaluations, we conclude that T 5 X <G AP(R; L 2 (f2;H Q )). 
The proof for TqX(-) is similar to that of T^X(-) except that Eq. (2.7) and Eq. 
(4.1) are used instead of Eq. (2.6) and Eq. (4.2), respectively. □ 



Consider the nonlinear operator S on the space ( AP(M; L 2 (f2;H a )), 
defined by 

EX = "Z 1 X + E 2 X for all X e AP(R; L 2 {Sl;U a )), 
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where 



/t /*oo 

A(s)T(t,s)F 1 (s,X s )ds+ / A(s)T(t,s)F 1 (s,X s ))ds 
-OO Jt 

/t /*oo 

T{t,s)F 2 {s,X s ))ds- / T(t,s)F 2 (s,X s )ds 
-OO Jt 

rt ^OO 

+ / T(t,s)F 3 (s,X s )dW(s)- T(t,s)F 3 (s,X s )dW(s). 



In view of Lemma 4.4, Lemma 4.5, and Lemma 4.6, it follows that S maps 
AP(M; L 2 (il; H Q )) into itself. In order to apply Krasnoselskii's fixed point theorem, 
we need to construct two mappings: a contraction map and a compact map. 

Lemma 4.7. The operator Si is a contraction provided K(a,f3, S, fi, K\) < 1. 

Proof. Let X,Ye AP(R; L 2 (f2;H a )). Using (H.1)-(H4), we obtain 



E 



F 1 (t,X t )-F 1 (t,Y t ) 



< k(a)K{E, 

< k{a) ■ K x 



X, - Y, 



X-Y 



which yields 



F^XJ-F^Y.) <k'{a)-K[ 



X-Y 



Now for Ti and L 2 , we have the following evaluations 



E 



t 

< e' 



< n( 



^(«)r(t,a)[Fi(a,X 8 )-Fi(«,y 8 )] 



("■"'"(/. ('-)-•-**-"*)»< 



rf.s 



(i-s)- a e-^*- s )E F^X^-i^s.y) 



rf.s 



-.. n( 



(a, M ) 2 Ki ( / (i-s)- Q e-J (t - s) rfsj 



x-y 



and hence 



LiX-LiF 



< n(a, n) ■ K 1 



, 4 1 -°L(l-a)) 



X-Y 
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Similarly, 



E 



(T 2 X)(t)-(T 2 Y)(t) 
< E 



A(8)T(t,a)[F 1 (a,X a )-F 1 (a,Y e )] 

< m(a,P) 2 (f e-^ 5 -*) ds) x 
x( / e-^-^WF^Xs) - F^Y^Wl ds 

< m(a, f3) 2 k(a) K x ( / e - *^ - *) dsj X-Y 



and hence, 



T 2 X-T 2 Y 



< 



m{a,/3) ■fe'(a) ■ ATJ 



X- Y 



a 



Lemma 4.8. TTie nonlinear operator S 2 is continuous. Moreover, its image is 
contained in a compact set. 

Proof. Let us consider the set V = {X e AP(R; L 2 (fl,W a )) : ||X||^ Q < R'} for 
some fixed R' > 0. For the continuity, let X n <G AP(R; L 2 (f2,H Q )) be a sequence 
which converges to some X e AP(R; L 2 (fi,H Q )), that is, ||X™ - X^^ -» as 
n — > 00. It follows from the estimates in Lemma 2.3 that 



E 



* 2 

r(M)[^ 2 ( s ,x s n )-F 2 ( s ,x s )]d s 



<E 



c(a)(t - s)- a e-i (*~ s ) F 2 ( S ,X S ") - ^ 2 (s,X s ) 



ci.s 



Now, using the continuity of F 2 and the Lcbesgue Dominated Convergence Theorem 
we obtain that 



E 



T(t, S )[F 2 ( S ,Xl l )-F 2 (s,X s )}ds 



By similar arguments, we can also show that 



E 



T(t, S ){F 2 ( S ,XZ)-F 2 ( S ,X s )}ds 



as n — > 00 



as n — > 00 . 



For the term containing the Brownian motion W, we use the estimates (4.1) and 
(4.2) to obtain 



E 



T(t,s)[F 3 (s,X^)-F 3 (s,X s )} 



<C(a) 2 / (t-s)- 2a e- s{t - s ^ F 3 (s,Xl l )-F 3 (s,X s ) 



ds . 
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Now, using the continuity of P3 and the Lcbesgue Dominated Convergence Theorem 
we obtain that 

ft. 



E 



r(t,s){F 3 (s,XZ) -F 3 (s,X s )]dW(s) 



By similar arguments, we can also show that 



E 
Therefore, 



T(t,s)[F 3 (s,X?) -F 3 (s,X s )} dW(s) 



as n — ► oo . 



as n — > oo . 



z>?X — siX 



as n — ► oo. 



We now show that S 2 maps V into a compact set; in particular, we show that 
S 2 (V) is an equicontinuous set. Indeed, let e > 0, ti < t 2 , an d X G V be arbitrary. 
Now 



E 



(E 2 X)(t 2 ) - (3 2 X)(t!) 

< 4E 

+4E 
We have 



(rsXX^-trsXXiO 
(r 5 x)(i 2 ) - (r 6 *)(*i) 



-4E (T 4 X)(t 2 ) - (r 4 X)(i!) 

4E (r 6 x)(t 2 ) - (rv0(O 



E 



(r 3 x)(t 2 )-(r 3 x)(*i) 



< 2E 



2E 



!7(t 2 ,*)P(*)tf 2 (*)d8 



[/(i 2 ,s)P(s)1< 2 (s)ds 



2E 



[/(i 2 ,s)P(s)* 2 (s)ds 
'tl 

27Vi+27V 2 - 



-2E 



-2E 



2E 



ti 



[E7(* 2 ,a)-^(ti,*)]P(*)* 2 (a)d« 

(9t/(r, 5) 
<9t 



—00 
ti , /•* 



-00 j ti 

ti , rt 2 



dT)P(s)y 2 (s)ds 



OO J ti 



A(t)U(t,s)P(s) * 2 (s) dr) ds 



Clearly, 



TVi < E 



t/(i 2 ,s)P(s)* 2 (s) d.s| 



Similarly, 



TV, < E 



< c z E 



< c(a) 2 -E\ / {t 2 -s)- a e 



tl . /-t2 



— OO ./ f 

tl , /-*2 



* 2 ( S )|d S } 2 . 



A(t)U(t, s)P(s) * 2 (s) dr) ds} 
( / 2 ^(s)C/(t,s)P(s)\E' 2 (s) dr) d s y 



< c 2 n(a,fi) 2 E{ f 1 ( /" a ( r _s)-"e-*< T ->|*2(*)| dr) ds}' . 
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Therefore, 



E 



(r 3 x)(t 2 )-(r 3 x)(ti) 



< 2c(a) 2 E / (t 2 -s)- a e- 



* 2 (s)|ds} 2 
-2 c 2 n(a, m) 2 e{ f ' ( f ' ( T - s)- a e~ S( T -»>|tf 2 ( 8 )| dr) ds} 



< K(a,6,n) (£ 2 -£i) 2 supE * 2 (t) 

ten 



where if(a, <5, /i) is a positive constant. 
Similar computations show that 



E 



(r 4 x)(t 2 ) - (TiX)(ti) 

< 2c(a) 2 E 

*■ Jt 

2c 2 m(a,/3) 2 E 



{ /" a e -*('-*0 * 2 («) rf s } 



OO /-t 2 



= -«(«-t) 



* 2 (*)| dr)ds}' 



< #(a,<5,/3)(i 2 -ii) 2 supE * 2 (t) 



where i^(a, (5, /3) is a positive constant. 
Let us now evaluate T^X. We have 



E 



1.2 



< 2E 



+2E 



'i 



U(t 2 ,s)P{s)^ 3 {s)dW(s) 



[Ufa, s) - U(h,s))P(s) * 3 (s) dW(s) 



27V{+2iV 2 . 



Let us start with the first term. By Ito isometry identity we have 



N[ < c{af\ (h-s)- 2a e- 5< - t2 -^E * 3 (s) 



< 



c{af ( [\t 2 - s)- 2a e- s ^^ da) supE 



ri.S 



*s(«) 
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Similarly, 



N> 2 



E 



E 



E 



r 


- rt-2 


J — CO 


-L 


f 


- rt-2 


J — oo 


-L 



— t/(r, s) dr P(s) * 3 (a) dW(s) 
or J 

-4(t)£/(t, s) drj P(s) * 3 (s) dW(a) 
^(r)C/(r,ti){ /"' l7(ti,a)P(«)* 3 (*)dW(*)}dT 
A(t)U(t, s) P(s) * 3 (a) dW(s) dr 

a 

^)(/(r,s)P(s)f 3 (s)dW(s) f /r 
(r- S )- 2Q e-i(— ) E 



< E 



/■*2 

< eg (t 2 - *i) / E 



— oo 

*2 , /-tl 



< Con(a,/i) 2 (i 2 - ti) 

/tl ^ J —OO 

< cln{a,nf{h-hf f 1 (h-s)- 2a e-^- s ^ * 3 («) 

J — OO 

< c 2 , n(a, m) 2 (*2 - *i) 2 T(l- 2a) (-) 1_2a sup E tt 3 (s) 

^ seR 



* 3 (s) dsj rfr 



<is 



<i,s 



Hence, 



E 



(r 5 x)(t 2 ) - (r 5 x)(h) 



< K 



K(T, a, 5) (i 2 -h) + K X {T, a, 6, p) (i 2 - hf 



where K(T, a, 5, /i) is a positive constant depending on T, a, S, and \x. 
Similar computations show 



E 



(T 6 X)(t 2 ) - (T 6 X)(h) 



< K 



K(a, S) (t 2 - ti) + K(a, (3, S) (t 2 - ti) 2 



where K(a, S) and -&T(a, /J, (5) are positive constants. 

From the theorem of Ascoli-Arzela, it follows that S 2 (V) is contained in a com- 
pact set. The proof is complete. □ 

Theorem 4.9. Suppose assumptions (H.1)-(H.2)-(H.3)-(H.4)-(H.5)-(H.6) hold and 
that K(a, (3,8, /i, K\) < 1, the evolution equation Eq. (1.2) has a square-mean 
almost periodic solution X satisfying 

X = Z 1 X + Z 2 X. 

Proof. Fix e > and let i= 2, 3. It follows from assumption (H.6) that there exists 
r > such that 



E 



Fi(t,Y) <£~E\\Y\\ for all teR and Y e L 2 (n,U a ) with ~E\\Y\\ >r. 
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Setting 



Therefore, 



M; = sup {E 1 1 i^Y) 



ieR, E \\Y\\ <r\ 



(4.4) E Fi(t,Y) <M t + eF,\\Y\\ Ta for all (t,Y) eRx L 2 (fl,C T , a ) . 

Also, using Lemma 2.3 , Eq. (4.1), Eq. (4.2), Eq. (4.4), and assumption (H.4) we 
can show that 



E 



(EiXW + iEiY)® 

2 /T(l -a)2 1 -"\ 2 fm{a,/3)^' 2 



< 12 



8c(a) 



l+n(«,„) a ( ,J a ) +( , 

r/T(l -a)2 1 -"\2 /m(a)\ 2 



A'i X +sup 



Fi(i,0) 



V 5 1 -" 



M 2 + e F 



, r(l-2a) A-(a,/3) 



M 3 + e F 



= Cl (a,/3^, M ,r)(K 1 ||x|| coQ + sup|F 1 (t,0)|| 2 )+ C2 ( a , / 3,5,r)(M 2 + e ||y|| cO] J 
+ C 3(a,/3,5,r)(M 3 + £ ||y|| o0ia ). 

Now, for e, _ftTi small enough, choose i? such that 

Cl {a, p,8, i^,T) ^R+a^ +c 2 {a, /3,6,T) ^M 2 + eR^j +c 3 {a, /3,S,T) ^M 3 +eR^j <R 



Fi(t,0) , a(a,(3, 8, (J,,T) and Cj(a, /?, (5, T) (i = 2, 3) are constants 
, (3 , S, and the classical gamma function T(-). 

Let VF = <J Z e AP(R;L 2 (n;U a ) : \\z\\ < R \. For X, Y E W, we have 



E 



(s 1 x)(i) + (5 2 y)(i) 



<i?. 



Thus (SiX)(t) + (E 2 Y)(t) e 14 7 . In view of Lemma 4.4, Lemma 4.5, Lemma 4.6, 
Lemma 4.7, and Lemma 4.8, the proof can be completed by using the Krasnosclskii's 
fixed point theorem (Theorem 4.2). 

□ 



5. Example 
Throughout the rest of this paper, we suppose < a < 0.5 < /? < 1. 

Example 5.1. Fix T > 0. Let H = L 2 [0,7r] equipped with its natural topology. 
Here, for fj, e (0, 1), we take H M = (l 2 [0, tt],MJ[0, tt] n H 2 [0, tt]) equipped with 

its ^i-norm || • |L. 
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To illustrate our main result, we study the existence of square-mean almost 
periodic solutions to the one-dimensional stochastic heat equation with finite delay 
given by 

— +a(t,x)$ + F 2 (i,$ t ) 







* + Fi(i,* t 



dt + F 3 (t,$ t )dW(t), Mx[0,7r] 



$(t,0) = $(t,7r) =0, ieE 

where a : K x [0, 7r] h^ E is T-periodic in t G M uniformly in x G [0,7r], and 
Fi :MxL 2 (fi;!B Q ) h^ I, 2 (£},%) and F;(i = 2, 3) : Mxi 2 (f2, <8 Q ) -» L 2 (f2, L 2 [0,tt]) 
are square-mean almost periodic processes. 

Define the corresponding linear operator A(t) on L 2 (f2, L 2 [0,7r]) as follows: 

A(m=^+a(t 1 x)^> for all $ G £>(A(i)) = L 2 (fi,Mi[0,7r] n H 2 [0, tt]), 

where o : R x [0, tt] n R, in addition of being T-periodic satisfies: there exist 
<5o G (0, 1) such that 

a(t, x) < do 

for all i G R and x G [0, 7r]. 

Clearly A(t + T) = A(t) for all tgt. Moreover, it is then easy to check that the 
evolution family U(t, s) associated with A(t) is exponentially stable, which yields 
dichotomy with dichotomy projections P(t) = I and Q(t) = 0. Indeed, 

i-t 
a(r, x)dr 
U(t, s) = T(t - s)eJs for all t > s, 

where T(t) is the analytic semigroup associated with the second-order differential 
operator 

9 2 <r> 
A<&=— - with D(A) =£ 2 (f2,H ( 1 ) [0,7r]nlHI 2 [0,7r]). 

Now 

\\U(t,a)$\\ <e- (1 - do)(t - s) ||c&||, t>s. 

Moreover, U(t + T,s + T) = U(t, s) for all t > s. Now since Q(t) = 0, it follows 
that r(i, s) = U(t, s) and hence 

A(t + T)T(t + T,s + T)= A(t)T(t, s). 

We have 

Theorem 5.2. Under previous assumptions, then the heat equation Eq. (5.1) has 
a solution $ G AP(R, L 2 ([0, tt], M a )). 
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Abstract: Based on the homotopy analysis method, a scheme is developed to obtain approximation solution 
of a fractional order generalized Huxley equation. The fractional derivatives are described by Caputo's sense. 
Exact and /or approximate analytical solutions of this equations are obtained. The solutions of our model 
equation are calculated in the form of convergent series with easily computable components. 
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1. Introduction 

Nonlinear partial differential equations (NPDEs) are encountered in such various fields as physics, chemistry, 
biology, mathematics and engineering,. Most nonlinear models of real life problems are still very difficult to 
solve, either numerically or theoretically. The fractional order generalized Huxley equation 

D?u-u xx =(3u(l -u s )(u s -7), <x < 1, t> 0, < a< 1 (1) 

with the initial condition of 

u(x,0) = [| + |tanh(cT7x)]J (2) 

describes nerve pulse propagation in nerve fibres and wall motion in liquid crystals. The exact solution of this 
equation was derived by Wang et al. [1] , using nonlinear transformations and is given by 

u (x, t) = [\ + l tanh (ay(x + j ^ ~ J } " }*))]*. (3) 

where a = jzj+sy and p = -y/4/3 (1 +8). 

Many researchers have used various numerical methods to solve equation (1) numerically. Hashim et al. 
investigated the generalized Huxley equation, using Adomian decomposition method (ADM) [2] and Wazwaz 
studied the generalized forms of Burgers, Burgers-Kdv and Burgers-Huxley equations [3]. Hashem et al. studied 
the generalized Burger's- Huxley equation [4], and Estevez investigated non-classical symmetries and the singular 
modified Burger's and Burger's-Huxley equation [5]. Hashemi et al. solved the generalized Huxley equation 
by He's homotopy perturbation method (HPM) [6]. Batiha et al. solved the generalized Huxley equation by 
variational iteration method (VIM) [7] . 

In this paper, i solve the fractional order generalized Huxley equation by homotopy analysis method (HAM) 
[8-14]. The results are compared with the available exact solutions and those were obtained by the (ADM) [2] 
and homotopy perturbation method (HPM) [6]. 

2. Basic definitions 

In this sections, we give some defintions and properties of the fractional calculus. The fractional calculus 
is a name for the theory of integrals and derivatives of arbitrary order. There are many books [15-18] that 
develop fractional calculus and various definitions of fractional integration and differentiation, such as Grunwald- 
Letnikov's definition, Riemann-Liouville definition, Caputo's definition and generalized function approach. For 



1 E-mail: m-S— mohamed2000@yahoo.com 
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the purpose of this paper, the Caputo's definition of the fractional differentiation will be used, taking the 
advantage of Caputo's approach that the initial conditions for fractional differential equation with Caputo's 
derivatives take on the traditional form as for integer-order differential equation. 

Definition 1. A real function h(t), t > 0, is said to be in the space (7,,,/jgR, if there exists a real number 
p > /x,such that h(t) = t p hi(t), where hi(t) € C(0,oo),and it is said to be in the space C" if and only if 

Definition 2. The Riemann-Liouville fractional integral operator (J a ) of order a > 0, of a function 
h <G C^, [i > —1, is defined as 

1 r* 

J a h(t) = — — / (t - tT^MtUt (a > 0)J°h(t) = hit) (4) 

r(a) J 

r(a) is the well- known Gamma function. Some of the properties of the operator J a , which we will need here, 
are as follows: 

(1) J a jPh(t) = J a +Ph{t), 

(2) J a jPh(t) = jPj a h{t), 

(3) J a t 7 - rrSwi) iQ+7 - 

Definition 3. The fractional derivative (D a ) of h(t) in the Caputo's sense is defined as 

1 /"' 

D a h(t) = — / (t-T) n - a - 1 h ( - n) (T)dT ,iom-l<a<n, n E N , t > 0, h e C\. (5) 

T(n-a)J 

The following are two basic properties of Caputo's fractional Derivative [18]: 

(1) Let h e C v : 1 ,n e N. Then D a h, < a < n is well defined and D a h E C_i. 

(2) Let n - 1 < a < n, n e N and h e C™, fj, > -1. Then 

n—l ,fc 

(j«D«)/ l (i) = M*)-E /l(fe) (° + )M- ( 6 ) 

fc=0 

3. The homotopy analysis method (HAM) 

We apply the HAM [8-14] to Huxley equation with initial conditions. We consider the following differential 
equation 

N[u(x,t)}=0, (7) 

where N is a nonlinear operator for this problem, x and t denote independent variables, u(x, t) is an unknown 
function. By means of the HAM, one first construct zero-order deformation equation 

(1 - q){<t>{x, t; q) - u (x, t)) = qhH(t)N[<f>{x, t, q)}, (8) 

where q G [0, 1] is the embedding parameter, h ^ is an auxiliary parameter, H(t) ^ is an auxiliary function, 
is an auxiliary linear operator, u Q (x,t) is an initial guess. Obviously, when q — and q = 1, it holds 

4>(x,t;0) = uo(x,t), 4>(x,t;l) — u{x,t). (9) 

Liao [8-14] expanded <p(x,t;q) in Taylor series with respect to the embedding parameter q, as follows: 

oo 
<p(x, t; q) = u (x, t)+ ^ u m (x, t)q m , (10) 

m— 1 

where 



1 d m (j>{x,t-q) 
dq 11 



u m (x,t)= ^ rr^ i^o (ii) 
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Assume that the auxiliary linear operator, the initial guess, the auxiliary parameter h and the auxiliary 
function H(t) are selected such that the series (10) is convergent at q = 1, then we have from (10) 

oc 

u(x, t) = u (x, t) + ^2 u m {x, t). (12) 

m— 1 

Let us define the vector 

Un(t) = {u Q (x,t),ui(x,t),u 2 {x,t), ,u„(x,t)}. (13) 

Differentiating (8) to times with respect to q, then setting q — and dividing then by m!, we have the 
rath-order deformation equation 

£(u m (x,t) - x m u m -i(x,t)) = /iif(i)7?. m (w^'_ 1 ), (14) 

where 

*U«m-l) = J^ZTfl d^ 1 l,= °' (15) 

and 

J TO ^ 1 ' flfi\ 

H m = \ (16) 

[1 TO > 1. 

The mth-ovder deformation Eq. (14) is linear and thus can be easily solved, especially by means of symbolic 
computation software such as Mathematica, Maple, MathLab. 
4. Analysis of the method by the HAM 
To solve Eq. (1) with an initial condition (2) by means of HAM, we choose the linear operator 

W{x,t;q)\ = g- f , (17) 

with property [c] = 0, where c is a constant. We define a nonlinear operator as 

N[<Kx,t;q)] = d ^ x ^ - d V 0M ;g) _^ 1 + ^s + i {X}t . q)+ ^2S + i {X)t . q)+ ^ {x>t . q y (lg) 
We construct the zeroth-order deformation equation 

(1 - q)(<f>(x, t; q) - u (x, t)) = qhH(t)N[<f>{x, t, q)} . 
For q = and q = 1, we can write 

<j){x,t; 0) = uo(x,t) — u(x, 0), 4>(x,t;l) — u(x,t). (19) 

Thus, we obtain the mth-oider deformation equations 

£(u m (x,t) - x m u m _i(x,t)) = hH^y&miUn-i), 
where 

^.(tC-l) = d<t>m - 1 ^ t;q) dVm-lj-Mig) + /3 ^+l( 3; ,t; g )- i 8(l+ 7 )^+_l 1 ( a; ,t; g )+^ Tn _ 1 ( 3; ,t; g ). (20) 

In order to obey both the rule of solution expression and the rule of the coefficient ergodicity [12], the auxiliary 
function can be determined uniquely H{t) = 1. 

Now the solution of the mth -order deformation equations (20) for to > 1 become 

u m (x,t) = x m M TO _i(cc,i) +h j a '^ m (u^_ 1 ). (21) 
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So, a few terms of series solution are as follows: 

uo(&,t) = [^ + ^tanh((rya:)]», (22) 

u-i (x,t) = -^— -((l + tanh(CT7x))J(2 (_ J ) 7 (li ^V 2 tanh 2 (ajx) + 2 ( ~?) 7 ( 1J i M ) cr 2 

d 2 T{a + 1) 

- 1 + 2.5 ■, 9 , o / -1 + 5 -, / 1+25 n 



'C-' 



/ 1\ / 1 + 25 \ 9 9 J'^l+i'l / 1 + 25 \ 9 

+2 l *V « V tanh (0-70;) 5 - 2 l « V * V tanh(<77ai) 

+2 (-i)7(^) / 3(2(j) 7 (j)((l + tanh(a7 ;E ))7)^ 2 -2(-7) 7 (^) ; 3 ( 52 

_2(-j) 7 ( i ^V 2 <5 + 2(-^7(7^(2(T) 7 (j)((i + taiili( C r7a ; ))J)^ 2 (23) 

-2 ( -7 ) 7 ( J ) /?(2 ( T i ) 7 (j)((i +t anh( C r7a;))J) 2,5 <5 2 )r). 
According to the HAM, we can conclude that 

u (x, t) = uq (x, t) + Mi (a;, i) + (24) 

Therefore, substituting the values of uq (x,i) and u\ (x,t) from Eqs. (22), (23) into. Eq. (24) yields: 

u(x,t) = — — r((l + tanh (0-72;))^ (2 (_ ^ ) 7 (id 2 M) cr 2 tanh 2 (<r-fx) + 2 (_ ^ ) 7 (id ^V 2 

+2^ _; « ^7^" s - V 2 tanh 2 (0-72:) <5 - 2^^— ) 7 (^~ V 2 tanh (1770;) 

+ 2(-i)7(^) / 3(2(j) 7 (j)((l + tanh(a7 ;E ))7)^ 2 -2(-7) 7 (^) ; 3 ( 52 

_2(-^ 7 ( id ^V 2 <5 + 2(-^7(^/3(2(T 1 ) 7 (7)((i + tanh( C r7a ; ))J)' 5 (5 2 (25) 

_2 ( ~7 ) 7 ( 7 ) /3(2 ( T ) 7^ ) ((l + tanh(cr7a;))^) 2 ' 5 5 2 )i Q ) + [| + | tanh (crya:)] J . 
When ft = — 1 and a = 1, we obtain 

w(x,t) = —((1 + tanh (cr7x))7(2 (_ 7 ) 7 (i T M) cr 2 tanh 2 (1770;) + 2 (_ J ) 7 (i ^V 2 

/ n ;1+2J\ 9 9 / -1 + 5 ^ / 1 + 25 \ 9 

+2 { s>j { t > a tanh (ajx)S - 2 { » >j { 1 >a tanh (crya;) 
+2^i^^^(2^^\(l + t S aih(a 7 x)^) 6 S 2 -2^^^p6 2 

_2 ( "7 ) 7 (i r i) cr 2 (5 + 2 ( "' ) 7 ( 7 ) /3(2 ( T 1 ) 7 (7)((i + tanh (0-70;)) y)^ 2 (26) 

-2 ( -7 ) 7 ( J ) /3(2 ( t) 7 (i)((i + tanh (o-7x))7) 2 ^ 2 )i) + [- + - tanh (cr 7 x)]7, 
which the same as the solution obtained by [6] and [19]. Then find at ft, = — l,and a = 1 

U [X, IjfjAM = U v X ' /ADM = U \* C ' VHPM ' 

Now we shall illustrate the accuracy and efficiency of HAM applied to Eq. (1) compared to the ADM [2] 
and HPM[6]. For this purpose, i consider the same parameter values for the generalized Huxley equation (1) as 
considered specifically in [2]. 
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Table 1: Approximate solution of (1) for some a using the 2— term HAM approximation with h 
-0.7, = 1, 7 = 0.001 and 6 = 1. 



-0.3, h 



h = -0.3 h = -0.7 


x t Exact a = 0.2 a = 0.75 a = 0.2 a = 0.75 


0.1 


0.05 


5.00030E-4 


4.99973E-4 


5.00009E-4 


4.99913E-4 


4.99998E-4 




0.1 


5.00043E-4 


4.99966E-4 


5.00003E-4 


4.99897E-4 


4.99984E-4 




1 


5.00268E-4 


4.99936E-4 


4.99936E-4 


4.99827E-4 


4.99827E-4 


0.5 


0.05 


5.00101E-4 


5.00044E-4 


5.00080E-4 


4.99984E-4 


5.00068E-4 




0.1 


5.00113E-4 


5.00037E-4 


5.00074E-4 


4.99968E-4 


5.00055E-4 




1 


5.00338E-4 


5.00007E-4 


5.00007E-4 


4.99898E-4 


4.99898E-4 


0.9 


0.05 


5.00172E-4 


5.00114E-4 


5.00150E-4 


5.00054E-4 


5.00139E-4 




0.1 


5.00184E-4 


5.00108E-4 


5.00145E-4 


5.00039E-4 


5.00125E-4 




1 


5.00409E-4 


5.00077E-4 


5.00078E-4 


4.99969E-4 


4.99969E-4 



Table 2: Approximate solution of (1) for some a using the 2— term HAM approximation with h = —0.3, h 
-0.7, = 1, 7 = 0.001 and S = 3. 



h = -0.3 h = -0.7 


x t Exact a = 0.2 a = 0.75 a = 0.2 a = 0.75 


0.1 


0.05 


7.93740E-2 


7.93649E-2 


7.93707E-2 


7.93554E-2 


7.93688E-2 




0.1 


7.93760E-2 


7.93639E-2 


7.93697E-2 


7.93530E-2 


7.93667E-2 




1 


7.94117E-2 


7.93591E-2 


7.93591E-2 


7.93418E-2 


7.93418E-2 


0.5 


0.05 


7.93820E-2 


7.93729E-2 


7.93780E-2 


7.93634E-2 


7.93768E-2 




0.1 


7.93839E-2 


7.93718E-2 


7.93777E-2 


7.93609E-2 


7.93746E-2 




1 


7.94196E-2 


7.93670E-2 


7.93670E-2 


7.93497E-2 


7.93498E-2 


0.9 


0.05 


7.93899E-2 


7.93808E-2 


7.93865E-2 


7.93713E-2 


7.93847E-2 




0.1 


7.93919E-2 


7.93797E-2 


7.93856E-2 


7.93688E-2 


7.93825E-2 




1 


7.94275E-2 


7.93749E-2 


7.93750E-2 


7.93577E-2 


7.93577E-2 



5. Conclusion 



In this paper, the homotopy analysis method HAM was implemented to derive exact and approximate 
analytical solutions for both linear and nonlinear partial differential equations of fractional order. HAM contains 
a certain auxiliary parameter h which provides us with a simple way to adjust and control the convergence 
region and rate of convergence of the series solution. It was also demonstrated that the Adomian decomposition 
method ADM and Homotopy perturbation method HPM are a special cases of HAM. Mathematica has been 
used for computations in this paper. 
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Abstract 

Let A and B be nonempty subsets of a metric space X and also T : A U B — > 
4UBandS:AUB^AUB, T(A) C B, S(B) C A and e > 0. We are going 
to consider element x E A and y E B that is d(Tx, Sy) < e. We call (x, y) an 
e-pair proximity. 

MSC (2000): 46A32, 46M05, 41A17. 

Keywords: e-Pair proximity, e-Pair contraction maps, e-Approximately com- 
pact. 



1 Introduction 

Let T be a self map of a metric space (X, d) . Let us look for an approximate so- 
lution of Tx = x. If there exists a point z £ X such that d(Tz, z) < e, where 
e is a positive number, then z is called an approximate solution of the equation 
Tx = x, or equivalentlyz G X is an approximate fixed point (or e- fixed point ) of 
T. In many situations of practical utility, the mapping under consideration may not 
have an exact fixed point due to some tight restriction on the space or the map, or 
an approximate fixed point is more than enough, an approximate solution plays an 
important role in such situations. The theory of fixed points and consequently of ap- 
proximate fixed points finds application in mathematical economics, noncooperative 
game theory, dynamic programming, nonlinear analysis, variational calculus, theory 
of integro-differential equation and serval other areas of applicable analysis (see, for 
instance, [5], [9], [10], [14], [15] ). Cromme and Diener [7] have found approximate 
fixed points by generalizing Brouwers fixed point theorem to a discontinuous map, 
Hou and Chen [11] have extended their results to set valued maps.Espinola and 
KirK [10] obtained interesting results in product spaces. Tijs er al [15] have dis- 
cussed approximate fixed point theorems for contractive and non-expensive maps 
by weakening the conditions on the spaces. R. Branzei et al [5] further extended 
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these results to multifunctions in Banach space. Recently M. Berinde [4] obtained 
approximate fixed point theorems for operators satisfying Kannan, Chatterjea and 
Zamfirescu type of conditions on metric spaces. In this paper we study some basic 
e-pair proximity results in generalized metric spaces. Also we want to obtain rela- 
tions e-pair proximity and e -fixed point. Throught the paper, suppose X is a metric 
space and A, B are two nonempty subsets of X. 

Definition 1.1. Let T : X — ► X and e > and x £ X. Then an element 
xq £ X is an approximate fixed point (or e -fixed point) of T if d(Txo,xo) < e. 



2 Main Results 



In this section we consider e-pair proximity for two maps T : AU B ^ AU B and 

S : AllB ^ AllB. 

Definition 2.1. Let T : AU B -> AU B and S : AllB -»■ AllB be two maps, such 
that T(A) C B, S{B) C A and e > 0. A point (x, y) in Ax B is said to be an e-pair 
proximity point for (T, S), if 

d(Tx, Sy) < e. 

We say (T, S) has the e-pair proximity property if for every e > 0, Pf T S \(A, B) / 
where 

Pfr s) (A, B) = {(x, y)£AxB: d(Tx, Sy) < e}. 



Proposition 2.2. Let T : All B -»■ AU B and S : AU B -+■ AU B be two maps, 
such that T(A) C B, S(B) C v4 and e > 0. ///or every (x,y) £ Ax B 

d(T n (x),S n (y))^0 

then (T, S) has the e-pair proximity property . 

Proof: Suppose (x,y) £ Ax B. Since d(T n (x),S n (y)) — ► 0, for every e > 

3n > si. Vn > n : d(T n (x), S n (y)) < e 

Then d{T(T n ~ l (x), S(S n - l (y)) < e for every n > n . Put x = T n °- l (x) and 
2/0 = S no_1 (y))- Hence d(T(x ), 5(y )) < e and P ( e Tj5) (A 5) / 0. ■ 

Proposition 2.3. LeiT:v4u£^,4u5 and S : All B ^ Al) B be two maps, 
such that T{A) C B, 5(5) C ^ and e > 0. ,4/so /or every (x,y) £ Ax B 

d(Tx, Sy) < ad(x, y), < a < 1 (*) 

If x £ A is an e-fixed point for T or y £ B is an e-fixed point for S, then (T, S) has 
the e-pair proximity property. 
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Proof: Suppose x £ A and y £ B 

d(T(x),S(Tx)) < ad(x,Tx) and d(S(y),T(Sy)) < ad(y,Sy) 

Therefore, if x is an e-fixed point for T , or y is an e-fixed point for S, then for 
alle>0, P^ TS) {A,B) / 0. 

Proposition 2.4. Let T : All B -> All B and S : All B -> All B be two maps, 
such that T(A) C B, S(B) C A and e > 0. For every (x,y) £ Ax B 

d(Tx, Sy) < ad(x, y), < a < 1 (*) 

then for every e > 0, Pf T S JA,B) ^ 0. Moreover, if x £ A is an e-fixed point T, 
y £ B is an e-fixed point S and (T, S) satisfy in (*) then d(x, y) < jz^- 

Proof: Suppose x £ A and y £ B 

d(r\x),S n (y)) = d(T(T n -\x),S(S n -\y))) 

< ad(T n -\x),S n - 1 (y)) 

< 

< a^diTx^y) 

< a n d(x,y). 

Therefore d(T n (x), S n (y)) -> as u -> oo. From Proposition 2.3, (T,S) has the 
e-pair proximity property. Since 

d{x,y) < d(x,Tx) + d(Tx,Sy) + d(y,Sy) 
< 2e + ad(x,y). 

Thend{x,y)<^. ■ 

Proposition 2.5. Let T : All B ^ Al) B and S : AU B -► AU B be two maps, 
such that T(A) C B , S(B) C A and e > 0. For every (x,y) £ Ax B 

d(Tx,Sy)<(3[d(x,Tx) + d(y,Sy)}, 

where (3 > and 2/3 < 1. T/ien 

a) i/ x is an e-fixed point for T , or y is an e-fixed point for S, then for all e > 0, 

b) if { x n} has a convergent subsequence. Then for every e > 0, Pf TS JA,B) ^ 0. 
Proof. Part a): Suppose (x,y) £ Ax B 

d{Tx,S{Tx)) < P[d(x,Tx) + d(Tx,S(Tx))} 
d(T(Sy),Sy) < (5[d{Sy,T{Sy)) + d(y,Sy)}. 
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Therefore 



d(Tx,S(Tx)) < -^—d(x,Tx)<d(x,Tx) (*) 
1-/3 

d(Sy,T(Sy)) < ^d(y, Sy) < d(y, Sy). 



Since x is an e-fixed point for T , or y is an e-fixed point for S, for every e > 0, 

P ( V ;S) (A#)^0. 

Part b): Suppose (xo,yo) G Ax B and define 

x n +i = Sy n , y n+ i = Tx n , n G N. 

Now in the part (*) we set x = x n and y = y n +i- Then 

d(y n+1 ,x n+2 ) < kd(x n ,y n+1 ). 

Also there exists s G R such that k = s 2 . Therefore 

d(y n+ i,x n+2 ) < s 2 d(x n ,y n+1 ) 

< S 4 d(x n - 2 ,yn+l) 

< s 6 d(x n „ 4 ,y n+ i) 

< 

< s n+ d(xo,y n +i) if n even and s n+ d(xi,y n+ i) if n odd. 

It follows that d(y n +i,x n+ 2) = d(T(x n ),S(y n+ i)) — > 0. If subsequence {x nk } 
converges to x. Then d(T(x nk ), S(y nk+1 )) — ► 0. Then 

Ve > 3no G N such that d(T(x), S(y nk +1 ) < e. 

Therefore P{ T ^ S) (A,B) / 0. ■ 

Definition 2.6. Let T : All B ^ All B and S : AllB -> AllB be two maps, such 
that T{A) C B , S{B) C A and e > 0. A pair maps (T,S) is said to be a power 
contraction if for some k G R, 

d(Tx, Sy) < k 2 d(A, B) + (1 - k)kd(x, y) x£A,y£B. (*) 

For example, let A = {(x, 0) : x G [0,1]} and B = {(x, 1) : x G [0,1]}. Define 
maps T, S by T(x, 0) = (|, 1) and S*(x, 1) = (|, 0). H^e s/iou; i/iai (T, S) is a power 
contraction map. 

If x G A and y £ B, then d(x,y) > 1, by archimedean property there exists a 
fe G iV such that k(d(x, y) - 1) > 1. Since d(A, S) = 1 and d(Tx, S"y) = 1 

d(Tx,Sy) < k 2 d(A,B) + (1 - k)kd{x,y). U 
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Proposition 2.7. Let T : All B ^ All B , S : All B -»■ All B be two maps, such 
that T{A) C B , S{B) C A and e > 0, also pair (T, S) be a power contraction map 
with < k < 1. Iften /or a// e > 0, P ( e T5) (^, £) / 0. 

Proof. Suppose e > 0, x £ A and y £ B. Then 

d{Tx,Sy) < k 2 d(A,B) + kd(x,y)-k 2 d{x,y) 
= k 2 (d(A,B)-d(x,y)) + kd(x,y) 
< kd(x,y). 

From Proposition 2.4, for all e > 0, Pf T S) (A, B) / 0. ■ 

Proposition 2.8. Let T : All B ^ All B , S : All B ^ All B be two maps, 
such that T{A) C B , S{B) C A and e > 0, also (T, S) be a power contraction with 
< k < 1, (xo, j/o) £^xB and T is a continues map and define 

x n+ i = Sy n , y n+1 = Tx n , n £ N. 

Suppose {x n } has a convergent subsequence in A. Then there exists x £ A such that 
k 2 
l-jfc(i-fe)' 

Proof. 



d(x,Tx) = ^^ dist^B). 



d(x n+ i,y n+ i) = d(Tx n ,Sy n ) 

< k 2 d(A,B) + k(l-k)d(x n ,y n ) 

< ... 

< (fc 2 + ... + k n (l - k) n )d(A, B) + k n (l - k) n d(x ,y ). 

Therfore if n — ► oo, we have d(x n +\, y n +\) — ► 1 _ k , 1 _ k \ dist(A, B). Then 

k 2 
d(x,Tx) = i _ dist(A,B). U 

Definition 2.9. Let T : All B —> All B , S : All B —> All B be two maps 
such that T(A) C B , S{B) C A, and e > 0, we say that B is an e- approximately 
compact for (T,S), if for all x £ A from the fact that y n € B n = 1,2,... and 
lim n ->ood(Tx,Sy n ) < e there follows the possibility of selecting from {y n } a subse- 
quence converging to some y £ B. 

Proposition 2.10. LetT:AllB^AllB , S : AllB -> All B be two maps such 
that T(A) C B , S(B) CA ,0<\<1, Af)B = (fr and 

d(Tx, Sz) < Xd(x, Sz) + Xdist(B, Sz) 

for every (x,z) £ A x B. If dist(Sz,B) < 1 — A. Then there exists a sequence 
{x n } ^ A such that 

lim d(Tx n ,Sy) < A. 
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Proof. Starting with any xq £ A and consider x n +i = Tx n , x = 0, 1, 2, ■ ■ -. Then 

d(x n +i,Sy) = d(Tx n ,Sy) 

< X(d(x n ,Sy) + Xdist(Sy,B)) 

< A 2 (d(x n „i, Sy) + (A + X 2 )dist(Sy, B)) 

< ... 

< X n d{x , Sy) + {X + X 2 + --- + X n )dist{Sy, B) 

< X n d(x , Sy) + ^^dist(Sy, B). 



Therefore 



lim d(Tx n , Sy) < X. 



Corollary 2.11. Let T : All B ^ All B , S : All B ^ Al) B be two maps such 
that T(A) C B , S(B) C A, < A < 1, Af]B = and 

d(Tx, Sz) < Xd(x, Sz) + Xdist(B, Sz) 

for every (x, z) £ AxB. If dist(Sz, B) < 1 — A. If X < e and A is an e- approximately 
compact for (T,S). Then there exists an a £ A, such that (a,y) £ Pf TS JA,B). 

Proposition 2.12. Let T : All B ^ All B , S : All B ^ All B be continues 
maps such that T(A) C B , S(B) C A, B is an e- approximately compact for (T, S) 
and e > 0. Define set-value function U : A —> 2 

Ux = {y£B :d(Tx,Sy) < e}. 

T/ien f7 is upper semicontinuous. 

Proof. Suppose N is a closed set in B. We show that D = {x G A : Ux n iV / 0} 
is closed. If {x n } C -D such that x n ^ x £ X. Therefore there exists sequence 
{g n } C B such that for n = 1, 2, ..., g ra G C/x n n iV. Since g n G £7x n then 

d(Tx,Sg n ) < d(Tx,Tx n ) + d(Tx n ,Sg n ) 
= d(Tx,Tx n ) + e. 

Since hin^^oo x n = x and T is continous, then linin-joo d(Tx, Sg n ) < e. Since i? is 
e-approximately compact for (T, S) . There exists g nk -^ go £ B and so 

d(Tx,Sgo) = d(Tx,limSg nk ) = lim d(Tx, Sg Hk ) < e. 

Thus <7o £ ^^- Hence go £ Ux n iV i.e. x £ D. Therefore D is closed. ■ 

Definition 2.13. Let T : All B ^ Al) B , S : AUB -»• AUB 6e continues maps 
such that T{A) C i? , S'(.B) C ^4 and e > 0. H^e define diameter Pf T g\(A, B) by 

diam(P( T S \(A, B)) = sup{d(x,y) : d(Tx,Ty) < e}. 
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Example 2.14. Suppose A = {(X,0) : < x < 1}, B = {(x,l) : < 
x < 1}, T(x,0) = (|,1) and S(x,l) = (|,0). Then PT TS) (A,B) = if r < 1 and 
PT TS) (A,B) =AxBtfr> 1. Also d(T(x,0),5(y, 1)) = land diam(PT TS) (A, B)) = 
diam(A x B) = y/2. 

Theorem 2.15. Let T : Al) B ^ All B , S : All B ^ All B be continues maps 
such that T(A) C B , S(B) <Z A and e > 0. If there exists k G [0, 1] 

d(x, Tx) + d(Sy, y) < kd(x, y). 

Then 



diam{P( TS) {A,B))< ^—^. 
Proof. If (x,y) G Pf TS) (A,B), then 

d{x,y) < d(x,Tx) + d(Tx,Sy) + d(Sy,y) 
< e + kd(x,y). 

Therefore d(x,y) < j^. Then diam(Pf T S JA, B)) < j^- ■ 



References 

[1] V. Berinde, On the approximation of fixed points of weak contractive map- 
pings, Carpathian J. Math. 19 (2003), no. 1, 7-22. 

[2] V. Berinde, Approximating fixed points of weak contractions using Picard 
iteration, Nonlinear Anal. Forum, 9 (2004), no. 1, 43-53. 

[3] V. Berinde, A convergence theorem for Mann iteration in the class of Zam- 
firescu operators. An. Univ. Vest Timi c s. Ser. Mat. -Inform. 45 (2007), no. 1, 
33-41. 

[4] M. Berinde, Approximate Fixed Point Theorems, Stud. Univ. Babes Bolyai, 
Math. 51 (2006), no. 1, 11-25. 

[5] R. Branzei, J. Morgan, V. Scalzo and S. Tijs, Approximate fixed point the- 
orems in Banach spaces with application in game theory, J. Math. Anal. Appl. 
285 (2003) 619-628. 

[6] F. E. Browder and W. V. Petryshyn, The solution by iteration of nonlinear 
functional equations in Banach spaces, Bull. Amer. Math.Soc. 72 (1966), 571- 
575. 

[7] L. J. Cromme and I Diener, Fixed point theorems for discontinuous map- 
ping, Math. Programming 51(1991) no. 2, (Ser. A), 257-267. 

[8] S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, 
Atti Sem. Mat. Fis. Univ. Modena 46 (1998), No. 2, 263-276. 



379 



Mohsenalhosseini et al : e-pair proximity 



[9] J. Dugundji and A. Granas, Fixed point Theory, PWN-Polish Scientific Pub- 
lishers, Warsaw (1982). 

[10] R. Espinola and W. A. Kirk, Fixed points and approximate fixed point in 
product spaces, Taiwanese J. Math. 5(2) (2001), 405-416. 

[11] S. H. Hou, G. Ya Chen, Approximate fixed points for discontinuous set- 
valued mappings, Math. Meth. Oper. Res. (1998) 48: 201-206 . 

[12] B. E. Rhoades, A comparision of various definitions of contractive map- 
pings, Proc. Amer. Math. Soc. 226 (1977), 257-290. 

[13] S. L. Singh, B. Prasad, Some coincidence theorems and stability of iterative 
procedures, Comput. Math. Appl. 55 (2008), 2512-2520. 

[14] S. L. Singh, B. P. Chamola, Quasi-Contractions and Approximate Fixed 
Points, J. Natur. Phys. Sci. Vol. 16 (1-2) (2002) 105-107. 

[15] S. Tijs, A. Torre and R. Branzei, Approximate fixed point theorems, Lib- 
ertas Math. 23 (2003), 35-39. 

[16] T. Zamfirescu, Fix point theorems in metric spaces, Arch. Math. (Basel), 
23 (1972), 292-298. 



380 



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.7, NO. 4,381-387,COPYRIGHT 2012 EUDOXUS PRESS, LLC 

A Recent Note On The Absolute Riesz Summability 
Factor Of Infinite Series 

W. T. Sulaiman 

Department of Computer engineering 

College of Engineering 

University of Mosul, Iraq. 

waadsulaiman @ hotmail.com 
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1. Introduction 

A positive sequence (b n ) is said to be almost increasing if exist a positive increasing 
sequence (c n ) and two positive constants A and B such that Ac n < b n < Bc n . 

A positive sequence a = (a n ) is said to be quasi /3 - power increasing if there exists 
a constant K = K(/3,a)> 1 such that 

Kn p a n >m p a m (1.0) 

holds for all n>m. If (1.0) stays with /? = 0then a is called a quasi increasing seq- 
uence . It should be noted that every almost increasing sequence is a quasi /? - power 
increasing sequence for any nonnegative /?, but the converse need not be true as can be seen 
by taking a n - n~ p . 

A positive sequence a - (a n ) is said to be a quasi - / - power increasing sequence, 
/ = (f n ) , if there exits a constant K - K(a, f) such that 

Kf a >f a 

J n n J mm 

holds for n > m > 1 (see [5]). Clearly if a is quasi-/-power increasing sequence, then a f is 
quasi increasing sequence. 

By t n we denote the nth (C,l) mean of the sequence (na n ). The series ^a„ is said to 
be summable |C,l| , k > 1, if (see[3]) 
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GO 1 

Z 1 I I 

-Kl 



<CO. 



A series ^a n with partial sums s n is said to be summable \N, p\ ,k >1, if (see[l]) 






P„ 



fc-rJ <co, 



v»; 



where (p n ) is a sequence of positive numbers such that 

II 

P n = 2_ I P V — ^co as n — >-<x> 

v=0 

and 

T 



1 " 



n v=0 



The following results are proved 

Theorem 1.1 [2]. Let [X n ) be a quasi f5 -power increasing sequence for some < /? < 1, 
and (A n ) be a real sequence. If the conditions 



T J -p n =o(pj 



„ = i n 



4,x»=o(i), 

m 1 

zH*.i t= °(*->. 



^«L I* 



y— i* 

n=\ r , 



0(XJ, 



and 



f>X„ \A 2 A n \ < co, (a 2 ^ = AA n - AA n+l ) 
are satisfied, then the series ~y\a n l n is summable \N,p\ , k>\. 



(1.1) 
(1.2) 
(1.3) 

(1.4) 
(1.5) 



Theorem 1.2[4]. If the sequence (X n ) is quasi ft -power increasing for some 
< /? < 1, (A n ) satisfies the conditions 



and 



further the conditions 



n=\ 

m 

J^\AA m \ = o{m), 

Z«^(^)|aK|<co, 



(1.6) 



(1.7) 



(1.8) 
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(1.3) and (1.4) holds, where X n (/3)=m&x\n p X n ,\ogn), AX n = X n -A n+l , then the series 
^a n A n is summable \N,p n \ ,k>\. 



2. Lemmas 



Lemma 2.1. Let yX n ) be a quasi - f -power increasing sequence, f = (f n ) 
= [n 13 log 7 n) such that the conditions 

/L — > as n — > oo, 



are satisfied. Then 



£nX„|A|A/l n ||<co, 

n=\ 

*x„KI = o(i), 

m 

IXK|<«>, 



(2.1) 
(2.2) 

(2.3) 
(2.4) 



Proof. As A/l n — »0, and n 13 \og r nX n is non-decreasing, we have 

nX n \AX n \ = n x ~ p log"-" nn p log r nX n ]T A|A/l v | 

CO 

= 0(l)n I_/? log" 7 /£V log 7 vX v |a|AA v || 
= 0(l) Jv 1 ^ log" 7 vv^ log 7 vX v |A|A^ v || 

= o(i)XvX v |a|A/I v ||=o(1). 

v=/i 

This proves (2.3). To prove (2.4), we observe that 



( v \ 



AlM. 



5X 

v v=i y 



v=l v=l V r=\ J 

m-\f v 

= o(i)Z Z r_/? lo s" r rf/? lo g" rX - 

v=l V r=l 



A/l 



AAA. 



A/l„ 



+ 0(l) JV / 'log"''vv / 'log ? 'vX v 

Vv=l 

m-1 v 

= 0(l)^V log 7 v^JAlA^gV^ log " r rr e 

v=l r=\ 

m 

+ 0(l)m^ m |A/l m |log''mXv- /? - E log 



vv E , e<l-/? 
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r=l 



O (l)£ v p log 7 vX v |A|A/l v ||v e log" 7 v£ r^ 

v=l r=l 

m 

+ 0(l)»/X m |A/L m |log r mm e log" r m^V^ 6 
= 0(l)2V +e X v |A|A/l v || ju'^du 

v=l ' 1^1 y 

+ 0(l)m /,+£ X m |A/l,„|l jV^tfw 
= 0(l)£vX v |A|A^ v || + 0(l)mZ m |A/l m | 

v=l 

= 0(1). 



3. Main Result 



We state and prove the following new result 

Theorem 3.1. If the sequences : (X n ) w quasi- f -power increasing, f = (f n )= 
\n p log r nj. < P < 1, ^ > 0, \X n ) w a sequence of constants both satisfying conditions (2.1), 
(2.2) and 

k|X=0(l), (3-0) 



oo 1 

Z^iTKf=0(X m ), 



Y Pn 1 I I* 



ofrj. 



(3-D 
(3.2) 



Then the series ^ a n A n is summable \N ,p\ ,k>\.. 



Lemma 3.2. Conditions (3.1) and (3.2) where X n is non-decreasing are weaker than 
conditions (1.3) and (1.4) respectively. 

Proof. If (1.3) holds, then we have 



El" I 



O 



f 1 ^ 



Y k 



„ = i n 



while if (23) is satisfied then, 



m 1 m 1 

E_| I — V 1 | l yH 

n=\ n n=\ " A „ 
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m— 1 n 

-II 



\k \ 



n=\ v=l VA V 



AX 



k-l 



\k \ 



n =\ nX 



k-l 



X 



k-\ 



m—l 

= 0{l)Y,X n \AX k n - l \ + 0{X m )X k m - 1 

= o(x m _ l )f j (x*J-xr) + o(xl) 
= o(x m _ l )(x k m - 1 -xr)+o(x k m ) 

= o(xt). 

Therefore (1.3) implies (1.4) but not conversely . 
The proof of the other part is similar. 
We define the following groups of conditions 
Group A ={(1.6), (1.7), (1.8)}, Group B = {(2.1), ((2.2), (3.0)} 

Remark . It may be mentioned that Theorem 3.1 gives two improvements in comparing 
with Theorem 1.2 in the following sense : 

1. Conditions (1.3) and (1.4) are better than conditions (3.1) and (3.2) respectively in the 
following sense 

(i) Conditions (3.1) and (3.2) where X n is non-decreasing are weaker than conditions (1.3) 
and (1.4) respectively (see lemma 3.2) . 

(ii). The more advantage of our conditions is to obtain the desired result without any loss of 
powers through estimations. As an example the proof via conditions (1.3) and (1.4) 

I \k \ \k \ \k \ \ (\ \\ I \k—\ 

impose to deal with u n \ as u n \ =\A„\ \A n \ = 0\\A. n \), loosing u n \ as considered to be 
0(1). We have no such case via our conditions. 

2. The group B, which is a subset of the set of conditions of theorem 3.1 is weaker than group 
A which is a subset of the set of conditions of theorem 1 .2 in the sense that B implies A 

but not conversely . 



Proof of Theorem 2.1. Let (T n ) denote the \N,p n ) mean of the series ^a n A n . Then 



r .4&v&A4t( p »- p -iMv 



r n v=0 r=0 r n v=0 



Therefore, for n > 1, we have 

Pn 



T -T 

1 n 1 n-l 



P P 

1 n 1 n-l v=l 



2>v-i«A 



Pn 



Z ra v 



p n P n -i - w 



-p v -A 



and via Abel's transformation, 
T -T - n + l P« f 2 

1 n 1 n-l ~~ „ l n A 'n 

n P, 



Pn 



°nVl ■--< 



TpjA 



v + l 



Pn 



P P 

1 n 1 n-l v=l 



Tpjak 
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n n_1 1 

r n r n-\ v=l V 



T + T + T + T 



To prove the theorem, by Minkowski's inequality, it is enough to show that 



z 



Pn 



T. <co, j =1,2,3,4. 



\fnj 



Applying Holder's inequality, 



z 



f n *\ 



Pn 



Pn L |*lo I* 



V^„y 



b=1 "n 

B=l r n A „ 



= o(i)ZZ 



n=l -S. A « 

m-1 



= o(i)£^-^'Ma 



^ ii* ^ 

Pv 'v 



„.=l^v=l P v X y 



IaIa l| + o(i) 



f I I* \ 

Pn h] 



z- 



«=1 ^> ^n 



u. 



= 0(l)£x il |A^ l | + 0(l)X m |^ 

= 0(1), 



in view of lemma 2. 



PV" m+1 ~, re-1 * / n-1 ~, i 

i„ it „/.\-s-i p„ v 1 „ L l*li I V Pv 



n=2\P„ J 



\tJ = o{i)Y-^-Y Pv \t\ k \A\ Y- 

| b2 I V //_ ( p p /_, r v | v| | v | Z^i p 

"=2 ^n^B-l v=l V v=1 n-1 



*l„l*^ P„ 



o(i)Z^KHA.f Z 



p p 

n=v+l -" «-" n-1 



= (i)y^| f /ui i 

V / ^J p I v I | v | 

v=l % 

= O (l), as in the case of r nl . 



r„ , m i/c „/.\x-h />„ ^ * |* v | 



Z- 1^1 =o(i)2-^Z^ 



/'n-l 



AA. 



vP«y 



n=1 r n r n-\ v=l A v 



Z*.M.| 



Vv=l 



= 0(i)Z^vl=rKIZ 



x 



p p 

n=v+l 1 n L n-1 



1 Fv 



= 0(l)Z^(vK|) 

v=l V A v 

m-1 v 

= o(i)ZZ 



y i \ k a 

m-l y 1 / 

1 «•_ ■ 



v=l ^r=l r X r 



a(v|aa v ,|)+o(i) 



f I \k \ 

m 1 (- 

yIJy_ 

v=l V A v 



V 



fflAl. 



386 



SULAIMAN: ABSOLUTE RIESZ SUMMABILITY 

m-l , \ 

= 0(l)S^v(-K| + (v + l)|A|A^ v ||)+0(l)mX m |A/l m | 

v=l 

m m 

= 0(l)£z v |A^ v | + 0(l)£vZ v |A|A^ v || + 0{l)mX m \AA n 

v=l v=l 

= 0(1). 



l 



D \ m+l n n-\ p f n-Y p "\ 

r„ i„ ift „/.\^—i /> n V^ r „ I. I^N l* x— < -r . 



\PnJ 



i^r=o(i)s^^z-Kri^r z- 

Vv=i v y 



n=2 ^,^,-1 v=l V 



m+l „ 



o(i)X-KI W I 



B=v+1 ^n-'n-l 



m+l „ 

*l„ I* V P n 



o(i)Z— KIKr z 



i—ipp 

n=v+l L n L n-l 



1 t. 



o«E^M*. Kir K 

v=l V A v 



IB 1 * 

= °( 1 )Z il TTk 

V / Z_l y fc-1 I V 

v=l V A v 

y ii* a 

v=l r=l ' A r 



IaU J + o(i) 



^ I \k \ 

Z-l \ l v\ 

v=l V A v 
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= 0(1). 
This completes the proof of the theorem . 
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1. Introduction 



If /, g>0,j; + ± = l,0<\f p (x)dx<oo, 0<^g"(x)dx<oD,then 
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where the constant factor n I sin(;r / p) is the best possible. Many mathematicians 
presented generalizations or new kinds of (1). Very recently P. X. Ying and G. 
Mingzhe proved the following new kind 



(1) 



Theorem 1.1. Let f(x) be a real function. If < \ f 2 (x)dx < oo, then 



f(x)f(y) 
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2. Lemma 



The following lemma is needed for our aim 



Lemma 2.1. Let h(x, y) be symmetric. Then 
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-F(x, y)dxdy=\ J 
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where F(x, v) =l-fc(x) + k(y). 
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Proof. 



f(x)f(y) 



o o h ( x > y) 



ii 



F(x,y)dxdy 



= )) /( * }/ < y) ' (1- k(x) + k(y))dxdy 

o o h ( x > y) 



f(x)f(y) 



f(x)f(y)k(x) 



= \\l^^dxdy-\\ JWJKy)KW dxdy + \\ 
oo Kx,y) H h(x,y) J J 

:umm dxdy :ufm^m dIdy ,n 

J J h(v aA J J Wr aA J J 



00 00 

dxdy + [ [ 



_fr /(*)/(y) 

J o M*. y) 



o o *(*• y) 
"V(*)/O0*(*) 



o o fc(*. y) 



=11 



dxdy - [ [ 

o o fc(*. y) 

dxdy . 



f(x)f(y)k(y) 
h(x, y) 

' f(y)f(x)k(x) 
h(y,x) 

,c °f(x)f(y)k(x) 







h(x,y) 



dxdy 
dydx 
dxdy 



The object of this paper is to present the following general result 

3. Main Results 

Theorem 3.1. Let f,g,h,k>0, his homogeneous and symmetric of degree A 
and F(x, y) - 1 - k{x) + k(y) > 0. Then 
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provided the integrals on the RHS do exists. 
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4. Applications 



Corollary 4.1. Let f,h,k>0, h is homogeneous and symmetric of degree A and 
F(x, y) = l- k(x) + k(y) > 0. Then 
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Proof. The proof follows from theorem 3. 1 by putting g — f . 



Corollary 4.2. Let f,h,k>0, his homogeneous and symmetric of degree A and 
F(x, y) = 1 - k(x) + k(y) > 0. Then 
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Proof. The proof follows from corollary 4. 1 by putting h(x, y) = (x + y) l . 

Corollary 4.3. Let f,h,k>0, h is homogeneous and symmetric of degree A and 
F(x, y) = 1 - k(x) + k(y) > 0. Then 
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Proof. The proof follows from corollary 4. 1 by putting h(x, y) = x A + y A . 
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Abstract 

In this paper, we formulate an optimal source problem for optical imaging by maximizing 
eight different distinguishability criteria. Each distinguishability criterion represents one of the 
eight pairs of function spaces considered. We extend the general concept of finding an optimal 
current for a particular distinguishability criterion, as in electrical impedance imaging, to an 
optimal source in optical imaging. 

The optimal source depends on the distinguishability criterion which in turn depends on 
the choice of the function space pairs. We shall provide an analytic framework for computing 
all these eight different choices of distinguishability criteria. In particular, the adjoints of the 
relevant linear operators involved in the criteria are derived. 

Numerically, we employ the power method to compute the optimal sources, i.e. the dominant 
cigenfunctions of the associated operators. Numerical experiments arc presented to demonstrate 
the efficacy of different criteria, and a localization measure is used to determine the optimal 
source profile best discriminating inhomogencities from a known background. 

Keywords: distinguishability criteria, abstract function spaces, optimal source, optical imag- 
ing, biomedical imaging 

1 Introduction 

In optical imaging of highly scattering media such as biological tissue, the media is illuminated by 
low-energy visible (wavelength from 380 to 750 nm) or near-infrared light (wavelength from 700 
to 1200 nm). Light penetrates the medium and interacts with it. The predominant effects are 
absorption and scattering [12, 3, 10, 16]. The widely accepted photon transport model is the radia- 
tive transfer equation [5, 19], an integro-differential equation for the radiance, involving spatially 
varying scattering and absorption parameters. In practice, a low order diffusion approximation 
to the radiative transfer equation is often adopted. The approximation is a parabolic differential 
equation in the time-dependent case, while in the steady-state case or frequency domain, it is an 
elliptic differential equation [1, 2]. Most existing computational methods for photon transport in 
highly scattering media such as photon migration in biological tissues are based on the diffusion 
approximation because of its simplicity compared to the full blown radiative transfer equation 
[4,17]. 

In the experimental setup of non-invasive diffuse optical imaging such as optical tomography 
and other similar non-invasive imaging modalities, e.g. electrical impedance imaging, one has very 
little control over the parameters in the domain other than the boundary source. Therefore, the idea 
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of using an optimal source to maximize the distinguishability is an important step. For example 
suppose that A(g + )[/] : X — > Y is the source to data map where q + represents the true parameters 
and A(q)[f] : X — ► Y is the source to simulated data map for a guess q of the parameters. Then one 
may use the following natural distinguishability criterion [18, 7], Sxy(f) = H-MoOt/] ~~ A(g + )[/]||y 
to find the best / that will discriminate between the simulated model and the measured data by 
solving the following problem, 

maxS XY (f) = \\A(q)[f}-A( q + )[f}\\ Y (1) 

where A : X — ► Y. The selection of an optimal source by maximizing a particular distinguishability 
criterion has potential to lead to the following benefits: 

(i) to improve image reconstruction in diffuse optical imaging applications. For example, there 
exist numerous studies in electrical impedance tomography (EIT) that indicate that optimal cur- 
rents have the potential to improve the image reconstruction [18, 6, 22, 7]. It is expected that 
the above mentioned developments in EIT will have a similar impact for optical tomography (OT) 
[9,14]; 

(ii) in formulating a statistical hypothesis testing problem to address the question of whether 
there is a tumor present or not. For example, one of the criteria studied in this paper corresponds 
to the maximum likelihood ratio test. Therefore our framework will also have applications in signal 
and image reconstruction [26]; 

(iii) for extracting features of the source-to-data operator using the outer product of the first 
few largest eigenvectors as an approximation of the operator. In addition, the characteristic profile 
of the optimal source may also correlate to the type of inhomogeneity present in the interior; 

(iv) in developing a general framework to find optimal source for hybrid imaging modalities. 
It is expected that hybrid imaging techniques involving optical sources will develop rapidly in the 
coming decade [15, 29, 28]. 

Therefore, the problem of finding an optimal source with maximum distinguishability is an 
important and timely subject in optical imaging. In addition, the laser sources in optical imaging 
are more flexible in terms of tunability and adaptability [24, 25] than, for example, current sources 
in electrical impedance imaging. Hence, we expect an even stronger impact of using optimal sources 
in optical imaging. Furthermore, the tremendous growth and intense research in laser sources make 
a wide range of sources realistically achievable and consequently might improve image resolution 
[24,25]. 

The idea of distinguishability criteria for optimal currents in EIT has been around for more than 
a decade [18, 13, 6, 22, 7]. However, a thorough investigation in a functional analytic framework 
involving all of the relevant function space pairs and numerical comparison of respective optimal 
currents are only getting attention very recently [20]. A careful reading of some of the literature 
referenced above both in electrical impedance and optical imaging indicate that most of these 
papers mention the general setup for various appropriate function spaces but then typically choose 
one of them without fully analyzing the general case. It seems that this is done mainly to avoid 
cumbersome analytic calculations required to compute the optimal source. 

In this paper we will formulate the distinguishability criteria for all eight relevant pairs of the 
function spaces for the operator of choice and demonstrate the general framework on how to handle 
them both theoretically and computationally. In the numerical section we will then determine the 
function space setting most suitable in designing optimal sources for optical tomography experi- 
ments. 

Let us summarize the current state of the art of optimal sources in diffuse optical imaging. 
There exist past and recent studies on how to optimize wavelength and frequency in optical image 
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reconstruction [9, 14], as well as on how to optimize location and power for sources and detectors 
[26]. However, none of these studies simultaneously consider all of the relevant function spaces pairs, 
and heuristic analysis is carried out on the discretized problem without analyzing the involved 
function spaces. In this paper, we shall treat the infinite dimensional model and propose an 
algorithm to compute the optimal source with a finite dimensional approximation for every plausible 
function space setting in a mathematically rigorous manner. In particular, we shall extend the 
distinguishability criteria for optimal currents in impedance imaging to optimal sources in diffuse 
optical imaging, systematically investigate the influence of function spaces on optimal sources both 
analytically and numerically, and determine the most effective pair of function spaces using a 
localization measure. 

The analytical work and the computational simulations presented in this paper involve eight 
function space pairs. Therefore in this paper, we have concentrated on the details of the appro- 
priate formulation relevant to our computational setup. We have presented relevant simulations 
to demonstrate that the solutions for the different distinguishability criteria corresponding to the 
various function spaces differ. For convenience, in this paper, we only considered the Neumann 
and Dirichlet boundary conditions; however the analysis can be easily extended to any boundary 
conditions including Robin boundary conditions. We note that the there are several questions that 
require further analysis and are beyond the scope of this manuscript: (i) since distinguishability 
is a local measure, a theoretical and numerical sensitivity analysis of how the solution varies from 
region to region in the parameter space will be taken up in the future, (ii) the simulations presented 
in the paper involve mainly model error due to discretization; however we do not take up the issue 
of effects due to finite dimensional projection or approximation, or the issue of uncertainty analysis. 

The rest of the paper is organized as follows. We introduce relevant mathematical models and 
describe important function spaces in Section 2. In Section 2.2, we discuss the optimal source prob- 
lem. To numerically calculate the optimal sources of these distinguishability criteria, we determine 
the adjoint of appropriate operators in Section 3, and in Section 4 we demonstrate the efficacy of 
our approach using two-dimensional examples of optical imaging source optimization. 

2 Mathematical Model and Distinguishability Criteria 

In this section, we describe the mathematical model and introduce distinguishability criteria as 
well as the functional analytical framework for properly formulating these models. 

2.1 Mathematical model 

Let $7 C HI (d = 2,3) be an open bounded domain with Lipschitz boundary <9S7. The diffusion 
approximation model in the frequency domain for optical tomography can be written as 

-V • (DVti) + (fi + ik) u = h in tt, 
71 -u = / on cW7, 

where k = lo/c is the wave number with uj and c representing the frequency of laser modulation 
and light speed, respectively, and 71 is the Neumann trace map, i.e. 71 u = D§^. We further 
assume that D £ L°°(S7) is the diffusion coefficient with < Dq < D(x) < D\ < 00 for positive 
real constants Do an d D±, [i £ L°°(Q) is the absorption coefficient with < fio < /j-(x) < /ii < 00 
for positive real constants no and /j,i, and / is a source function. We denote by q = (D,/jl) the 
parameters, and by F^' q (h, f) the solution, which physically represents the photon density. 
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2.2 Distinguishability Criterion 

Here we introduce the distinguishability criterion. Let us denote the true parameter by q + , which is 
unknown, and denote the initial guess by q. Typically, q is a constant function obtained from mean 
values of typical tissue parameters or an a priori guess of the background. Information about q + can 
be obtained by performing OT experiments, e.g. applying a source / and measuring joF^ ' q (0, /) 
on the boundary. Hence A : X — ► Y defined by 

Af = l0 F^\0,f)- l0 F i N k ' q+ \0J) (3) 

is an operator measuring the difference between q + and q in a certain sense. Note that the term 

7oijY ' can be experimentally obtained without any knowledge of the unknown parameter q + . 
Hence in a real life situation, evaluating A amounts to performing an OT experiment with q + and 
numerically evaluating Neumann-Dirichlet trace operators for q. 

The inverse optimal source problem can be formulated as maximizing such a discrepancy func- 
tional involving the operator A, i.e. 

max\\Af\\ Y , 

where the space Y is defined on boundary dO,. In either case the inverse source problem depends 
on the norms of X and Y. 

We also consider a second class of discrepancy functionals, which are used to measure distin- 
guishability. Following the approach of [21], we map the measured Dirichlet boundary data back 
to the domain by solving a Dirichlet forward problem: we introduce 

Bf = F^\0,f) - F^\0, 10 F^ + \OJ)) (4) 

and determine the optimal source by finding maxj e x ||5/||^, where X is a function space on the 
boundary d£l as before, but Z is now a function space on £1. Note that in practical applications, 
smoothing of the experimental data joF^ ' q (0, /) may be required if the abstract space X under 
consideration requires more smoothness. 

Mathematically, the optimal sources amount to dominant eigenfunctions of the operator A or 
B. Since in general the operator A or B is not self-adjoint for any combination of X and Y or X 
and Z computing the optimal source requires finding dominant eigenfunctions of A* A and B*B. 
We shall compute the optimal source as the limit of the following iteration 

, A*Af n 

Jn+l 



or 



fn-\ 



\\A*Af n \ 

B*Bf n 

\B*Bf n \\ 



in the spirit of the classical power method of numerical linear algebra. The determination of A* 
and B* requires calculating adjoints of the Neumann to Dirichlet map operator and Neumann and 
Dirichlet solution operator in certain function spaces. However, for the operator considered in 
this paper - the optical tomography model - is not self-adjoint, and hence the choices of different 
combinations of function spaces result in rather different optimal sources. We consider four choices 
of function space pairs for A and four choices of function space pairs for B yielding a total of eight 
different distinguishability criteria. 
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2.3 Sesquilinear Weak Formulation 

We shall use the following sesquilinear form 



a^ k ' q \u,v) 



/ DVu • Vv + (u + ik)uvdx. 
Jn 



The weak formulation of the Neumann forward problem (2) now reads: find u G H 1 ^) such that 
for all v G H 1 ^) 

a^ q \u,v) = I hvdx + I fjovds. (5) 

Jn Jan 

The measurement g is modeled as the photon density u at the boundary, i.e., 

9 = u\dn = lou (6) 

where 70 : H 1 ^) — ► H 1 ' 2 ^^) denotes the Dirichlet trace operator. With the measurement g, we 
can define a nonhomogeneous Dirichlet boundary value problem as follows, 

-V • (DVu) + (n + ik) u = h in Q, 
7oti = g on dQ. 

We denote the Dirichlet solution u by F D (h, g). Its weak formulation is given by: find u G i7 1 (0) 
with 70U = g such that 

a^ q \u,v) = [ hvdx \fv G H^(Q). (8) 

Observe that Ffy (h, g) = F N (h, 71 i^, (^ ff))j an d thus by the weak formulation of F N , 
there holds: for any v G iJ 1 (il) 

a (k ' q \Fp q) (h,g),v)= f hvdx + [ 7ii^ M (/i, g)vds. 

Jn Jan 

This formula will be used several times in Section 3. 

We mainly consider boundary value problems (2) and (7) with vanishing h, and the correspond- 
ing weak formulations (5) and (8). We will at times consider these boundary value problems but 
with k = or opposite signs for k, which shall be denoted by e.g. F^ ,q '(h, f) and F N ' q '(h,f). 
Finally, we let C^u = -V • (DVu) + (fi + ik)u. 

2.4 Function spaces 

To investigate the mathematical models, we shall utilize a Hilbert space framework [11, 8]. First 
we equip the space H^(^l) with an inner product 



(u,v) h i(q\= / DVu -Vv + uuvdx (9) 

q Jn 

where the bar denotes taking complex conjugate. The dual of Hg(fl) will be denoted by i7~ 1 (i7). 

1/2 
Then we define an inner product for H q (d£l) by 

V>9)h}"w = (F { D' q \0,f),FS' q \0,g)) Hlq(n) . 
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By appealing to the weak formulation of F^ (0, /) = Fj^' q (0,j\F D ' (0, /)), we can equivalently 



(f,9) H v*(M)= I JiF { D q \0J)9ds= [ f 7l F§' q \o,g)ds. 

Jan Jan 

— 1/2 

Similarly, we define the H q (d£l) inner product by 



'9 

and equivalently 



</>5>V /2 0n) = (F$' q \0,f),F^\0,g)) Hlq{n) 



(f>9) H -i/i (dn) = fj o FJ°> q \0,g)ds= lQ FJ°' q \0,f)gds. 
« ( ° > Jan Jan 

i in 1/2 

We would like to point out that the spaces H q {dVt) and H q (<9S7) defined above are dual to 
each other, and thus the integrals on the boundary can be understood as duality pairings as usual. 

2.5 Riesz representation of the sesquilinear form 

The following Riesz representation of the sesquilinear form a^ k,q '(u,v) in (5) will be needed in the 
subsequent sections. By virtue of the Riesz representation theorem for sesquilinear functionals [8], 
we deduce that there exists a unique continuous bijection S : H^(Q) — ► H^(Q) such that for any 
u,v G Hg(tt) there holds 

a^ q \u,v) = (Su,v) Hq(n) = (u,S*v) Hq(n) . (10) 

The operator S depends on q and k, and the dependence is often suppressed. The representation 
operator S and its adjoint S* can be explicitly characterized. The operator S will play a crucial 
role in deriving the adjoints of various operators below. 

Lemma 1. The operator S and its adjoint S* are given by Su = F^' q (C^ k ' q 'u, jiu) and S*v = 
F^' q [D~~ ,q 'v,^\v), respectively. In particular, w = Su satisfies 

- V • (DVw) + fiw = -V • (DVu) + (u + ik)u 
jiw = 71U. 

Proof. Let w = F^' q \& ,q 'u, 71 u). By the definition of the i7 1 (0) norm and its weak formulation 
we have that for any v G Hi (Q) 

(w,v) H itQ\ = / O- ' q 'uvdx+ / jiuvds = a(u,v). 
q Jn Jan 

Thus Su = w = F^' q (& ,q >u,~f\u). The assertion for S* can be shown similarly. □ 

The operators S and S* have some interesting properties. For a detailed discussion see [23]. In 
subsequent sections we will need the following properties. 

Lemma 2. Let u, v G H*(Q), fj £ F g 1/2 (<9ft), g G H q 1/2 (d£l) and h G H~\n). There hold 

a) S*FJ- k «\h,g) =F$«\h,g) = SF$«\h,g), 

b) 71 Su =71 u = jiS*u, 

c) (Su,S*- 1 v) H i (Q) ={u,v) H i (Q) , 

d)f = lo S-\F^\0,f)) ^ f = l0 SF { D k ' q \0,f). 
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Proof. The first two lines follow directly from Lemma 1 , and c) follows from the definition of S and 
S*. To see d), we observe from the characterization of S that / = 'yoSFp (0, /) is equivalent to 

/ = l0 F^\c k F^\0J), 11 F^\0J)) = 70 F^(0, 71 F^(0,/)), 

which consequently gives 

F$«\0,f) = ^(0, 71 4^(0,/)) = SF$*\0,f), 

F$*\o,f) = sr 1 F§«\o,f). 

Upon taking Dirichlet trace, it gives the desired assertion. The remaining parts follow similarly. □ 

3 Adjoint Operators 

The aim of this paper is to determine optimal source profiles for applications in optical imaging. 
To this end we compare measurements for the true parameter q + with simulated measurements 
obtained with an a priori guess q. As explained in Section 2, we use a functional analytic framework 
for characterizing the optimal sources. This leads to the task of solving the problem, 

max \\Af\\ Y 
\\f\\x=l 

or 

.maxJIB/IU 

or equivalently of finding the largest eigenvalue of A* A and B*B. Here A measures the difference 
between the Neumann-to-Dirichlet maps for q + and q. Similarly, B measures the difference between 
the Dirichlet solution, in the full domain, corresponding to the experimental Neumann-to-Dirichlet 
data for q + and the simulated solution, in the full domain, corresponding to a given guess q. 

As we have seen already, we can use different function spaces for the domain of A : X — > Y, 
i.e. X = L2(d£l) or X = H~ l / 2 (dVt), and two choices for the range of A, i.e. X = L2{dVt) 
or X = H 1 ' 2 ^^!). Similarly, we can use different function spaces for the domain and range of 
B : X -> Z, i.e. X = L 2 {dQ) or X = H- 1 / 2 (dVt) and Z = L 2 (Vt) or Z = H l {Vt). The adjoint 

A* : Y -> X , 

which is determined via its defining relation (Af,g)y = {f,A*g), depends on the choice of function 
spaces and accordingly the resulting optimal sources will differ considerably, when computed for 
those different function space settings. The same holds for the operator B. 

First, in Section 3.1. we determine the adjoint operators for the two most natural function space 
settings for A. The general case for both A and B is discussed in Section 3.2. The computation of 
adjoint operators is a standard exercise in functional analysis; however, our choice of norms, e.g. 
Hg(Q), depends on the parameters q or q + , which leads to some subtle computations even for the 
trivial embedding operators. 
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3.1 Adjoint operators for the classical functionals 

In this section we address the computation of the adjoint operators for evaluating the distinguisha- 
bility criterion based on comparing the Neumann-to-Dirichlet maps for q and q + , as described in 

(3): 

P/IIy = hoF { N k ' q \o,f) - 10 F^ +) (0J)\\ Y . 

We use the two natural function space settings 

7o i4 M (o,-) : L 2 (dn) - L 2 (dn) 

and 

±1/2 

In the second case, the H q norms depend in q, hence we have to consider the embedding operators 
e_ : H-^ 2 (dn) -► H~+ /2 (dQ) and e+ : r]J 2 (3fi) -► H]' 2 ^) 

between spaces with parameters q = (D,fj,) and q + = (D + ,fi + ). 

Accordingly we must compute the adjoints of 70-^ ' Q ( u > ") an d e + ° To-^jv ' 9 (Oj ') ° e - before 
obtaining a closed expression for A*. This adjoint is then used in Section 4 for computing the 
optimal sources. 

We start by computing the adjoints of the Neumann-to-Dirichlet maps. 

Lemma 3. Let A(k,q) = 7o-FJy (0, •) denote the Neumann-to-Dirichlet map. The adjoint of 
A(k, q) : X — ► Y is given by 

(a) A{k,q)*g = l0 F ( N k ' q) {0,g) for X = L 2 (dVt) and Y = L 2 (dVt); 

(6) A(k,q)*g = 7l F%' q \0, l0 S*~ l F^ q \0,g)) for X = H^ 1/2 (dQ) and Y = Hl /2 (dSl). 

{dis- 



proof. For the first case, we consider (A(k,q)f,g)i 2 ^QQ\. By the weak formulations of F^ ' q (0,g) 
and F N ' (0, /), we derive 



(A(k,q)f,g) L 2 {m) = (g,A(k,q)f) L 2 {dQ) 



= a(^)(F { N - k > q \0,g),F^ q \0J)) 
= a^(F^\o,f),F^ q \o,g)) 

= (f,7oF { N - k ' q \o,g)) L 2 {dn) . 

Hence we obtain A(k,q)* = A(—k,q). 

For proving the second case, we start with (A(/c, q)f, g) „i/2,„ s and use the definition of the norm 

in Hl /2 (dtt). Moreover, we apply the identity F^' q) (0,^ Fp q \o, f)) = F^' q \o,f), which follows 
from observing that the Dirichlet traces as well as the vanishing source terms coincide: 

(A(k,q)f,g) <2{dn) = (F£> q \0, lo Ffr q \0,f)),F$' q \0,g)) H i {n} 

= (F^ q \0,f),F^ q \0,g)) Hi(n) 



a Q«)(FJf«\0,f),FJt!«\0,g)). 
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We now apply the definition of S, see (10), and the weak formulation for F^' q (0, /) to obtain 



= f f 7o S*-^' q \0,g)d s . 

Jdn 

Finally we prepare to use the definition of the norm in H~ l > 2 as follows 

(A(k,q)f,g) Hlq/2{m) = lj l0 S*-^F^\0,g)ds 

= (F^\0,f),F^\0, l0 S*- 1 F^(0,g))) Hlq{n) 

= (F^\0J),F^\0, 7l F^\0, l0 S^F^\0,g)))) Hlq(n) 

= (f,liFS' q \o,7oS*- 1 FS' q \o,g))) H - 1/2{my 

This proves the second assertion. 

In the next lemma, we explicitly compute the adjoints of the embedding operators. 
Lemma 4. The adjoints of the embedding operators e_ and e+ are given by 



a 



e*-g = ^F^\0, l0 F^ + \0,g)) 



e* + 9 = l0F^ q+ \0, 7l F^\0,g)). 

Proof. The definition of the H + (dQ,) inner product and the weak formulations of F^' q (0, /) 
and FJ°' q) (0,f) give 

(e-f,9) H -^ {m) = (F^ + \0J),F^ + \0,g)) Hl+{n) 



f l0 F^ q+) (0,g)ds 
an 

(F^\0J),F^\0, lo F^ + \0,g))) Hq{n) 
Ml) m f\ p(°.9)/n „,. jp(°'l)in ^„f(°.2 + ), 



(F^'iOJ^F^'iO^F^'iO^F^ >(0,g)))) Hqm 

(f,7iFS' q \0,l0F^ q+ \0,g))) H - 1/2(my 



Now the definition of the H q (dQ) inner product and the weak formulations of Fj-, ' q (0,g) 
F^(0, 7l F^(0, 5 )) and F^^F^^g)) imply 



( e -f^) H ^ (dn) = (F$> q \0,f),F$> q \0,g)) Hqm 

= I fjiFg' q \0,g)ds 

Jan 



(F£« + \0J),F$« + \0, 11 F£> q \0,g))) Hl+{n) 
(^ +) (0,/),4°' 9+) (0, 7o Fr +) (0,7i^ M (0, 5 )))) ffl+( n) 
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This completes the proof of the lemma. □ 

We now are in a position to state the main result of this section, an explicit expression of the 
adjoint A* of the operator A with the function spaces under consideration. 

Theorem 1. Let E = 70-Fyv (O>0 ~~ 70-^at ' ? (0>')- For the operator as defined in (3) the 
adjoint of the operator A : X — ► V is given by A* : V — ► X wit/i ^4*g defined as follows 

(a) .4* 5 = E 5 /or X = L 2 (dft) and F = L 2 (d£l); 

(b) A*g = 7 ii^ M (0, ■) o£o 7l Fg , ' <z) (0, 5 )) /or X = H^ 1/2 (dn) and Y = H l q /2 {dn). 

Proof. The proof of case (a) follows directly from Lemma 3. For case (b) we must incorporate the 
embedding operators and consider 

A = 70 F^ ) (0,.)-e + o 70 F^ +) (0,.)oe_. 
Applying the results of the preceding lemma gives the desired result. □ 

3.2 Adjoints in the general case 

The previous section contained the derivation of the adjoints for the most classical cases. However, 
we can also consider the second distinguishibility criteria involving B as well as different combina- 
tions of function spaces. All together, we have two choices for the operator: A and B as described 
(3, 4). We also have four combinations of function spaces X and Y. In order to treat all these 
cases we also need the adjoints of the Neumann and Dirichlet forward operators. We first derive 
the adjoint for the Neumann forward operator F^' q (0, •). 

Lemma 5. The adjoint (F^' q \o, •))* : Z -»• X of the operator F$' q \o, •) : X -*• Z is given by 

(a) {F$' q) (0, ■))*« = j F^ k ' q \v, 0) for X = L 2 (dn) and Z = L 2 {Vt); 

(b) {F^' q) (0, -))*v = joS^v for X = L 2 (dVt) and Z = H l q (Sl); 

(c) (4 fc ' ?) (0 J -)r« = 7i4° ,9) (0.7o5*- 1 «) forX = H- 1/2 (dn) andZ = H 1 q (n); 

(d) (F^ ) (0,-))^ = 7i4°' 9) (0,7o^" M (^0)) for X = H- 1/2 (dil) andZ = L 2 (n). 

Proof We only prove case (b), the other cases follow by similar arguments. Hence we consider 
X = L 2 (d£l) and Z = H q (Q). By Lemma 1 and case a) of Lemma 2, and the weak formulation of 

F]y' q (0,/), we arrive at 



(F%' q) (0,f),v) H u n) = (SF^ q \0,f),S*^v) H u n) 



(F£> q! (0,f),S*- L v) H un)= / fyoS^vds. 

Jan 



D 



Next we calculate the adjoint of the Dirichlet operator Fj-, (0, 
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Lemma 6. The adjoint of the operator F^ (0, •) : H q (dQ) — ► Z is given by 

(a) (F^ q) (0, .))*v = 10 S*F^ k ' q \o, 705*" 1 !;) for Z = H^Sl); 

(b) (Fg> q \0,-))*v = l0 S*F { D - k > q \0, l0 F { N - k ' q \v,0)) for Z = L 2 (ft). 
Proof. The defining equation of the adjoint operator is 

(Fp q) (0,g),v) mq{n) = (g,(F^\0,.)yv) Hlq/2{dny 

1/2 

By our definition of the H q (dfl) norm, we need to transform the scalar product on the left 
hand side such that both arguments of this scalar product are images of a Dirichlet operator with 
k = 0. We start by applying case c) of Lemma 2, the characterization of S in Lemma 1, and weak 
formulations of SF^' q \o,g) = F#' 9) (0,7iif ' 9) (0, <?)) and F^ q \o,g) = F^ q) (0, 7 i^ M (0, <?)): 

(Fg> q \0,g),v) H i {n} = (SF^^g)^*-^)^ 

= [ JiF { D k ' q \o,ghoS^^ds 
Jan 

= a ^(FS' q \0,g),F^ q \0, lo S*- 1 v)). 
Now the definition of the operator S* and the weak formulation of S*Fp (0,7o<S'*~ 1 t>) gives 
(F ( D k ' q \0,g),v) m{n) = (F^ q \0,g),S*F { - k ' q \0, l0 S*- 1 v)) H1{n) 



911 S*F { D - k ' q) (O^S^ds 
on 



= (F^(0 1 g),F^(0, l0 S*F^ q \0, 70 S*- 1 v))) H , {n) 
= (g, lo S*F^ k ' q \0, lo S*- 1 v)) H ^ {dCl) 

by observing the identity S*F { D k ' q \o,j S*~ 1 v) = F^' q \o,j S*F^ k ' q \o,-f S*- 1 v)). This shows 
the first assertion. 

The second assertion follows from similar arguments. □ 

Next we derive the adjoint for the Neumann-to-Dirichlet operator A = joF^ ' q (0, •) for the 
missing cases. 

Lemma 7. The adjoint of the Neumann-to-Dirichlet map A : X — ► Y is given by 

(a) A*g = 7o 5*- 1 fJ ) M (0, 5 ) for X = L 2 (dVt) and Y = H l q /2 (dSl); 

(b) A*g = 7iFS' q) (0, l0 F { N k > q) (0,g)) for X = H~ 1/2 (dn) and Y = L 2 (dn). 

We omit the proofs, since they use similar arguments to those in Lemma 3. 

We now are in a position to state the main result of this section, the adjoint A* of the operator 
A and the adjoint B* of the operator B in the general case. We have two choices for the operators 
A and B as described in (3, 4), and four combinations of function space pairs X and Y and X 
and Z. We will frequently need to evaluate expressions involving several forward operators, e.g. 
F ( d ' 9) (0, 7 i ? J' 9+) (0, /)) which will be expressed as F$' q \o, •) o 7o F^'' ?+) (0, /)). For completeness, 
we repeat the cases of the previous theorem. 
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Theorem 2. Let E = ^qF n (0, •) — 7o-fjv ' 9 (^' ')■ ^ ?or ^- e operator A as defined in (3), the 
adjoint of the operator A : X — > V is given by A* : Y ^ X with A*g defined as follows 



(Al) A*g = Eg 



(0,9), 



(A2) ^ = £o 7l F7(0, 5 ) 

(A3) A* 5 = 7i^ M (0,>^ 

(A4) ^ = 7#(0,-)o J Eo Tl F); , " , ((). // )) 



,(-fe,9+), 



(0,9), 



/or X = L 2 (dn) and Y = L 2 {dVt); 

for X = L 2 (dtt) and Y = # g 1/2 (<9ft); 

for X = Hq 1/2 (dtt) and Y = L 2 (d£l); 

for X = Hq 1/2 (dn) and Y = # g 1/2 (dft). 



Let E = L — 7o-Fjv ^' q ; (0, •) o jiF- (0, •). For the operator B as defined in (4), the adjoint 
of the operator B : X — > Z is given by B* : Z — > X wii/i i3*w defined as follows 



(51) £Tt; = £o 7o F^ M) (t;,0) 

(52) £*u = £ o 7oS*" 1 i; 

(53) B* W = 7i4 M (u, ■) o £ o 10 F { ~ Kq \ 



v,0) 



(54) B*v = 7l F^' q \0,-)oEo l0 S 



?*— I* 



/or X = L 2 (dFL) and Z = L 2 {£1); 
for X = L 2 (dtt) and Z = H*(Q); 

for X = Hq 1/2 (dtt) and Z = L 2 (tt); 

for X = H~ 1/2 (dn) and Z = HUQ). 



4 Numerical Simulations 

In this section, we present numerical results on the optimal sources obtained by maximizing the 
discrepancy functionals introduced in (3) and (4) in Section 2. Our computational program is an 
implementation of the power method on the operator A* A and B*B for the cases presented in 
Theorem 2. 

Let us recall the underlying reasoning for computation of the optimal source for maximizing 
distinguishability criteria. In a given experiment, the true physical parameters q + are unknown and 
we are given an a priori guess q. The distinguishability criteria test whether q can be distinguished 
from q + , by searching for a source distribution, which maximizes the "difference" between q + and 
q. We use (3) or (4) as a measure for this difference. Further potential applications of such optimal 
source designs were discussed in the introduction. 

Given the above setup and using different function space configurations we have eight different 
measures of type (3) or (4). In the following we will present numerical experiments for these cases 
and develop an ad hoc criterion to select the best optimal source strategy. 

4.1 Numerical computation of optimal sources 

We use test problems, which consist of a homogeneous background with small inclusions. The 
domain S7 is a disk of radius 4.3 cm with background diffusion coefficient Dq = 5.5 cm -1 and 
background absorption coefficient uo = 0-06 cm' 1 , which are representative values for soft tissues 
[27, 1]. The value of k is taken to be 10 8 /299792458 cm -1 [1]. Given the background values we have 
simulated both single and multiple circular inclusions corresponding to q + of radius r% centered at 
{fc,G c )- We have used constant background values plus some multiple of the background values as 
a constant over the inclusion. Given the inclusion q + , we simulated the "synthetic" data. Then 
we chose the background values as a particular guess for q and computed the distinguishability 
operator both A and B and their adjoints A* and B* to form A* A and B*B for the power iteration 
to find the optimal source f n at the nth iteration. We have tested the computation of optimal 
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source with a single inclusion at different locations as well as with multiple inclusions. We have 
also varied the values of the diffusion and absorption coefficients for the inclusions, using values 
both smaller and larger than the background listed above. 

We discretize both the Dirichlet and Neumann problems with the piecewise linear finite element 
method. The domain is triangulated into a mesh with 4064 finite elements. We have tried finer 
meshes and our simulations of the various cases reported in this article seem stable with respect 
to mesh parameter. All computations were performed in MATLAB. The initial guess /o for the 
optimal source is generated randomly, and we compute 500 iterations of the power method in each 
case, which is reasonable considering that the convergence (in magnitude) in each case is rather 
fast, usually within 50 iterations. 

Before we present the numerical results, we would like to comment on the computations in- 
volved in the algorithm. At each iteration, several forward problems are needed, most of which 
are Dirichlet-to-Neumann or Neumann-to-Dirichlet maps. For all these cases, each incurs two 
Neumann-to-Dirichlet operators involving g + , which can be accessed experimentally. The remain- 
ing involves only q, and can be evaluated numerically. 

Results from a single inclusion of radius rt = 0.86 cm centered at r c = 3.2 cm away from the 
origin at an angle of 9 C = 77r/12, that is [x c , y c ] = [r c cos(# c ), r c sin(# c )] are shown in Figure 1. 
The diffusion and absorption coefficients within the inclusion are each a = 1 1 times of those in the 
background of the medium. Predictably, the optimal source is localized on the part of the boundary 

— 1/2 

closest to the inclusion in all cases. However, it is evident that Case (B4), where X = H q (<9f2) 
and Y = Hg(Q), gives the sharpest localization if we consider the scale of the vertical axis and 
quick decay to zero away from the inclusion. 

Shown in Figure 2 are results when two inclusions are placed in the medium. The first inclusion 
is centered at [x c i,y c i] = [0,3.44cm] with a radius r%\ = 0.43 cm, and the second is centered at 
[x C 2,y C 2] = [—2.58cm, 0] with a radius r%i = 1.075 cm. The diffusion and absorption coefficients 
within the inclusions are set to ol\ = a.2 = 6 times of those in the background medium. As in 
the single tumor case, the sources are localized near the inclusions, and Case (B4) shows shows 
a particularly sharp localization near the tumor that is closest to the boundary, near ir/2. We 
further note that in the case of a single or very few isolated inclusions, the shape of the optimal 
source distributions itself can be used as an indicator for the presence of such inclusions. One can 
determine at least some information about the location and the size of the inclusions. 

4.2 Comparison of different cases 

While it is often evident by examining the graph that Case (B4) gives the sharpest localization, 
we present quantitative measures as well to support the observation. For each 9 on the boundary, 
< 9 < 2-7T, for which a value f{9) is defined in the finite element routine, we compute 



p(9) 



FZ 



l/WI 



/c , l/WI<»' 



We then expect that the mean 9 of 9 with p{9) as the weight should be close to the angle of the 
inclusion 9. For each case we compute 



Err(9) 



In addition, we compute the variance in each case 



2tt 

9p(9)d9 - 9 
o 



p2-rr 

var(9) = (9- 9) 2 p(9)d9, 

Jo 
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which gives us a sense of how sharp the localization is. 

We have computed Err{9) and var{9) for the single inclusion from Figure 1 as well as for 
an inclusion of radius rj = 0.215 cm centered at an angle of 9 C = vr/3, r c = 3.655 cm from the 
origin. The optical parameters within the inclusions for this case were a = 6 times of those of the 
background. The results are given in Table 1. As is evident from the figures, Case (B4) results 
in the lowest value for Err (9) and for var{9). For the majority of the single inclusions near the 
boundary we have tried, the results were similar. However, for inclusions located near the center of 
the medium, and thus far from the boundary, Case (B4) does not always give meaningful results. 



r-i/2 



1/2/ 



h 1/2 < 



H7^\dQ) 



Case (A4), where X = H q ' (dn) and Y = H q ' (dQ), or Case (A3), where X 
and Y = L?,(cW7), may be preferable: while the optimal sources that result from inclusions on the 
boundary are not as localized as in Case (B4), they are often second and third best, and also give 
meaningful results for inclusions closer to the center. In general, Cases (B3), (B4), (A3) and (A4), 

— 1/2 

all of which have X = H q ' (<9S1), show much sharper peaks closest to tumors than do Cases (Bl), 



(B2), (Al) and (A2), all of which have X 
choice than the alternative. 



Li 2 (dQ), suggesting that X — H q ' (d£l) is a better 



Case 


7n 
var{9) 


/12 
Err{9) 


7T/ 

var(9) 


3 

Err(9) 


Al 


1.8046 


0.5128 


1.7866 


0.5075 


A2 


1.8046 


0.5128 


1.7866 


0.5075 


A3 


1.3733 


0.3314 


1.3107 


0.3570 


A4 


1.1882 


0.2908 


0.9004 


0.2153 


Bl 


2.234 


0.6827 


2.8914 


1.1095 


B2 


1.6130 


0.4571 


1.6952 


0.4256 


B3 


1.2035 


0.2685 


1.0784 


0.2934 


B4 


0.9582 


0.2268 


0.4576 


0.1218 



Table 1: The localization of the source for inclusions centered at 7-7r/12 and tt/3. 



5 Conclusions 

In this paper we have investigated an analytical framework for the inverse optimal source problem. 
It is based on maximizing certain distinguishability criteria discriminating the unknown physical 
parameters of the tissue and an initial guess for the parameters. The necessary analytical tools 
are provided. Numerically, we have proposed an algorithm for computing the optimal source 
by the power method. The method has been evaluated on a circular media, and a comparison 
of eight different combination of function spaces is performed. The results indicate that that 
the choice with X = H q (<9S7) and Y = H^(Q) gives the best localized optimal source in our 
computational experiments. We note that the simulations presented in the paper involve mainly 
model error due to discretization and involve ideal circumstances. Due to its analytical tractability 
and clear computational framework, the numerical results and the present work is expected to 
serve as a benchmark case and should be a very good starting point for future research in the 
area of distinguishability in diffuse optical imaging. The question of which of these spaces is the 
most localized as well as computationally most stable given other uncertainties present such as 
measurement errors will be explored in a sequel. 
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Figure 1: Optimal source results from a single inclusion of radius rt = 0.86 cm centered at r c = 3.2 
cm away from the origin at an angle of 8 C = 7ir j\1 are shown. The diffusion and absorption 
coefficients within the inclusion are each a = 11 times of those in the background of the medium. 
Predictably, the optimal source is localized on the part of the boundary closest to the inclusion in 



all cases. However, it is evident that Case (B4), where X = H q (dCl) and Z = Hg{Q), gives the 
sharpest localization if we consider the scale of the vertical axis and quick decay to zero away from 
the inclusion. 
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Figure 2: Optimal source results for inclusions near tt/2 and n when two inclusions are placed in 
the medium. The first inclusion is centered at [ic c i>Z/ci] = [0,3.44cm] with a radius m = 0.43 cm, 
and the second is centered at [x C 2,y C 2] = [—2. 58cm, 0] with a radius r^ = 1.075 cm. The diffusion 
and absorption coefficients within the inclusions are set to a\ = «2 = 6 times of those in the 
background medium. As in the single tumor case, the sources are localized near the inclusions, 
and Case (B4) shows shows a particularly sharp localization near the tumor that is closest to the 
boundary, near tt/2. 
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Abstract. The multircsolution analysis (MRA) on certain non-abelian locally 
compact groups G is considered. Characterizations for a refinable function to 
generate an MRA in L 2 (G) are given. Here, no regularity properties or decay 
conditions are placed on the scaling functions. MRAs for L 2 (G) generated by 
a self-similar tile as a scaling function are shown and Haar-likc wavelet bases 
are constructed. Concrete examples related to Heisenberg group are provided 
to illustrate the theorems. 

Keywords: multircsolution analysis, non-abelian locally compact group, 
scaling function, Haar-like wavelet base, Heisenberg group. 

1. INTRODUCTION 

The theory of wavelets in the Hilbert space L 2 (R d ) has been studied extensively 
in recent decades. The principal framework for constructing and understanding 
wavelet bases for the Hilbert space L 2 (M. d ) is the concept of multircsolution analysis 
(MRA) [4, 8, 10]. For a general Hilbert space Ti, the notion of MRA can be 
formulated with respect to a distinguished affine structure (n, a) in the following 

way [1] . Let n be a countable, discrete subgroup of the group of unitary operators 

l 
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on H and a be another unitary operator on TL satisfying <j~ 1 J1(jC.J1 and 1 < [II : 
<7 -1 ncr] < oo. An MRA with the scaling vector (or function) (ftGTi for the affinc 
structure (II, a) is a doubly infinite sequence {Vj : j&Z} of closed subspaces of TL 
with the following properties: 

(i) {u(f> : uGlI} is an orthonormal basis for Vo; 

(ii) Vj = a j V , for all jeZ; 

(iii) VjCV j+1 , for all jeZ; 

(i y ) CljezVj = {^} (t nc triviality of the intersection); 



v) |J gZ Vj ; = 7i (the density of the union) 



A scaling vector (ft<ETL is called refinable if (f>£< {a(u(ft) : uGlI} >, the closure 
of the finite linear combinations of the functions from < {a(u(ft) : u€ll} >. If (ft 
is refinable, condition (iii) in the above definition is satisfied. Using the unitary 
operator a and the space Vo, we get a sequence {Vj : j^X] of nested closed subspaces 
of H. In order to construct an MRA, the triviality of the intersection and the 
density of the union become two crucial conditions. We will sec in section 3 that 
the triviality of the intersection is a direct consequence of conditions (i), (ii), and 
(iii). The question now is: when does the density of the union hold? To answer 
this question, let us first take a look at the Hilbert space L 2 (M. d ). 

In L 2 (M. d ), the above mentioned affine structure is II = {Tk : fceZ d } and 
a = <td, where T x is the translation operator defined by T x /(-) := /(• — x) for any 
/€L 2 (R d ) and o\d is the dilation operator defined by a £>/(•) = Sj f(D-) for any 
/€L 2 (IR d ) with D being the dilation matrix and So — |det(D)|. A special dilation 
matrix is D = 21, where / is the identity matrix. Suppose (ft£L 2 (W. d ). Define 
V((ft) as {Tk4> : k£Z d }. Then V(<ft) is the smallest closed shift invariant subspace 
generated by (ft, that is, Tkf&V((ft) for any f£V((ft) and any fc<GZ d . Now define 
Vj = 02i^\ '((ft) for any jEZ. The sequence of the closed subspaces {Vj : jGZ} 
is nested if (ft is refinable. A scaling function must be a refinable function. But 
the other way around is not true. Boor, DcVore and Ron [2] showed that the 
rcfinability of (ft alone is not enough for (ft to generate an MRA. For a refinable 
function to generate an MRA, additional conditions are required. They proved 
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that U 7 ez^J = L 2 (R d ) if and only if <j> is rcfinablc and M GZ supp(</>j) = ^ d m °dulo 
a null-set, where <fij{-) := 02i J ' </>(•) = 2 d ^ 2 (f>(2 : >-), <pj is the Fourier transform of 
cf>j, and supp(0j) := {£eM d : (fijiQj^O }. They also gave a sufficient condition 



for the density of the union: Uigz^j = i 2 (K d ) if <A is refinable and is nonzero 
a.c. in some neighborhood of the origin. This sufficient condition can be easily 
proven. If <fr is nonzero a.e. in some neighborhood of the origin, then we see that 
U jez supp(^) = M. d because ^(-) = 0(./2*). 

In this paper, we are interested in MRA defined over a more abstract Hilbcrt 
space. More specifically, we are interested in MRA defined over Hilbert spaces of the 
form L 2 (G), where G is some locally compact group. In the case that G is an abelian 
locally compact group, Dahlkc has successfully extended the concept of MRA to 
L 2 (G) [3]. The main purpose of this paper is to develop some characterizations 
of functions which can serve as scaling functions in the more general case where 
the Hilbert space is L 2 (G), where G is a locally compact group, but may or may 
not be abelian. From the abstract harmonic analysis point of view, [2] uses the 
information on the Planchcrel side to describe the qualities of a rcfinablc function 
that can generate an MRA for the space L 2 (R d ). For a general locally compact 
group G, it may be impossible to determine the Planchcrel measure on the dual 
space G. Thus, the information on the Planchcrel side is not available in general 
in this case. In contrast to [2], we only use the concepts coming within the space 
L 2 {G) to develop characterizations of functions that can serve as scaling functions 
without looking at the Plancherel side. Here, we note that we do not need to 
assume that the scaling functions have regularity properties, nor impose any decay 
conditions. To make the argument more general, we only assume that the scaling 
functions are elements in the space L 2 (G). 

Analogous to the construction of MRA in the space L 2 (R d ), to build an MRA 
on a general group G, the group G must have a uniform lattice subgroup T and a 
dilative automorphism a such that a(r)cr and 1 < [r : a(r)] < oo (see section 
2 for the precise definition). We call (T,a) a scaling system. The corresponding 
affine structure on L 2 (G) is then provided by (n, a a ), where n = A G (r), A G is the 
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left regular representation of G, <r a is the unitary operator defined by cr a f(x) — 
S a f(ce(x)) and S a is the factor by which a scales the Haar measure on G. 

An important example is G = H, the three dimensional nilpotcnt Lie group. 
H is realized as follows: EI = {(p, q, t) : p, g,t€K} with group product given by 
(p,q,t)(p' ,q' ,t') = (p + p' ,q + q' ,t + t' + \(pq' — qp'))- A choice for a uniform lattice 
in H is r = {(m,n,l/2) : m,n, ZsZ} and a compatible dilative automorphism is 
a{p,q,t) = {2p, 2q, 2 2 t), for all (p, q, £)e!HL This example and variations on it will 
be used to illustrate our main results later on. 

For any locally compact group G and a subset FCL 2 (G), we say that the family 
F is a left zero divisor in L 2 (G) if there exists a g£L 2 (G), g^O, such that f*g = 0, 
for all f£F. If a is an automorphism of G, a single function fEL 2 (G) is called 
a-substantial if {c^/(-) : jGZ} is not a left zero divisor in L 2 {G). 

If G = E and F<ZL 2 {G), then F is a left zero divisor in L 2 (G) if and only 
if there exists a measurable subset E of K, of positive Lebesque measure, such 
that f(oj) = 0, for all fEF and almost all lueE. If a is the automorphism given 
by a(t) — 2t, for all i€R, then a function /GL 2 (IR) is a-substantial if and only 
if there exists a measurable subset ^4CR such that /(w)^0, for almost all lueA 
and (J eZ 2- 7 A = M. In the particular case that /(w)^0 for almost all w in a 
neighborhood of the origin, then IJ GZ 2 J supp(/) = R. So any such function / is 
a-substantial. 

Despite the lack of tools from Fourier analysis to help us to recognize a- 
substantial functions in the case of a general locally compact group G, we are 
able to show that if a is dilative, f£L 2 (G), />0, /^0 and is of compact support, 
then / is a-substantial. This is done in section 3. 

Consider a locally compact group G A subspace X of L 2 (G) is called left shift 
invariant if Ag(j)XCX, for all 7er. For 4>eL 2 (G), let V((f) denote the smallest 
left shift invariant closed subspace of L 2 (G) containing 0. Define Vj = ff;\ V((f)), 
for all jeZ. Then the fact that <p is rcfinable implies that VqCV^ (then VjCVj+i, 
for all jeZ). Define <j>j(x) = or^^x) = 8 J J (/)(a J (x)), for any xeG, j'GZ. 
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The main results of this paper are summarized in the following theorems. 

Theorem 3.1 (Triviality of the intersection): Let G be a locally compact group 
with a scaling system (r, a). Let (j> be a refinable function of L 2 {G) and Vj, j'GZ 
defined as above. Suppose that the shifts of '</), that is, {L^(f> : "fdT }, constitute an 
orthonormal basis for Va, then f] iG iYj = {0}. 

Theorem 3.5 (Density of the union): Let <fr be a refinable function in L 2 (G) 
and Vj, j&li defined as above. Then the following are equivalent: 

^){J^y 3 = L 2 {G) 

(b) {0j}j 6 z is a left nonzero divisor in L 2 {G) 

(c) (/) is a— substantial. 

Theorem 4.3: Let G be a locally compact group and (I\ a) a scaling system 
on G. Suppose that there exists a self-similar tile T for (T, a) on G. Then <fi = \t 
will generate an MR A for the space L 2 {G). 

Theorem 4.6: The MRA generated by a self-similar tile will always guarantee 
a Haar-like orthonormal wavelet basis for the space L 2 {G). 

The rest of the paper is arranged as follows. Section 2 provides the basic 
concepts, definitions of the terms and some basic results on a scaling system and its 
corresponding affine structure. In section 3, we first prove the intersection triviality 
theorem. Then we prove several propositions that lead to the proof of theorem 3.5 
as stated above. Section 4 concerns with refinable functions of self-similar tile in 
the space L 2 (G), MRAs generated by using these refinable functions as scaling 
functions, and Haar-like wavelet bases associated with these MRAs. In section 5, 
we turn to the examples of the Heisenbcrg group. We draw upon the idea of [12] 
to give an explicit construction of refinable function on the Heisenberg group. This 
construction will provide examples to illustrate our theorems established in sections 
3 and 4. 

2. BASIC CONCEPTS 

Let G be a locally compact group with left Haar measure mg. Integration 
with respect to juq will be denoted simply by J G f{x) dx, for any appropriate 
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complex- value function / on G. Let L 2 (G) denote the Hilbcrt space of (equivalence 
classes of) square intcgrable complex- valued functions on G with inner product: 
< /, g >= J G f(x)g(x) dx, for f,g£L 2 (G). The left regular representation of G 
is the faithful homomorphism \q of G into the unitary group on L 2 {G) given by 
Xc(x)f(y) — f(x~ 1 y), Vx,y <G G, fGL 2 (G). If the group of unitary operators on 
L 2 {G) is endowed with the strong operator topology, then Xq is continuous. If a is 
an automorphism (topological homomorphism and algebraic automorphism) of G, 
then /— > J G f(a(x)) dx is a left invariant integral so there exists a positive constant 
5 a so that J G f{x) dx = 5 a f G f(a{x)) dx, for any appropriate function / on G. This 
means that a induces a unitary operator o~ a on 1?{G) by a a f(x) — 8j f(a(x)), 
for all xgG, f£L 2 {G). Note that, for any jGli, a? is an automorphism of G and 

ajf(x) = Si /2 f(a 3 (x)), for all xeG, feL 2 (G). 

An automorphism a of G is called dilative if, for any compact KQG and any 
neighborhood U of the identity e of G, there exists an uqEN such that KCa n (U), 
for all n>no. Note that a is dilative implies that 5 a > 1 but the converse is not 
true. 

A subgroup r of G is called a uniform lattice in G if T is discrete, countable 
and G/T is compact. Suppose T is a uniform lattice in G and a is a dilative 
automorphism of G such that a(r)CT and 1 < [r : a(r)] < oo. Then we will call 
(r, a) a scaling system (based on G). 

For many of the results of this paper, we assume that (r, a) is a scaling system. 
This condition imposes strong restrictions on the group G and the discrete subgroup 
r. We will not fully investigate these restrictions here, but we need to make a few 
observations. 

Proposition 2.1. Let(T,a) be a scaling system. Then the following conditions 
hold. 

(a) G is a unimodular group; 

(b) r is not an open subgroup of G; 

(c) m G (T) = 0; 
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(d) For any jo€l>, Uj> ?0 ct~ J (T) is dense in G. 

Proof, (a) follows from numbers 1.8 to 1.11 on page 21 in [11] for example. 
To see (b), suppose T were an open subgroup of G. Then it is a neighborhood 
containing the e. Since a(T)cr, if n>l, then a n (T)CT. Since 1 < [r : a(T)] and a 
is an automorphism of G, T is not all of G. Taking U = T and K = {x} for some 
xGG\T, then we would have that K = {a;}Ca™(r)cr by the dilative property of 
a, which is a contradiction to the fact that x€G\T. Then (c) follows from (b). 

For (d), choose a compact subset K of G such that G = U-yer -^7! this ^ s 
possible because T is a uniform lattice in G. For any x€G and any neighborhood 
W of x, let U be a symmetric (U^ 1 — U) neighborhood of e such that UxCW. 
Since a is dilative, there exists noGN such that j>rio implies KCa J (U); that is, 
a- j (K)CU. Then 

G = a~ j {G) = (J a- j {Kj) = (J a~ j (K) a - j (j)C (J J7a -J '(7). 

Thus, there exists a 7£T such that rrSt/a - - 7 ^). Hence, x = ua -J ( / y), for some uGC/ 
and a -J '(7) = u~ 1 x€UxCW. Therefore, VFp|a _: '(r)^0, for any j>n$. Because 
a~ j (T)C a -^ +1 \T) for all j, \Jj> jo a~ j (r) is dense in G for any fixed j eZ. D 

If (r,a) is a scaling system and <fiEL 2 (G), we use to generate a family of 
closed subspaces of L 2 (G) in analogy with the role played by a scaling vector in an 
MRA. Let V(4>) denote the closed linear span of {Ag(7)</> : 7GT}. For each jGZ, let 
Vj = a a : 'V((f>). A function of the form Xcil)^ is called a shift of <p, so the shifts of 
<j) forms an orthonormal basis exactly when {\g("i)4> '■ 7Gr} forms an orthonormal 
basis of V{<j>). Moreover, the fact that (f> is refinable exactly means VqQV\. So 
VjCVj+i, for all jeZ. 

Proposition 2.2. Let (r, a) be a scaling system and (j)<EL 2 (G). Then the 
following conditions hold. 

(a) a a J \G{l)<J a ~ J = A G (a~ J (7)), for all jeZ, 7er, 

(b) If II — Ac(r), then (II, cr Q ) is an affine structure on L 2 (G), 



(c) V,- = < {A G (i/)«7 a J> : i/€a-J'(r)} >, forjel 
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PROOF. For feL 2 (G) and xeG, compute 

= !(a-i( 1 - 1 )x) = \ G (a-i( 1 ))f(x). 

This establishes (a). In particular, <J a 1 ^G{l)o'a = Ag(o:(7))- So, if II = Ac(r), 
then a a ~ 1 Ha a = Ac(a(r)). Since X G is a faithful honiomorphism, [il : cr Q _1 ncr a ] = 
[r : a(T)] and (IT, a a ) is an affine structure in the sense of [1]. So (b) holds and (c) 
also follows from (a) and the definition of V 3 ■ . □ 

3. THE CHARACTERIZATIONS OF A SCALING FUNCTION 

In this section, the first two theorems stated in the introduction are proven. 
We first prove the triviality of the intersection because it is the direct consequence 
of refinability and orthogonal shifts. Then we establish the density of the union by 
considering several propositions. Finally, we show that the space L 2 (G) provides 
an abundant supply of a-substantial functions. 

Theorem 3.1. (Triviality of the intersection) Let G be a locally compact group 
with scaling system (T,a). Let <f> be a refinable function of L 2 (G) and define 
Vj = <T 3 a V{4>) for j'GZ. Suppose that the shifts of <fi, that is, {r 7 : JET}, constitutes 
an orthogonal basis for Vo, then Diez ^i = "W- 

Proof. Since is refinable, VjCVj+i, for all jsZ, so 

n ^ = n v -n- 

jel. n£N 

Since is a unit vector with orthogonal shifts and a is unitary, for each j'GZ, 
{a 3 '(Ag(7)<^) : 7GT} is a orthonormal basis for Vj. The orthogonal projection Pj of 
L 2 (G) onto Vj is given by 

p i/ = E < /X(A G ( 7 )0) > ^'(A G (7)0), V/eL 2 (G). 

Let /€P) eZ Vj; so Pj/ = /, for all j'GZ. Let e > be arbitrary. Select a 
continuous function of compact support, /i, so that ||/ — /1II2 < e- Then ||/ — 
Pjhh = II W - fi)h < e and so ||/|| 2 <||^/i||2 + C for any jgZ. 
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Let K be a compact subset of G so that supp(/i)CiiT and let M = sup{|/i(x)| : 
xEK}. Let W be a neighborhood of e in G such that H^P|L = {e}. Let U be 
another neighborhood of e such that UU~ l< ZW . Then, for any 71, 72GL, 717^72 
implies 7r 1 lll72~ 1 £ / = - 

Since a is dilative, there exists noGN such that KCa n (U) for any n>no; that 
is oT n {K)QU if n>n . Therefore, for 7 1? 72GL, with 717^72 and n>no, we have 

7f 1 a-"( J ft:)n72 _1 a _ ™(^) = 0- Let £_„ = U 7 er7~ la ~"W- If n > n o> wc havc 
additivity of the characteristic functions, 

Now, fix a point xSG\L. Since L is discrete in the relative topology of G, it is 
a closed subgroup. Thus, there exists a symmetric neighborhood V of e such that 
xVQL = 0. Then a; is not in r y~ 1 V, for any 7€L. Using the dilative nature of a 
again, there exists n\>no such that n>ni implies a~ n (K)<ZV. So, for any n>n\, 
Xe_ u (x) = 0. Therefore, the sequence (XE_ n )^-i converges to pointwise on G\r, 
so it converges to pointwise almost everywhere on G, since tog(L) = 0. For n>n\, 

\\P-nh\\l = ^|</ 1 ,a-(A G ( 7 )0)>| 2 

7er 

= £<E n l / h{x]^=^=^x^ dx\ 2 
< ^^-"(/l/iWII^- 1 ^"^))!^) 2 

7G r Jg 

7£ r Jg 
< M 2 m G (^) 2 ^5-" I \^- l a- n (x))\ 2 dx 



7G r JK 



a 



M z m G 



(#) 2 W \Hv)\ 2 dy 



yer J 7 -i Q -"(K) 



= M 2 m G (K) 2 / Y£_„(z)l0(?/)| 2 ^^O, asn ^oo, 

by the Lebesque Dominated Convergence Theorem. The last inequality in the above 
calculation is an application of the Cauch-Schartz inequality. Since IJ/I^^H-P-n/ilh-l 
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e, for all n, ||/||2<£ and e > being arbitrary, we conclude that / = 0. Therefore, 

a-gz *$• = {«}■ n 

Remark 3.2. In Theorem 3.1, one can replace the assumption of orthogonal 
shifts with the assumption that the shifts of <j) constitute a frame in Vq, as for 
the L 2 (M. d ) situation, but we preferred to write out the clearer argument with the 
stronger assumption since we need orthogonal shifts elsewhere. 

A subspace X of L 2 {G) is called left translation invariant if \c(x)f&X, for all 
/el and xGG. For a family of functions FCL 2 (G). Let X(F) denote the smallest 
closed left translation invariant subspace of L 2 (G) which contains F. Obviously, 

X(F) = <{X G (x)f:xeG,feF}> = {X G (x)f : xeG, feF}^. 

Recall that we call F a left zero divisor in L 2 (G) if there exists a nonzero g in L 2 (G) 
such that f*g = 0, for all f&F. 

Proposition 3.3. Let G be a unimodular locally compact group and let FCL 2 (G). 
Then X{F) = L 2 {G) if and only if F is not a left zero divisor in L 2 {G). 

Proof. For g£L 2 (G), let g*(x) = g{x^ 1 ), for all x<eG. Then g — >g* is a norm 
preserving conjugate linear bijection of L 2 {G) (this is where unimodularity of G is 
used). Now, for f,g£L 2 (G) and x^G, the following is a standard calculation, 

f*g(x) = / f(y)g(y^ 1 x) dy 

JG 



f(y)g*(x 1 y) dy 

G 



f{xy)g*{y) dy 

IG 

= <\ G {x- x )f,g* > . 

Thus, f*g = 0, for all feF if and only if g*e{\ G (z)f : z&G,f&F} L = X{F)^. 
Therefore, X(F) = L 2 (G) if and only if F is not a left zero divisor in L 2 (G). □ 

We are most concerned about the nature of X(F) where F = {a^^ ■ j^X} 
and (f> is a refinablc function associated with a scaling system. 
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Proposition 3.4. Let (L, a) be a scaling system and let </> be a refinable func- 



tion in L 2 {G). Then X({a a 3 4> : jtZ}) = \J j& Vj. 

Proof. According to Proposition 2.2 (c), for any fceZ, Vf. is generated by 
{\ G {v)cr a k (t> : v^a- k {T)}. Thus, V k CX{{a a j 4> : jeZ}), for all fceZ. There- 
fore, \Jj G zVjCX({a a j <t> : jeZ}). Let f&\J j£Z Vj. Then feV k , for some k, so 
A G (z/)/GV fe , for all v^a^ k (T). But then /eV,, for any j>k, so A G (^)/e|J j>fc Vj, 
for any i/g Ui>fe ce~ 3 (T). Because of the nesting properties, IJ ?eZ Vj is invariant un- 



der left translations from [J 7gZ a! J (r). Therefore, lJ 7GZ Vj is also invariant under 
left translations from U. eZ a _J '(r). 



Now, for any / €|J eZ V} and any ieG, use Proposition 2.1 (d) to select a net 
(1//3) of elements from IJ 7GZ a _J (r) such that vp—^x in G. Since A G is continu- 
ous with respect to the strong operator topology, Xci^fj)/ — > ^G( x )f- Therefore, 



\ G (x)f€\J j£Z V 3 , for all xtG. Hence, X({a a 3 <j> : jeZ}) = U jeZ V-. □ 

We are now ready for the main theorem characterizing scaling functions for a 
scaling system (T,a). Recall that, for (j)<EL 2 (G) and j<EZ, a a 3 <j)(x) = <5a 0(a J '(x)) 
and 4> is a-substantial if and only if {cr a J (j> : j'SZ} is not a left zero divisor in L 2 {G). 



Combining Proposition 3.3 and 3.4 gives us that lL e z Vj = L 2 (G) if and only if 
is refinable and a-substantial. Thus we have the following theorem. 

Theorem 3.5. (Density of the union) Let <j> be a refinable function in L 2 (G) 
and Vj, j'SZ defined as above. Then the following arc equivalent: 

^)U~^y^L 2 {G) 

(b) {0j}jg Z is a fe/i nonzero divisor in L 2 {G) 

(c) is a-substantial. 

Next we show that the condition of being a-substantial is not really that im- 
posing. 

Proposition 3.6. Let G be a locally compact group with a dilative automor- 
phism a. Let f€L 2 (G) satisfy f>0, /^0 and there exists a compact subset K of G 
such that f{x) — 0, for almost all x€G\K . Then f is a-substantial. 
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Proof. Since / is compactly supported, it is actually in ^(G). Without loss 
of generality, assume ||/||i = 1. For each n€N, define f n (x) = <5™/(a™(x)) = 
Sa Pa n .f(x), for all x(zG. Then j'f n {x) dx = 1, for all neN. Therefore, for any 
geL 2 (G), 



f n *g{y) - g(y) = / f n (x)[XG(x)g(y) - g(y)]dx, 
Jg 

for all y&G. Using a version of Minkowski's inequality for integrals instead of sum, 
see [5], VI. 11. 13 on page 530, we get 

\\fn*g-9h = {/ ' \f n *g(y) ~ g(y)\ 2 dy} 1/2 



= {/ | / [AcCxMl/J-ff^/nWdafl 2 ^} 1 ^ 

Jg Jg 

< [{[ \X G (x)g(y) - g(y)\ 2 dy} 1 / 2 f n (x)dx 
Jg Jg 

Xc(x)g - g\\ 2 f n (x)dx. 

G 

For any e > 0, there exists a neighborhood U of e such that ||Ag(zO<7 — <?||2 < e, 
for all xgC/ (this is just the strong operator continuity of Xq again). Since a is 
dilative, there exists no<GN such that a~ n (K)CU, for all n>riQ. The support of 
/„ is contained in a~ n (K), so n>n and f n (x)y^0 implies \\\Q(x)g — g\\ 2 < e, for 
almost every ieeG. Therefore, n>no implies 



\\fn*g-gh< / ||A G (a;)3-5ll2/n(a;) da;<e / f n (x) dx = e. 
Jg Jg 

Thus, {/„ : n = 1, 2, 3, • • • } forms a left approximate identity for the module action 

of L 2 (G) on L 2 (G) by convolution. 

Clearly <r a n f*g = implies /„*g = 0. So a a n f*g = 0, for all neN implies 
5 = 0, for all g<EL 2 (G). Thus, {a,J f : j<EX\ is not a left zero divisor in L 2 (G). 
That is, / is a-substantial. □ 

4. MRAS GENERATED BY SELF- SIMILAR TILES AND 
HAAR-LIKE WAVELET BASES 

This section concerns rcfinablc functions that arise from self-similar tiles in 
the space L 2 (G), the MRAs generated by a self-similar tile as its scaling function 
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and Haar-like wavelet bases associated with the MR As. Grochenig and Madych 
[7] considered the scaling system (Z d , D) on the group M. d , where D is a matrix 
with integer entries with all eigenvalues of which have absolute values bigger than 
1. They established a connection between self-similar tilings and MRAs that are 
generated by a characteristic function for its scaling function. Besides developing 
the basic properties of self-similar tiles for (Z d ,D), they looked at a variety of 
interesting examples by choosing different integer matrices in R 2 . For example, 

the matrix D = has the fractal set known as the twin dragon as a 

V \ .* / 
self-similar tile. Self-similar tiles are very often fractal in nature. Following Meyer's 

recipe, [7] also constructed Haar-like wavelet bases using the MRAs generated by 

self-similar tiles. We have been very much inspired by the results in [7]. 

Let r be a uniform lattice in a locally compact group G. A measurable subset 

T of G is called a tile for G if m G (T) < oo, G = U 7er 7 T and m G (-fTf]T) = 0, for 

7Gr\{e}. Since T is countable, the last condition is equivalent to X^er Xt(7 ~ x) — 

1, for almost all x&G, where \A denotes the characteristic function of a subset A 

of G. The next proposition contains useful observations about tiles. 



Proposition 4.1. Let V be a uniform lattice in a locally compact group G. Let 
T be a tile in G and S a measurable subset of G such that G — U-yer'/'S'- Then (a) 
mciT) > 0, (b) S is a tile if and only if mc(S) — tog(T). 



PROOF. Since V is countable, m G (G) = J2 7 er m G(T). So m G (T) > 0. For 
(b), let 



/(*) = 5>s(7 _1 a0 = 5> 7 s(*)>l, 

7er 7 er 
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for almost all xgG. Then, for any j'GT, 



m G(T) = / 1 dx< / f(x)dx 

Jj'T Jf'T 



/ X-t>T(x)^2xsh l x)da 
G 7er 

/ ^XT{i^ 1 lx)xs{x)dx 
Xs(x)dx = m G (S). 



'G 

Thus, mQ{T)<mc{S) and uiq(T) — ttiq(S) if and only if f(x) — 1, for almost all 
xE^/'T, for each j'gT, so, if and only if S is a tile. □ 

Suppose a is an automorphism of G so that (T, a) is a scaling system and T is a 
tile for G. If a(T) = IJ-yer 7^~'> f° r some subset ToCr, then we call T a self-similar 
tile for (r, a). 

Proposition 4.2. Lei (r, a) 6e a scaling system of a locally compact group G. 
Suppose that there exists a self-similar tile T for (T, a), then the following properties 
hold: 

(a) I/ToCr is such that a(T) = l_Ler 7^~'> £/ien To is a complete set of right 
coset representatives for a(T) in T, 

(b) [T : a(r)] - 6 a , 

(c) = mG(T)~ 1 ' 2 XT is a refinable function in L 2 (G). 

Proof. We begin by proving (b). Let 71,- • • ,-fk be a complete set of right coset 
representations for a(r) in T. So T is the disjoint union (J i=1 a(r)7j. 

Since T is a tile for G, 

fe 

G=U a (7)[|j7^]. 
7er »=i 

Applying a -1 , we get 

k k 

G={Jia- 1 {\J~ /i T}=\J 1 [\Ja-\ 7i T)}. 

-yET i=l 7GT i=l 
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If S = Ui=i a ~ 1 (liT), then one easily checks that maijSf^S) = if 7^e. Thus S 1 is 
a tile. So itig(S) = tog(T). On the other hand, itig(S) = fc£~ mc(T). Therefore, 
[r : a(T)] = fc = 5 Q and (b) holds. 

For (a), suppose To is the subset of T such that a(T) = U-ver 7-^- Then 
Xa(T)( a; ) = S-v'er X7'T( a; ), f° r almost all x. Since G is "tiled" by the sets {7T : 
7GI 1 }, the {x-yT '■ 7GT} arc mutually orthogonal projections in the commutative von 
Newmann algebra L°°(G) (at least, that is a fancy way of thinking for the following 
calculation). Each of the following equalities is true for almost every xGG. 

1 = Y X ^ T ^ = E^O^V)) 
7er 7 er 

= ^2x a ( 7 ) a (T)(x) = E X^a(T)(«) 
7GT i/ga{r) 

= J! Xa(T)(^ 1 a;) = E E Xyri^x) 
i/ea(r) ;/ea(r)7'er 

= E E X(uy)T{x). 

^ea(r)7'er 

Thus, J2-yerXyT(x) = E„ ea (r)(E7' e r X(^ 7 ')r(a;))j for almost every xeG. This 
implies that each "fGT has a unique expression of the form 1/7', with i/Ga(r) and 
7'GlV In other words, T is a complete set of right coset representations for a(r) 
in r. 

Finally, we prove part (c). If (f> — itig(T)~ 1 ' 2 xt7 then ||</>||2 = 1, then <j> has 
orthogonal shifts and we can see that <p is refinable as follows. For any x€G, 

<t-V(z) = 5- l/2 ^-\x)) 

= 5- l / 2 m G {T)- l /\ T {a- l {x)) 
= 5- l l 2 m G {T)- l l 2 XaT {x) 

= E K 1/2 ™ g (T)-^x,t(x) 
= E S-^rnaiTy^XTd- 1 *) 
= E <£ 1/2 A G (7)<K*)- 

76T 
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So cr Q ~V = J2- ( er a 5 <* a g(t)0 which implies = E 7 er (5 Q : 1/2 cr Q [A G (7)0]. There- 
fore <b is rcfinablc. D 



From the proof above, we see that the number of right coset representatives for 
a(r) in r is equal to 5 a . This number will appear later on. 

Boor, DeVorc and Ron in [2] showed that rcfinability is not enough to generate 
an MRA in the space L 2 (R d ). Using the results from section 3, we see that whenever 
we have a refinablc function of self- similar tile, an MRA can always be produced 
by this function as a scaling function in the space L 2 (G) . 

Theorem 4.3. Let G be a locally compact group and (L, a) a scaling system 
on G. Suppose that there exists a self-similar tile T for (T,a) on G. Then <fi = \t 
is a scaling function, that is, it will generate an MRA for the space L 2 (G). 

PROOF. The rcfinability of (f> guarantees that condition (iii) in the definition 
holds. Define Vq = V (</>), the closure of {Xc(j)(f> ■ 7 € L}. It is clear that 
{^g(7)0 : 7 G r} is an orthonormal basis for Vq. Thus condition (i) holds. Using 
the unitary operator a a , a sequence of closed subspaces Vj = cr^Uo are constructed. 
Condition (iv) is trivial by Theorem 3.1. By Proposition 3.6, <j) is a-substantial. 
Thus the density of the union (v) is also satisfied. Therefore, an MRA for L 2 (G) 
is generated by the self-similar tile \t as a scaling function. □ 

Once an MRA has been built up in the space L 2 (G), next we want to construct 
wavelet basis using the structure provided by the MRA. 

Let {Vj : jdX] be an MRA in the space L 2 (G) with a self-similar tile \t 
as its scaling function for the scaling system (T,a). Let Wj be the orthogonal 
complement Vj in V^+i, that is, Vj + \ = VjQWj, j'€Z. Then we can decompose 
L 2 (G) as (B 7GZ Wj. To construct an orthogonal wavelet basis for L 2 (G), all we need 
is to construct an orthogonal basis for Wo. If an orthogonal basis for Wq can be 
constructed, then a 3 a will send this orthogonal basis for Wq to an orthogonal basis 
for WjyjGTi. Therefore the union of all these bases would give an orthogonal basis 
for L 2 (G) because L 2 (G) = ©, eZ Wj. In the space L 2 (M. d ) with a scaling system 
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CE d ,D), if (j) is a scaling function of an MRA and q = \det(D)\, [9] showed that 
there exist q — 1 functions i/'i? ■ ■ • > V'g-i such that {T k ipi : fcsZ d , z = 1, ■ ■ ■ , g — 1} 
is an orthogonal basis of Wo , where tpi,i = 1,- ■ ■ ,q — 1 satisfy 

(4.1) Vifr) = X! a,feMeip)| 1/2 ^(^ - fc), 

fcez d 

with some sequences {aifc},z = 1, • ■ ■ ,5 — 1 in Z 2 (Z d ). Therefore, {o- 3 D Ti~ipi '■ 
k£Z d ,j£Z,i = 1, • • • , g — 1} forms an orthogonal wavelet basis for L 2 (M. d ). Since 
V0CV1, there must exist a sequence {a^} in l 2 (Z d ) such that 

(4.2) (/.(x) = Y^ a k <TDT k <t>{x) = 2 afeldeip)! 1 / 2 ^^ - fc). 

feez d fcez d 

To construct a wavelet basis following Meyer's recipe, one first begins with an MRA 
with a scaling function cj> satisfying equation (4.2) and then look for wavelet basis 
satisfying equation (4.1). For the MRA in L 2 (M d ) generated by a self- similar tile 
as a scaling function, [7] constructed a piecewise constant wavelet basis associated 
with the scaling system (Z d , D) following Meyer's recipe (Sec [9]). It turns out that 
Meyer's recipe still works in the space L 2 (G) if an MRA generated by a scaling 
function of self-similar tile is available. 

Proposition 4.4. Let \t be a self-similar tile associated with a scaling system 
(r,a) and {Vj : j'GZ} be an MRA generated by xt- Let T$ — {71,72, ■ ■ ■ ,"fs a } be 
a complete set of right coset representatives for a(T) in T. Then the subspace Wq 
is a set of functions satisfying f(x) — X^er a "y (J a^G(l)XT(x) with {a 7 } in l 2 (T) 
satisfying S 7 'er a a(7h' = for all jeT. 

Proof. A function f€WoCV\ can be written as 

■f( x ) = ^a-fVaXGi^XTix) = ^a 1 5 l J 2 XT(l~ l a(x)), 
7er 7 er 

for some sequence {a 7 } in Z 2 (r). A function gGVo can be written as 

9(x) = Yl b i' X G(i)XT(x) = Y b i'XT(i~ x), 
7'er 7'er 
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for some sequence {&y} in l 2 (T). Then 

= S l /2 Y1 E a ^' I X a -H~iT){x)x~t>T{x)dx 
7er 7 'er Jg 

= S i /2 E E «7 VMa- 1 ^) f) j'T) 

7er 7 'er 

= ^ /2 EE a ^m G (a- 1 (7)a- 1 (T)f| 7 'T). 

7er 7 'er 

Since T = [J,^ a(T)7i, which is a union of disjoint right cosets, a sum over the set 
r is equal to the sum over the set (Jjf^ a(T)ji. Thus the above equals 

^ /2 E E «7V^ G (^ 1 (7)«- 1 (r)f)7'T) 

7er 7 'er 

- 5 i /2 J2IlJ2 a a(7)7i 6 7 7m G (a- 1 (a( 7 )7 i )a- 1 (T)n7 / r) 

7 er «=i 7'er 

= 5 a /2 EE E a a(7)7 l 6 7' m G(a _1 (a(7)7i7 i n a ( 7 ') a ( T ))) 
7 er %=\ 7'er 

= ^ /2 EE E a «(7)7 l 6 7' m G(a _1 (a(7)7i^n a ( 7 ') U 7 J T )) 
7 er i=i 7'er j=i 

= ^EE E a «(7)7» 6 7' m G(a _1 (lJ( a (7)7 i rP|a(7')7^))) 
7er «=i 7'er j=i 

s a 

= S a 2 E E a a ( 1 h l b 1 m G (a~ 1 (a(j)-f l T)) 
7er i=i 

= (5 a /2 EE a «(7)7« & 7 TO G(a~ 1 (r)) 

7er i=i 

- 5y 2 ^c 7 ^m G (a- 1 (T)), 

7er 

where c 7 = J7=i a «(7)7i- The third last equality is due to the following basic fact: 
TOG(a _1 (a(7)7iTP| a(7)7jT)) is either equal to or mc(Q; _1 (a(7)7iT)) because T 
is a tile. The second last equality holds because G is unimodular. Thus, (/, g) = 
S a ' (c, b)^ 1 = S a ' (c,b). Therefore, f€W$ if and only if / can be written as 
f( x ) = E 7 er a 1 8 1 J 2 XT{l^ 1 a{x)) and c 7 = Yh=i a a(7b> = °- n 
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Proposition 4.5. Suppose that \t, (r, a), {Vj : j'GZ}, and Tq are the same 
as in Proposition 4-4- Suppose that U = (?%-) is a S a x 5 a unitary matrix with all 
entries on the first row being the same constant 5 a ■ Then the set of functions 
{ipi,ip2,--- ,4>s-i} defined by 

ipi-i(x) = ■m G (Ty 1 / 2 Y,j°Li Uij<r a ^G(lj)XT(x),i = 2, ■ ■ ■ ,S a 
is a set of mother wavelets for the MRA. That is, the following set 

F = {Xci^ : 7 eT,i = I,- ■ ■ ,5 a - 1} 
is a complete orthonormal basis for the space Wq. 

Proof. We first show that the set F is an orthogonal system and then prove 
it is complete. 

In the following, we will use Proposition 2.2 (a): A G (7)<r Q = o~ a X G (a("f)). For 
A G (7')^-i,M7")V^-ieF, then 

(A G ( 7 ')^-i,A G (7")^-i> 

<5 Q S a 

= (^G(j')m G (T)~ 1/2 ^2 u imO- a \G(j m )XT, \ G (j")m G (T)~ 1/2 ^ u jn a a X G (j n )xT) 

m— 1 n— 1 

S a S a 
= m G (T) _1 ^ ^ U im Uj^{\G{i)<r a ^G{lm)XT, \G{l")Vg^G{ln)XT) 

m— 1 n— 1 

S a S a 

= moiTy 1 ^ ^2 U »n^V( A G(7') cr aA G (7 m )xT, A G (7") cr a A G(7n)XT> 
m— 1 n— 1 

S a S a 

= mciTy 1 ^2 ^ U irn~UJ^(o- a \G(u(j / ))^G(jrn)XT,0- a \G(c((j"))\ G ('y n )xT} 
m—1 n—1 

S a S a 

= mciTy 1 ^2 ^ u irnUj^(^G(a('j / ))X G ('j m )xT,^G(a('-f' / ))X G (j n )xT) 

m—1 n—1 
S a S a 
= mdTy 1 ^ ^ u imUJn~{^G{u{l')l m )XT , \G{u{i')ln)XT) 
m—1 n—1 

S a Sa 

= m G {T)~ l ^2 X! UimUj^m G (a('y / )j m T n a{~f")^ n T) 

m—1 n—1 

Sa 

= m G (Ty 1 S(j' - 7") ^2 u imUr^m G (T) 

m—1 

= 5{i-i')8{i-j). 
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Next we show that the set F is complete in Wo. For any /gWo, we want to 
prove that if (/, A G (7)V>i-i) = f° r an Y 7<=r, i = 2, 3, • • • , S a , then / == 0. We see 
that 



(/.Ag(7)V'») = (X! a 7 ,(7 " A G(7')XT,A G (7)m G (T) 1/2 ^u 4J cr Q A G (7j) 



XT) 



<5 a 
= m G (T)~ 1/2 J^ ^ayUi7(c7 a A G (7 / )XT,A G (7)a a A G (7 J )xT) 
7'erj=i 

= m G (Ty 1/2 ^ ^aYUijWaXGil^XT^aXGiail^^Gil^XT) 

7'erj=i 

= m G (Ty 1/2 Y ^ay^7(A G (7')XT,A G (a(7)7j)xT) 
7'erj=i 

= m G (rr 1/2 ^ ^a 7 /M-m G ( 7 'Tp|a(7)7 J T) 
7'erj=i 

= m G (Ty 1/2 Y YYa a{l , )lm u-m G {a{i)-i m T^\a(-i)-i J T) 

7'£T m—1 j — 1 

= m G {Ty 1/2 ^ a a (j) lm Ui^m G (a(-y)'y m T) 

771—1 
<5a 



m G (T) 1/2 J^ a a ( 7 ) 77 „Uim- 



rri— 1 

Thus, (/, A G (7)V>i-i) = for any 7er, i = 2, 3, • • • , 5 a means X)m=i a c(7)7 ra «™ = 
for any 7GT, i = 2, 3, • • • , <5 a . Since /gffo an d all entries on the first row of the 
unitary matrix U — («,j) are constant, proposition 4.4 implies that X)m=i a a(7)7™ Ulr ' 
for any 7GT. Thus, X^=i a a(-y)j m Uim = for any 7€r, i = 1, 2, 3, • • • , 5 a . This 
shows that, for any 7GT, the vector (a a ( 7 ) 7l , a Q ( 7 ) 72 , • • • , a Q ( 7 ) 7(S ) is perpendicu- 
lar to all rows in the unitary matrix U. So, a a (-y)y m must be for any 7€r and 
in = 1, 2, • • • , S a . Therefore, a 7 = for any 7GT. Hence / = 0. That is, The set F 
is complete in Wq. □ 

Theorem 4.6. Given ipi-i, i = 2, • • • , <5 a that are defined in Proposition 4.5, 
the set {p^ipi : jGZ, i = 1, 2, • • • , 5 a — 1} forms a complete orthonormal basis for 
L 2 (G). 
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5. EXAMPLES ON THE HEISENBERG GROUP 

The theorems in sections 3 and 4 hold for general space L 2 (G), where G is 
a locally compact group which includes the Hciscnbcrg group as an important 
example. In this section, we show examples to illustrate those theorems. All we 
need to do is to construct the refinablc functions of self-similar tile on the Hciscnbcrg 
group. According to the theorems in sections 3 and 4, the existence of refinablc 
functions of self-similar tile will automatically lead us to build MRAs, hence to 
create Haar-likc wavelet bases on the Hciscnbcrg group. 

Let G be the 2d + 1 dimensional Hciscnbcrg group H d , which is a nilpotent 
Lie group with underlying manifold M 2d+1 . We denote points in H d by (q,p,t) 
with q,pGM. d , tsR, and define the group operation by (q,p,t)(q' ,p' ,t') = (q + 
q' ,p + p' ,t + t' + h{p-q' — p'-q))- Let V be the following uniform lattice subgroup 
in M. d : T = { (m,n,l/2) : m, n£Z d ,1&Z}. And let a be a dilative automorphism 
given by a(q,p,t) := (2q,2p,2 2 t). Then (T,a) forms a scaling system on H d with 
S = [r : a(T)} = 2^ d+1 \ 

It is known (Folland [6] ) that every automorphism a of H d can be uniquely de- 
composed as a product of four factors otxa^a^a^ with aj€Gj (j = 1, 2, 3, 4), where 
Gj is defined as follows: G\ denotes the symplcctic group ps(d, R); Gi consists of 
inner automorphisms: (a, b, c)(q,p, t)(a, b, c) _1 = (q,p,c + a-p — b-q); G% consists of 
dilations S[r] defined by 6[r](q,p, t) — (rq, rp, r 2 t); and G4 consists of two elements, 
the identity and the automorphism i defined by i(q,p, i) = (p, q, —i). 

We restrict oursclf to constructing special self-similar tiles for (T,a) on M. d , 
where a can be written as aiasa^. That is, a(q,p, t) = (D a (q,p), r a t), where r a is 
some integer and D a is a dilative automorphism from M. 2d to M. 2d . The fundamental 
idea to construct such self- similar tiles for (T,a) is the following. We decompose 
the process of construction into two steps: first constructing in the direction M. 2d , 
that is, constructing self-similar tiles for the scaling system (Z 2d ,D a ). The work 
in [7] provides us details for this. Then, based on the self-similar tile obtained 
for (Z 2d ,D a ), we construct a self-similar tile in the direction R for (T,a). Such 
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a self-similar tile is called a self-similar stacked tile due to the obvious geometric: 
reason. 

For simple notation reason, let's use (x,t) to denote the element (q,p,t) in 
the Heisenberg group, that is, x = (q,p)GM. 2d . Then the group law becomes 
(x,£)(V,£') = {x + tf,t + t' + S(x,x!_)) where S(x,x/_) = ((q,p), W,pJ) = l/2(p-tf- 
q-p') is a skew-symmetric bilinear form from M 2c( xIR 2 ' i to M. 

Let A be a self-similar tile for the scaling system (Z 2d ,D a ) on R 2d . The exis- 
tence of A is confirmed by [7]. Such an A is measurable. Without loss of generality, 
we can assume that 

Af](k+A) = for k^O, keZ 2d and (J 2d (k+A) = R 2d , and D a (A) = {J_ (k t +A) 

where k\, ki, • • •, k s are lattice points that are representatives of distinct cosets 
in Z 2d /D a (Z 2d ). Thus, the Lcbcsguc measure of A must be 1, see lemma 1 in 
[7]. Since the measure of A is 1 and the disjoint union {J keZ 2d(k + A) fill out the 
whole space M. 2d , we could arrange a one to one correspondence between the lattice 
points in H? d and the tiles. Or simply speaking, we can assume that each tile only 
contains one lattice point. For x€:M. 2d , we use [x]a to denote the lattice point that 
corresponds to the tile which contains x. Let < x >a—x — [x]a^A. 

Let F be a bounded measurable real-valued function defined first on A and then 
extended periodically to the whole space M. 2d . Thus, we have F(x) = F(< x >a)- 
We are going to produce a self-similar tile, denoted by T, for the scaling system 
(r,a) as follows: T = { (x,t)eU d : xeA,0<t - F(x) < 1/2 }, where F is to be 
determined later. We can view F(x) as a piece of surface over A and think of T 
as a solid over A bounded between two surfaces F(x) and F(x) + 1/2. Thus the 
volume of T is equal to 1/2. So we can think of the "thickness" (in the direction 
of i-axis) of tile T as 1/2. 

For an element 7 = (a, 1/2)gT, the image of T under the left translation by 7 
is given by 7T = { (x, t)eU d : x - aeA, 0<t - 1/2 - S(a, x - a) - F(x) < 1/2 }. 
To show that {J^ er lT is a tiling of M d , we need to check two things, (a) [J^^'fT 
is a disjoint union, (b) {J-^jT fills out the whole space M d . For (a), if a^g/_, then 
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(a, l/2)Tf](g/_, l/2)T = since the image (a, l/2)T of T is in a stack of tiles lying over 
the tile (a, 0)T. If I and I' are different integers, then (a,l/2)T and (a, I' /2)T are 
two different tiles in one stack located at tile (o,0)T, but (o, Z/2)Tf|(a, Z'/2)T = 
since the thickness for each tile is 1/2. As for (b), for any (x, t)£M. d , there exists a 
unique clement aGZ 2d such that x — aGA. And also there exists a unique clement 
ZeZ with the property 0<£ - 1/2 - S(a, x-a)- F(x - a) < 1/2. 

Now, we can start constructing a self-similar stacked tiling related to the tile 
A in M. . From the explanation above, we know that the key point is to determine 
the surface described by the equation t = F(x) on A. We start by choosing 

r = {(fci,c) : i= 1,2, ■■■,*, and c= 0,1/2, 1,3/2, ■ • •, (|r a | - l)/2 }. 

Then we have 

Proposition 5.1. T is a self-similar stacked tile for (I\a) with the above 
choice of the finite set To if and only if the function F(x) on A satisfies 

F{x) = v^F{< D a (x) > A ) + -^-S([D a (x)] A , < D a (x) > A ). 

\ r a\ \ r a\ 

Proof. By the choice of Tq, we have 
I I jT (disjoint finite union) 
= { (£,*) : xe\j" i=i (ki + A),0<t - S{[x] A ,<X >a) - F{< x > A ) < ^ } 
= {(x, t) : sell' (h + A),0<-^t - ^-S([x] A , <x> A )- -^-,F{< x > A ) < h. 

i—± \fa\ ya\ \ r a\ ^ 

Geometrically speaking, there are s stacks of tiles in IJ-yer 7^- For cacn stack there 
are \r a \ tiles with the "thickness" for each tile 1/2, so the "thickness" for each stack 
is |r Q |xl/2. On the other hand, 

aT = a{(x,t)EU d : xeA, 0<t - F(x) < 1/2 } 

= { (D a (x), r a t)m d : xGA, 0<i - F(x) < 1/2 } 

= {(x,t)eM d : D a - 1 (x)eA,0< J ^--F(D- 1 (x))<l/2} 

\ r a\ 

= { {x,t)eU d : xeD a (A) = [ J" (ki + A) and OK-r^-r-FiD- 1 (x))< 1/2}. 
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These two sets are equal if and only if 

F{D- l {x)) = ^-.F{< x > A ) + ^-S{[x] A , <x> A ). 

\ r a\ \ r a\ 

Or cquivalently 

F{x) = ^-,F{< D a {x) > A ) + ^-S([D a (x)] A , < D a (x) > A ). 



D 



This proposition yields the following theorem. 

Theorem 5.2. For the choice of To given above, there exists a unique self- 
similar stacked tile T for (T, a). The function F(x) is given explicitly by 

F & = E uTJm S (l D *(*)U mod (D a (Z 2d )),<D™(x) > A ), 

m—l ' 

where a lattice point k mod (D a (Z 2d )) equals the representative of the coset which 
contains clement k. 

PROOF. Define a mapping M from L°°(A) to L°°(A) by 
Mf(x) = r^F(< D a (x) > A ) + ^-S([D a {x)] A mod {D a {I? d )) 1 < D a (x) > A ), 

\ r a\ \ r a\ 

where L°°(A) is a Banach space with the supermum norm. Given /, g^L°°(A), we 
have 

\\Mf - Mg\\ L ao (A) = |||^t/(< D a (x) > A ) - ^-g(< D a (x) > A )\\ L ~ {A) 

\ r a\ \ r a\ 

< £j\\f ~ 9\\l-W. 

So M is a contractive mapping. There exists a unique fixed point, denoted by F(x). 
Especially, we have F — lim„ l ^ oo M m 0. Thus, 

F & = E w S(K(?)l ' ,m0d (D a (% 2d )),< D™(x) > A ). 

m=l ' Ta I 

□ 

Now we can provide the first example based on Theorem 5.2. 
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Example 5.3. Consider a from W 1 to W 1 denned by a(q,p,t) := (2q,2p,2 2 t). 
It is clear that a is in G3. We can write a(q,p,t) = (D a (q,p),r a t) — (2(q,p),4t). 
Thus, r a — 4 and D a is the dilative automorphism on M. 2d . Let A = { xGM. 2d : 
0<Xj < 1, j = 1,2, • • -,2n } denote the "half open and half closed" standard tile 
in the Euclidean space M. 2d , where Xj denotes the jth component of x. Then it is 
obvious that {J a< - z2 d(A + a) (disjoint union) fills out the whole space R 2d . Clearly, 
A is a self-similar tile. If we choose To = { (a, b) : cij = or l,l<j<2n,b = 
0, 1/2, 1 or 3/2 }, then by Theorem 5.2, T = { (x, t)eU d : xeA, 0<t-F(x) < 1/2 } 
is a self similar-tile for (T, a) with F defined by 



00 _. 
F ^) = J2^ S( -l D ™^U™d(DZ(Z 2d )),<DZ(x)> A ) 

m—1 
00 1 

= E^ 5 ([ 2m ^ mod2 ' <2m ^>)' 

m— 1 

where [2 m x]mod 2 means ([2 m xi]mod 2, [2 m a;2]mod 2, • • • , [2 m x 2 „]mod 2). 

Example 5.4. In this example, we choose a different dilative automorphism 
on M. d which is defined as follows. a(q,p,t) := (2q,3p,6t). This a can be de- 
composed as a — anas, where ai(q,p,t) := {J |g, w|p,i) and a3((7,p,i) := 
(v6g, v6p, (y6) 2 i) = (v697 v6Pj 6i). Further, a can be written as a(q,p,t) — 
(D a (q,p),6t), where D a is a dilative automorphism from M. 2d to M 2d defined by 
D a (q,p) := (2q,3p). Thus, we have r a — 6. Still using the same T as the one 
used in Example 5.3, we choose r as the set r = {(a, c)}, where a,j = or 1 for 
l<j<d, a,j = 0, 1 or 2 for d<j<2d and c = 0, 1/2, 1, • • -,5/2. So the set A in 
Example 5.3 is a self-similar tile for the scaling system (Z 2d ,D a ) with dilated tile 
by D a consisting of 6 original tiles. With this self similar tile in M. 2d , by Theorem 
5.2 we obtain a self-similar stacked tile in M d : 

T={{x, t)eU d : xeA, 0<t - F(x) < 1/2} 

with F(x) constructed by 

F(x) = ]T ^S([D a m x] A mod (D a (I 2d )), < D a m x > A ), 

m—1 
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where [D™x] A mod (D a (Z 2d )) means [2 m Xl ] mod 2, [2 m x 2 ] mod 2, ..., [2 m x„] mod 
2 and [3 m x„+i] mod 3, [3 m x n +2] mod 3, ..., [3 m a;2n] mod 3. 

Generally speaking, whenever an automorphism a from H 2<i to H 2 '' can be 
decomposed as a(q,p, i) = {D a (q,p),r a t) and there exists a self similar tile A in 
R 2d associated with D a , then with this A, we can always construct a self similar 
tile in M d associated with a. 

The above functions F serve as scaling functions to generate MRAs for the 
space L 2 (M. d ). Since F > has compact support, Proposition 3.6 shows that 
F is a-substantial. Therefore, F will generate MRAs for L 2 (M d ) by Theorem 
3.5. Theorem 4.6 guarantees the existence of Haar-like wavelet bases for the space 

L 2 (U d ). 

6. CONCLUSION 

In this paper we are able to give the characterizations for a refinable function 
that is capable of generating an MRA in the space L 2 (G), where G is a locally 
compact group that does not have to be abclian. In deriving these characterizations, 
we did not use any information from the Planchcrcl side. In fact, for a general 
locally compact group, we may not be able to build the Fourier transform on it. 
However, in the case that the Fourier transform can be built up in the space L 2 {G) 
for some non-abclian locally compact groups, how can we characterize a refinable 
function to have a scaling function using the information from the Planchcrcl side? 
In particular, if G is a second countable, type I, unimodular locally compact group, 
do those results obtained by [2] in the space L 2 (M <i ) mentioned in the introduction 
still hold in the space L 2 (G)1 The authors intend to explore these questions in 
their future study. 
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